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1. BBe^eime 


,H,aHHoe yne6Hoe noco6iie, coctohiugg H3 ,n,Byx nacTGft, 6bijio 3a,nyMaHO 
b 2005 r. b xo,a,e 6ece,a, c o^hhm h 3 ocHOBaTeaeii KacjDe^pBi MOY OYIIM 
MOTH A. A. HaTaHOM (06.02.1918-09.01.2009). AH^peii AjieKcaH^poBiia 
BMGCTe co cbohmh yieHHKaMH (C. A. Ty30M h O. T. Top6aHGBBiM) ccJdopmh- 
poBaji u,iikji BepoHTHOCTHBix ^,iicu,iinjiiiH, no KOTopoMy ceK'iac o6ynaiOTca 
CTy^eHTBi cjjaKyjiBTeTa ynpaBjiGHiia h npiiKjia^Hoii MaTGMaTiiKi-i MOTH. 
3a^ann, HaKonjieHHBie aBTopcKHM kojijigktiibom HaTaH-Fy3-rop6aneB 6o- 
jiee neM 3a 30 jieT npeno^aBamia Ha Oi-i3Texe, jierjni b ocHOBy HacToain,6ro 
c6opHHKa. O/praKO 6ojiBHiaa nacTB co6paHHBix b noco6ini 3a^,an 6bijia 
npe^jionceHa (b ochobhom OTo6paHa H3 pa3JiiinHBix h3bgcthbix iictohhh- 
kob) 3a nocjie^,Hiie 10 JieT b xo^e mgto,h,hh6Ckoh pa6oTBi, npoBO,n,HMOH 
coTpyn,HHKaMH KacjDe^pBi MOY b paMKax CGMi-mapa “C toxec t h ' i ec k h h aHa- 
jih3 b 3a^anax”. 3a^,ann c6opHHKa npe^jiarajniCB CTyn,6HTaM MOTH n 
He3aBiiciiMoro MocKOBCKoro yHiiBepciiTeTa b KanecTBe ^OManiHiix 3a^a- 
hhh, pa36iipajniCB Ha ceMHHapax. C 2015 ro^a nacTB co6paHHBix b noco- 
6hh 3a^3,an Bomjia b cocTaB mgto,h,hh6ckhx MaTepiiajiOB ^yia Man-iCTpaTyp 
cjjaKyjiBTeTa KOMnBiOTepHBix Hayx HHY BHI9 h cjmKyjiBTGTa npiiKjia^Hoii 
MaTeMaTHKH H IIHcjDOpMapHOHHBIX T6XHOJIOITIH BOY I-IM. H. KaHTa. 

no 3aMBicjiy aBTopoB, npc^jiaracMBiH cGopmiK 3a^,an ^ojijkgh o6ecne- 
hhtb HHTaTejieii hgo6xo,h,hmbim “BepoHTHOCTHBiM cjDyH^aMeHTOM” .zpia no- 
cjie^yromero H3yH6Hiia 6ojiee cneH,HajiH3iipoBaHHBix KypcoB: npHKjia^Hoii 
CTaTHCTHKII, MaiHIIHHOrO 06 yHGHIia, CTOXaCTI-IHGCKOH OIITHMHSaHHH, CTOXa- 
CTHH6CKI-IX ^,H())4)GpGHH,HajIBHBIX ypaBHGHIIH, 3(})c]36KTHBHBIX ajITOpi-ITMOB, 
SKCnGpi-IMGHTajIBHOH 3KOHOMHKII (cjjIIHaHCOBOH MaTGMaTIIKIl), MaTGMaTH- 
HGCKOrO MOflGJII'ipOBaHHH I-I ^p. HcCMOTpa Ha HIHpOKHH CnGKTp npG^CTaB- 
JI6HHBIX TGM, OCHOBHOH aKH,GHT ^GJiaGTCa Ha cjjOpMIipOBaHHG y HIITaTGJIGH 
rGOMGTpriHGCKOH riHTy hh,hh , BOCxo^,Hm,GH k HyaHKapG, KOTopaa no3BoaaGT 
C G^IIHBIX n03HH,HH nOHaTB MHOrOo6pa3IIG aCHMnTOTHHGCKHX pG3yHBTaTOB 
CTOxacTHHGCKOH TGopiiii Kax npoaBjicmiG o^Horo o6m,Gro npimpima koh- 
H,GHTpaU,HH MGpBI (CM. HaCTB 2). BojIBHIOG BHIIMaHHG B c6opHIIKG yH,CJIHGT- 
ca pasjiH'iHHM npnGMaM (n^caM) ^.OKasaTGJiBCTBa npc^GJiBHBix tgopgm - 
aCHMnTOTHHGCKHX pG3yjIBTaTOB TGOpiIII BGpOaTHOCTGH. fljia 3TOTO npGHyil.G 
bcgto ricnojiB3yGTca annapaT npoii3BO,n,amHx (JjyHKpHH h TGopua <J)yHKH,HH 
KOMnjiGKCHoro ncpcMGriiioro (cm. HacTB 1). 

Bojigg nojiOBHHBi npG^CTaBjiGHHBix b c6opHHKG 3a^,an hg aBjiaiOTca 
CTaH^apTHBiMii. ^jia TaKiix 3a^aH ,n,aHBi yKasamia, KOMMGHTaprm ( 3 a- 
MGHaHiia), ccbijikh Ha ny6jiHKan,HH. JKojiaiomnc 6 ojigg rjiy6oKO Hsy'iHTh 
npG^CTaBJIGHHBIG TGMBI MOTyT 03HaKOMIITBCa CO Cm-ICKOM JIHTGpaTypBI, 
npi-IBGflGHHBIM B KOHU.G KHHTH. 
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Ilpii pa6oTe c noco6neM moikbt B03HiiKHyTB BneuaTneHiie ciijibhoh 
neperpyxeHHOCTii ponojiHHTejiBHBiM MaTepnajiOM. OpHarco aBTopai h He 
CTaBHjiH nepep co6oi"i pejin tohho nopcTpoiiTBCH nop KaKiie-jiii6o cyrpe- 
CTByiom,He BepoaTHOCTHBie Kypcai. HanpoTiiB, HaMepemie aBTopoB ckjio- 
hhjiocb k cocTaBjieHiiio pocTaTOHHO nojiHoro i-i 3aMKHyToro Ha6opa 3apau 
(b CMBicjie arperapiii-i ochobhbix ripeii/npHeMOB, iiamepiunx npiiMeHeniie 
B pa3JIIIHHBIX COBpeMeHHBIX npi-IJICBKeHHHx). 

OpHoii H3 ochobhbix mothb api-iii k iuiipoKOMy oxBaTy TeMaTHK nocjiy- 
ikhjio cjiepyroipee Ha6jnopeiine. 3a nocjiepHiie pecsiTB jieT npaKTHHecKii 
noBceMecTHO 3aMeTHO B03pocjia BOCTpeGoBaHHOCTB b BBinycKHiiKax Bepy- 
ipi-IX TeXHIIHeCKHX By30B C XOpOHIHM 3HaHI-ieM BepOHTHOCTHBIX pHCipfflJIHH, 
hto b cbok) ouepepB OKa3ajio bj[hhhh 6 Ha yue6HBie njiaHBi By30B. B uacTHO- 
cth, 3to npiiBejio k yBejiHHeHiiio Hiicjia uacoB, otbophmbix BeposiTHOCTHBiM 
pHCipmjiHHaM, otkpbitiiio hobbix (cnen,HajiH3HpoBaHHBix) Man-iCTepcKi-ix 
nporpaMM, noHBjieHino hobbix opiirmiajiBHBix KypcoB c “bcposithocthoh 
cocTaBjunoipeft”. 

ITpenyne Bcero sto BBi3BaHO hihpokhm pacnpocTpaHeHiieM 3apau aHa- 
jni3a 6ojibihhx MacciiBOB paHHBix. BeHHHH nocjiepmix HeocojiBKiix jieT 
(6HOHH c}) 0 pMaT HKB, IlHTepHeT) B OCHOBHOM CBH3aHBI C H3y'ieHIieM CBepX- 
60 JIBHIHX MacciiBOB paHHBix (Big Data). ,I(pyraji, He MeHee Bauman npiiHii- 
Ha, - pa3pa6oTKa 3(J>4)eKTHBHBIX (npn6jIH5KeHHBIX, paH^,OMH3IipOBaHHBIx) 
ajiropiiTMOB pemeHHH TpypHBix 3apau. Cjiojkho, HanpiiMep, npepcTaBiiTB 
ce 6 e coBpeMeniioro cnepiiajincTa no MopejiiipoBaHiiio, kotopbih 6bi ne 
ncnojiB30Baji MeTO^Bi MoHTe-Kapjio. Taicnte cjioikho npepcTaBiiTB ce 6 e 
cnepnajiHCTa b o 6 jiacTii Computer Science, KOTopoMy ne npuxopHjiocB 
npiIMeHHTB paHflOMH3IipOBaHHBie ajirOpi'ITMBI H npOBOpiITB BepOHTHOCT- 
hbih aHajni3 ajiropiiTMOB (HanpiiMep, pjin opeHKii cjiojkhocth b cpepHeM). 
Eipe opHa npiiHima CBH3aHa c B03pocmei"i pojibio BeponTHOCTHBix MeTO- 
poB b aHajiii3e h pa3pa6oTKe 3kohomh'I6Ckhx Mopejieii. HaKOHep, mojkho 
3aMeTHTB, hto 3apauH aHajiii3a 6ojibihi-ix KOMnniOTepHBix, copnajiBHBix, 
TpaHcnopTHBix ceTeii b nocjiepHee BpeMH bbixopht na nepepHiiii njiaH bo 
MHorax npiuiojKeHHHx. OrpoMHyio pojiB b H3yneHHH TaKiix ceTeii nrpaiOT 
BepoHTHOCTHBie Mopejni, KOTopBie OTHacTii 6 ypyT omicaHBi b npepjiarae- 
mom c 6 opHiiKe 3apau. 

BaiKHyio pojiB b noproTOBKe HacTonipero c6opmiKa CBirpajin coTpyp- 
HiiKH ,Ha6opaTopiiii CTpyKTypHBix MeTopoB aHajiii3a paHHBix b npepcKaaa- 
TejiBHOM MopejiiipoBaHHii (npeMoJIa6) h oco6eimo ee 3aBepyioipHH npocjx 
B. R CnoKoiiHBiii. JlaSopaTopiin 6Buia OTKpBiTa Ha 6a3e OYIIM MOTH 
b 2011 ropy. Bjiaropapn stoii jia6opaTopmi y CTypeHTOB, rianpi-iMep, no- 
HBiuiacB B03MOJKHOCTB nocMOTpeTB Ha catoe www.mathnet.ru h KaHajie 
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Premolab Ha YouTube Bimeo3aniicii BbiCTynjieHinT Be,a,ym,Hx yueHbix, no- 
CBHm,eHHbie pa,ny necTaH,a,apTHbix 3a,a,aH H3 3Toro c6opHHKa. 

Mbi 6jiaro^apHbi HainiiM KOjuieraM JI. B. BejiOMecTHOMy, 5I.H. Bejio- 
nojibCKoii, M. JI. Bjiamcy, A. H. BycJjeTOBy, H.JI,. BBe,a,eHCKOH, B.B. Be,n,e- 
HjmiiHy, A.M. BepnuiKy, K. B. BopoHpoBy, B.B. BbicopKOMy, B.B. Bbio- 
rirny, M. H. BajiOMy, M. C. TejibcjjaH^y, 9.X. F hme/pi, P K. rojiy6eBy, 
A.B. /ZaiTHHKy, H.X. H6paniMOBy, M. H. HcaeBy, B.A. 3opiiuy, PA. 
Ka6aTHHCKOMy, A. B.KajniHKHHy, A.B. KonecmiKOBy, T. JI. Kopo6koboh, 
A.B. JleommoBy, P JlyroniH, B.A. MajibimeBy, B.JJ. MnjibMaHy, B.B. 
Mottjho, T.A. HaraneTHHy, A.B. Hasi-my, A.A. HayMOBy, lO.E.HecTe- 
poBy, A. C. HeMi-ipoBCKOMy, B. H. OnoiTpeBy, O.B. IleTpoBy, C.A. riiipo- 
roBy, B.T. IIojiHKy, H.P IIocnejiOBy, B.H. Pa3»ceBaHKHHy, A.M. PaiTro- 
po,a,CKOMy, M. A. PacKiray, B.T. Pe^,i>KO, A.E. PoMaiu,eHKO, A. H. Pbi6- 
ko, A. B. CaBBaTeeBy, A. H. Co6ojieBCKOMy, A. Co^iiHy, Y. CsH^xojib- 
My, C.n. TapacoBy, M. A. Tiixohob, H. O. TojiCTiixiray, O.C. Oe^bKO, 
IO. A. OjiepoBy, M. IO. Xauaro, A. X. Hlemo, OKa3aBiniiM 3aMeTHoe bjih- 
HHiie na cjjopMi-ipoBaHi-ie pa3jniuHbix pa3,n,e.jiOB SToro yue6Horo nocobira, 
h A. A. IIIaHaHHHy, bo mhotom cnoco6cTBOBaBnieMy pa3BHTi-no Ha OYIIM 
6a30Boro piiKjia BepoaTHOCTHbix ^HcpiinjuiH. Taione otmcthm 6ojibmyio 
noMom,b CTapmeKypcHHKOB, acm-ipaHTOB OYIIM h yuacTHHKOB Harnero 
CTOxacTiiuecKoro ceMimapa b HMY ii Oii3Texe b BbimiTKe 3Toro c6opmi- 
Ka 3a^,au (b oco6eHHOCTH JI. Ba6iiueBa, A. BaniipKoro, II. UBypeueHCKoro, 
C. UoBrajra, lO.JIopHa, H. TKiiBOTOBCKoro, JJ. KaM30Ji0Ba, E. KjiouKOBa, 
A. KponiHHHa, A. MaxapoBa, IO. MaKCHMOBa, K. MumeHKO, IT. MumeHKO, 
E. MojiuaHOBa, M. IlaHOBa, JJ. IleTpamKO, JI. IIpoxopeHKOBOH (OcTpoyM- 
oboiT), A.Po^HHa, A. CyBopiiKOBOiT, IT. YcMaHOBOiT, M. IIInpoboKOBa, JJ. 
nje^piraoiT). 

Oco6yio 6jiaro^apHOCTb xoTejiocb 6bi BbipaaiiTb Hop^aHy CTOHHOBy, 
KOTopbiiT CKpynyjie3HO BbiuiiTbiBaji nepBbiee Bepcnn stoiT khhi h, CHabntaH 
aBTopoB peHHbiMii 3aMeuaHHHMH. Abtoph KHHrn necyT nojiHyro otbct- 
CTBenHOCTb 3a jiro6bie ocTaBumecH HeaKKypaTHOCTH b TeKCTe, o KOTopbix, 
Ha^eeMCH, HHTaTejiH HaM coo6m,aT (mou@mail.mipt.ru). 

B KOHH,e 2016 ro,n,a 6buio pemeHO roTOBHTb HOBoe (BTopoe) n3^aHne 
^aHHoro nocobiiH (HacTb 1), He MeHsra ero CTpyKTypbi h na6opa 3a^,au. 
TeM He MeHee, nocKOJibKy b 2016-2017 yuebHOM ro^y aBTopbi aKTHBHO 
iicnojib30BajiH ^aHHoe nocobiie (nepBoe n3^aHne, Bbime^mee b H3,n,aTe.jib- 
CTBe MOTH) b 3aHHTHHx, npoBO/y-iMbix co CTyzjeHTaMH OYnM MOTH, 
OaKyjibTeTa KoMnbiOTepHbix HayK HHY BIII9, CnojiTexa, HHHonojiiica, 
to 6bijio pemeHO yuecTb nojiyuHHyio b xo^e stiix saHUTuu obpaTHyio CBH3b. 
9 to 3acTaBiuio neMHoro CKoppeKTiipoBaTb HecKOJibKO ^.ecHTKOB 3a^3,au, 
c^ejiaB hx (Ha^eeMca) 6ojiee hohhthmmh. B pejiOM, nojiyueHHaH o6paTHaa 
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cbh3b yKa3ajia Ha Heo6xo,n,HMOCTb 6ojiee no,npo6HO bo BBe^eHim noacHHTb 
3aMbiceji ,a,aHHoro noco6iisb 

HacTOjnpee HOBoe H3,n,aHHe nepBOH nacTi-i noco6iiH (cocTOHin,ero H3 
,a,Byx nacTeii), npe,n,Ha3HaHeHO rjik yrjiy6jienHoro H3y'ieHHH piiKjia Be- 
pOHTHOCTHblX (TeOpiIII BepOHTHOCTeil, cjiynaHHbix npopeccoB, 

MaTeMaTi-inecKOH CTaTHCTiiKii). rtpn cocTaBjieHiiii 3a^,aH aBTopbi hcxo^hjih 
H3 Toro, hto HHTaTejiii npe,a,BapHTejibHO 03HaK0Miuiiicb c jieKipiOHHbiM 
MaTepnajiOM b o6T>eMe CTaH,a,apTHbix ymiBepcHTeTCKiix KypcoB. 3a,n,aHH 
pa,a,ejiOB 2 h 3 npe,n,CTaBjijnoT co6oi"i CBoeo6pa3Hyio “cojiHHKy”, na6paHHyio 
B OCHOBHOM H3 CTaH/japTHbIX 3ajIbHIIKOB, nO KOTOpbIM Ha npOTHHteHHH 
MHonix jieT o6yHajnicb CTyneHTbi Onarexa. Bee nocjie^yKim,He pa3,n,ejibi 
nocoSiiH (b o6enx nacTHx) hbjijhotch cnen,riajiH3iipoBaHHbiMH, h Gojibmaa 
nacTb 3a,a,aH sthx pa3^ejiOB pe^KO BCTpenaeTCH b CTaH,a,apTHbix c6opHHKax 
3a^aH no BepoHTHOCTHbiM ^ncpiinjiiiHaM. Ot6op TeM pa3,a,ejiOB ocymecTB- 
jihjich, npex^e Bcero, hcxo,h,h 113 BOCCTpe6oBaHHOCTH cooTBeTCTByiomiix 
HanpaBjieHiiii b coBpeMeHHbix npiuionceHiiax. Ot6op 3a,n,aH ocymecTBjrajiCH 
IICXO,a,H H3 HajIIIHHH ,H,OCTaTOHHO KpaCIIBOH Ma r I’6MET H' I eC KO H COCTaBJIHK)- 
m,eii, nojie3Hoii ^jih pememiH /ipyraix 3a^,an. OTjn-mi-iTejibHOH oco6eHHO- 
CTbio ,a,aHHoro noco6iiH (noMHMO h a j t h t i hh 6ojibmero nucjia HecTaH/japT- 
Hbix 3a,a,aH) HBjiaeTCH MenyipicpHn/ijiHapHOCTb h Tpe6oBaHHH k miTaTejiro. 
HaM npe^CTaBjiaeTCH, hto .naHHoe noco6ne ctoiit ncnojib30BaTb b nepByro 
onepe^b “aHrajKiipoBaHHbiM” HHTaTe jihm , KOTopbie totobh noTpaTHTb ^o- 
CTaTOHHO BpeMeHii na pa6oTy c noco6iieM. HamicaHHoe Bbirne mohcho 
pe3K>Mi-ipoBaTb cjie^yK>Hi,HM o6pa30M: noco6ne HBjraeTCH CBoeo6pa3HbiM 
(3a,a,aHHbiM) nyTeBO/piTejieM no MaTeMaTiinecKHM nceMHynaiHaM CTOxacTii- 
necKoro aHajni3a, npn OT6ope KOTopbix aBTopbi CTapajnicb MaKCHMajibHO 
ynecTb bosmojkhoctb nocjie^yromero iicnojib30BaHHH nojiyneHHbix 3HaHHft 
Ha npaKTHKe. 
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CnHCOK o6o3HaHeHHH 


(fijJ 7 , P) - BepOHTHOCTHOe npOCTpaHCTBO (Q - MHOHteCTBO IICXOflOB, 
T — <j-ajire6pa, P - BepoaTHOCTHaa Mepa). 

p(x), f(x), fx{x) - njiOTHOCTB pacnpe^enemia cjiynanHon BejiHHHHBi X. 
EX - MaTeMaTi-inecKoe ona-mamie cjiynaiiHOH BejiHHHHBi X. 

E p X - MaTeMaTiiaecKoe ona-i^aHi-ie X c njiOTHOCTBio pacnpe,n,ejieHHH p. 
EpX - MaTeMaTiinecKoe oxa-mamie X no Mepe P. 

BX - ,n,HcnepcH5i cjiynaiiHOH Beniim-mBi X. 

Af(p,a 2 ) - HopMajiBHoe pacnpe^enemie. 

LogA/”(/i, a 2 ) - jiomopMajiBHoe pacnpe/jenemie. 

Po(A) - pacnpe,n,ejieHi'ie IlyaccoHa. 

Dir ( 03 , ...,a n ) - pacnpe,n,ejieHHe ^npnxjie. 

Beta(a, ( 3 ) - 6eTa-pacnpe^,ejieHHe. 

Be(p) - pacnpe^enemie BepHyjuin. 

R[a,b] - paBHOMepHoe pacnpe^eaemie Ha OTpe3Ke [a,b], 

$( 0 ;) - (JjyHKpiia CTaH,n,apTHoro HopMajiBHoro pacnpe^ejieHiia Af( 0,1). 
Exp(A) - noKaaaTejiBHoe pacnpe^enemie c napaMeTpoM A. 
d 

—> - cxo^hmoctb no pacnpe^ejiemno, b pn/je cjiynaeB n —> oo onym,eHO 

bo H36e>KaHHe rpoM03,n,KHx o6o3HaneHnn. 

p. 

- > - CXO,H,HMOCTB nO BepOaTHOCTH. 

n.H. 

- > ~ CXO^HMOCTB C BepOHTHOCTBK) 1. 

[x n ]p(x) - K034)4)Hn,neHT npn x n b pa3Jio»ceHnn b CTeneHHoii psm <J>yHKn,HH 
<p(x). 

c.b. - cjiynaimaa BejiiiniiHa. 

3BH - 3aKon 6ojiBmnx nnceji. 

x.cjj. - xapaKTepncTiinecKaa (JjyHKpnH. 

U,IIT - peHTpajiBHaa npe^ejiBHaa TeopeMa. 
n.cjj. - npoii3BO,n,aiii,aa (fjyHKipia. 

a.n.cjj - 3KcnoHeHn,najiBHaH npoii3BO,n,amaa cjiyHKpHa. 

(•,•) - CKajiapHoe nponsBe^emie. 

HH^iiKaTopHaa (|.)yhkphm: 

I(true) = [true] = 1, I(false) = [false] = 0. 

rtpocTaa BBi6opKa c njiOTHOCTBio pacnpe/jeneHiia p\' 

Xi,..., X n ~ px ■ 

B cxo/khx ciiTyapnax ncnojiB3yeTca ciimboji £ bmccto ~ (HanpiiMep, 
X £ Af(m, <r 2 )), ecjin no,npa3yMeBaeTca npnna,ii,jie>KHOCTB cjiynaiiHOH Be- 
jihuhhbi ceMeftcTBy pacnpe^ejieHiin. 3HaK ~ Taxace o6o3HanaeT nponop- 
pHOHailBHOCTB. 



HeHopMi-ipoBaHHaa iuiothoctb pacnpe^ejieHira: 


MaTeMaTi-inecKoe o>KH/taHHe no 3a^aHHoii nepeMeHHoii: 

/ +oo 

h(x, Y)dF(x). 

-OO 

^HBeprempra KyjiB6aKa-JIen6jiepa pjia pacnpe^ejieHiin Pi h P 2 c o6ih,hm 
HOC i-iTejieM fl (cooTBeTCTByroiipie njiOTHOCTH pacnpe^eneHiin o6o3HaneHBi 
nan p 1 h p 2 ): 

KL{ PiHPa) = KC{ P!||P 2 ) = ^log pi{x)dx 

(b TeKCTe MoryT BCTpenaTBCH ^Ba pa3JinnHBix o6o3HaneHiiH ^HBepreHUHH 
KL{¥\ ||P 2 ) h /C£(Pi ||P 2 )). ,Z[i'iBepreHn,iiH KyjiB6aKa-JIen6jiepa .gjin pac- 
npe,n,ejieHiiH Pg, 3aBHCHin,ero ot napaMeTpa (cooTBeTCTByromaa njiOTHOCTB 
pacnpe,n,ejieHiiH o6o3HaneHa kbk p(a;|0)): 

KC{9i\\e 2 ) = JCC(F ei \\Fo 2 ). 

L p (X,p) - npocTpaHCTBO p-iiHTerpiipyeMBix cJjyHKHHH no Mepe p (ecjin p 
He yKa3aHa, to paccMaTpiiBaeTcn Mepa JIe6era Ha MHOxecTBe X). HopMa 
b L p (X,p) onpe^ejiaeTCH cjie,nyK>mHM o6pa30M: 


\\f\\L p = \f(x)\ p dp(x)j . 

AAB = A \ B + B \ A - ciiMMeTpiinecKaH pa3HOCTB. 
log = In. 

B 6opejieBCKan cnrMa-ajire6pa. 
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2. CTaH^apTHbie 3a/i,aHH 

1. HeKTO HMeeT N KjHOHeft, H3 KOTopbix tojibko o,h,hh ot ero ^Bepii. 
KaKOBa BepoHTHOCTb Toro, hto, iicnojib3yH kjiiohh b cjiynaftHOM nopa^Ke, 
oh OTKpoeT ,a,Bepb 

a) nepBbiM kjiiohom; 

6) nocjie,a,HHM kjiiohom? 

Tpe6yeTCH HafiTH BepoHTHOCTb Toro, hto noTpe6yeTCH He MeHee k nonbi- 
TOK, HTo6bI OTKpbITb flBepb, eCJII'I KJIIOHH, KOTOpbie He nOflOHIJIH 

b) OTKjia,H,biBaK>TCH; 

r) He OTKjia,H,biBaiOTCH. 

¥Ka3aHHe. B nyHKTe b) BOcnojib30BaTbCH 3aMeHOi"i BepoHTHOCTii 6imap- 
hoh BejiHHHHbi Ha MaTeMaTiinecKoe oxa-mamie. 

2. Pe6eHOK iirpaeT c ,a,ecHTbio 6yKBaMi-i pa3pe3Hoi“i a36yKii: A, A, A, 
E, H, K, M, M, T, T. KaKOBa BeposiTHOCTb toto, hto npn cjiynaiiHOM 
pacnojiOHceHiiii 6yKB b ph,zi, oh nojiyniiT cjiobo « MATEMATHKA »? 

3. Ka3ajiocb 6bi, npn 6pocaHHH ^Byx nrpajibHbix KOCTeii kslk 9, Tax h 
10 mohcho nojiyniiTb ,n,ByMH pa3HbiMH cnoco6aMii: 9 = 3 + 6 = 4 + 5, 
10 = 4 + 6 = 5 + 5. B cjiynae 6pocaHHH Tpex KOCTeii 9 h 10 nojiynaiOTCH 
6 pa3jiriHHbiMii cnoco6aMH. TIoneMy Tor,n,a npn 6pocaHHii ^Byx KOCTeii 9 
noHBjiaeTCH name 10, a npn 6pocaHini Tpex KOCTeii - 10 name 9? 

4. (lIapa,ii,OKC pa3^ejia CTaBKii [14], [25].) /Ipa nrpoKa iirpaiOT b necT- 
Hyio nrpy (c BepoHTHOCTbio no6e,n,bi b KajK/ipH H3 napTHfi 1/2). HrpoKii 
floroBopiijiHCb, hto tot, kto nepBbiM BbiiirpaeT 6 iiap i’HH, nojiyniiT Been 
npii3. Ilpe,ii,nojio>KHM, hto iirpoKii He ycnejni .npurpaTb: nepBbiii Bbiurpaji 
5 napTHH, a BTopofi - 3. Kax cjie^yeT pa3^,ejniTb npii3? 

5. (BepoHTHOCTHbiii napa^oxc jiacepa [13].) Ecjih Bbi Bbi6epeTe otbct Ha 
3 tot Bonpoc cjiynanHO, KaKOBa BepoaTHOCTb npaBi-uibHoro OTBeTa: 

a) 25%; 6) 50%; b) 60%; r) 25%? 

6. H 3 ypHbi, coflepxcameii a 6ejibix, b nepHbix h c KpacHbix rnapoB, nocjie- 
^OBaTejibHO H3BjieKaiOTCH Tpn rnapa. HaiypiTe BeposiTHOCTb cjie^,yK>m,Hx 
coSbithh: 

a) Bee Tpn rnapa pa3Horo upeTa; 
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6) mapbi H3BjieHeHbi b nocne^OBaTejibHOCTii “6ejibiii, nepHbin, Kpac- 

Hbiit”; 

b) mapbi H3BjieHeHbi b o6paTHOi"i nocjie,a,OBaTejibHOCTii. 

7. H 3 ypHbi, co,a,ep>Kamei"i a 6ejibix h b nepHbix mapoB, H3BjieKaeTCH 
Hayra.ii, o^iih map h OTKjia,n,biBaeTCH b CTopoHy. KaKOBa BepoHTHOCTb Toro, 
hto H3BjieHeHHbiii Hayra.ii, BTopoii map OKaxeTCH 6ejibiM, ecjin: 

а) nepBbiri H3BjieHeHHbii“i map 6ejibii"i; 

б ) n,BeT nepBoro ii3BjieHeHHoro mapa ocTaeTCH Heii3BecTHbiM? 

8. (3a,n,aHa CTecJmHa BaHaxa [14], [27].) B ,n,Byx cniineHHbix Kopo6Kax 
HMeeTCH no n cniineK. Ha Ka:*yi,OM mare Hayra^ Bbi6npaeTCH kopo6ok, h h3 
Hero y^ajiaeTCH (ncnojib3yeTCH) o,n,Ha cm-inKa. Haft^HTe BepoHTHOCTb Toro, 
hto b MOMeHT, Kor^a OfliiH H3 kopo6kob onycTeeT, b .npyroM ocTaHeTCH k 
cmineK. 

¥Ka3aHHe. Co6biTi-ie, ynpBjieTBopHiomee ycjiOBino aa/tann: H3 BbiOpaH- 
Horo Kopo6Ka b3hjiii nocjie^Hioio cm-imcy, a b .npyroM Kopo6xe HMeeTCH k 
cmineK. 

9 . napTHH npoflyKpmi coctoiit 113 ^.ecHTi-i cpe,n,H kotopbix ^,Ba 

H 3 ^,ejiHH ^,e<J)eKTHbie. KaKOBa BepoHTHOCTb Toro, hto 113 nsm-i OTo 6 paHHbix 
Hayra.ii, h npoBepeHHbix H3flejmft: 

a) pobho o^ho H3flejine .npcJieKTHoe; 

6) pobho ^,Ba HS/tejiHM ^ecJieKTHbie; 

b) xoth 6bi o^ho H3flejine ,n,ec|)eKTHoe? 

¥Ka3aHHe. B nyHKTe b) yn,o6Hee HCKaTb BepoHTHOCTb npoTHBonojioncHO- 
ro co6biTHH. 

10. H3BecTHO, hto b pe3yjibTaTe 6pocamiH .necHTii iirpajibHbix KOCTeii 
Bbinajia no KpaftHefi Mepe o,n,Ha «mecTepKa». KaKOBa BepoHTHOCTb Toro, 
hto hhcjio BbinaBmnx «mecTepoK» 6ojmme e^HHiipbi? 

11. Haii^HTe BepoHTHOCTb Toro, hto 113 50 CTyn,eHTOB, npncyTCTByiom,Hx 
Ha jieKipiH no Teopnn BeponTHOCTen, xoth 6bi ^,Boe HMeiOT o,n,Hy n Ty nee 
^aTy ponyuemiH. 

3aMenaHHe. Cm. MocTexuiep <5. nHTb^ecHT 3aHHMaTejibHbix BepoHT- 
hocthbix 3a^an c pememinMii. M.: E^iiTopnaji YPCC, 2009. 
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12. B ypHe Haxo^iiTCH in mapoB, H3 kotopbix m.\ 6 ejmix h m 2 nepHBix 
(m 1 + m 2 = m). IIpoH3BOflHTCii n H3BjieneHin“i o,n,Horo rnapa c B03Bpa- 
meHiieM ero (nocjie onpe^enemra ero npeTa) o 6 paTHO b ypHy. HaimiiTe 
BepoHTHOCTB Toro, hto pobho r pa3 H3 u 6 yn,eT H3Bj[6'ieH 6 ejiBii"i map. 

13. HaiypiTe BepoHTHOCTB Toro, hto npii pa3Mem,emm n pa3jniHHBix ma- 
poB no N pa3JirmriMBiM jmiHKaM 3a/3,aHHBin HirpiK 6 yn,eT co^,ep»caTB pobho 
k: 0 ^ k ^ n mapoB (Bee pa3jinmiMBie pa3Mem,eHira paBHOBepoHTHBi). 

14. B ypHe naxo^HTcn m mapoB, H3 kotopbix mi - nepBoro n,BeTa, 
m 2 - BToporo n,BeTa, .. rn s - s-ro npeTa (mi + m 2 + ... + m s = m). 
IIpoH3BOflHTC}i n H3BjieneHiiii o^Horo mapa c B03Bpam,emieM ero (nocjie 
onpe^ejieHHH ero npeTa) o 6 paTHO b ypHy. HaiypiTe BepoHTHOCTB Toro, hto 
ri pa3 6 yn,eT H3BjieneH map nepBoro n,BeTa, r2 pa3 map BToporo npeTa, 
.. r s pa3 map s-ro n,BeTa (j*i + r2 + ■ ■ ■ + r s = n). 

15. H 3 Kjiy6Ka c n pasHBiMi-i BepeBOHKaMH bbixo^ht 2 n kohu,ob stiix 
B epeBonex. Cbh^kbm ix nonapHO b cjiynarmoM nopjmxe (Bee B03MO>KHBie 
BapnaHTBi cbh30k paBHOBepoHTHBi); nojiymiTCH necKOJiBKO (3an,enjieHHBix 
,npyr 3a ,npyra) BepeBonHBix KOJien, pa3HOi“i ajihhbi. HaiypiTe MaTeMaTiine- 
CKoe oxa-mam-ie niicjia KOJiep. 

¥Ka3aHHe. 9Ta 3a^ana jierKO cbo^htch ([13]) k no^cneTy MaTeMaTiine- 
CKoro o>Kii^aHHH micjia u,iikjiob b cjiynaitHoft nepecTaHOBKe 
(cm. 3a^any 6 H3 pa3^ejia 4). 

16. IlycTB Ai ,..., A n - nocjie^OBaTejiBHOCTB co 6 bitiih ii J C {1,... , n}. 
06o3HamiM 

Pi(J) = ^P(A i ), 

ieJ 

^2{J) = 'y ' P(Aj n Aj), 

p k(J)= p (4n...n4). 

ii<...<ik,i s € J 

IIoKaoKHTe, hto ^o,jia Bcex HeneTHBix k < n cnpaBe^jiHBO HepaBeHCTBO 

k 

P (A n U ... U A ik ) < ^(-1 ) j+1 ¥j ({ii,*2, -.,4}) , 
l=i 


a fljia Bcex neTHBix k < n 
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k 

P(A ;i u... u A ih ) > ^(-l^P,- ({4,4, .,4}). 

i=i 

3aMeHamie. IIpii k = n nojiymiM paBeHCTBO, ii3BecTHoe KaK tfiopMy.tia 
eKAWHenuu-ucKAWHeHuu. 

17. B rap,n,epo6e cjiyHanHBiM o6pa30M nepenyTajiiiCB N o^imaKOBBix 
nijian noceTiiTejieii. KaKOBa BepoaTHOCTB Toro, hto xoth 6bi o/3,hh noceTii- 
tgjib nojiymiT cboio injumy? PaccMOTpeTB cjiynan N = 4, TV = 10 000. 

¥Ka3aHHe. BocnojiB30BaTBcn (JjopMyjioii BKjiJOHeHHH-HCKjiiOHeHHH 
(cm. 3a^aHy 16). Cm. TaKsce 3a,n,aHy 7 H3 pa3^ejia 4. 

18. HecKOJiBKO paa 6pocaeTcn iirpajiBHan koctb. KaKoe co6BiTiie 6ojiee 
BepoHTHo: 

а) cyMMa BBinaBimix ohkob Heraa; 

б) cyMMa BBinaBmux ohkob HeneTHa? 

19. fljra yMeHBiiiGHiiH o6m,ero KOJinnecTBa iirp 2 n KOMaipn, cnopTCMeHOB 
pa36iiBaK>TCH Ha ,a,Be no^rpynnBi. Onpe,n,e.jiHTe bcpohthocth Toro, hto ,n,Be 
HanSojiee chjibhbic KOMaH,a,Bi OKancyTcn: 

а) b o,h,hoh no^rpynne; 

б) b pa3HBix no,n,rpynnax. 

20. B ypHe Haxo^HTCH a 6ejiBix h b nepHBix mapoB, KOTopbie Hayra^ no 
o^,HOMy 6e3 B03Bpam,eHira H3BjieKaiOTCH H3 ypHBi ,a,o Tex nop, nona ypHa 
He onycTeeT. Kanoe co6niTHe 6ojiee BeponTHo: 

а) nepBBiii ii3BjieHeHHBin map 6ejiBiii; 

б) nocjie^HHii H3BjieHeHHBin map 6ejiBiii? 

21. B ypHe Haxo^HTcn a 6ejinix n b nepHBix mapoB. IIIapBi Hayra,n, no 
o^,HOMy H3BjieKaiOTCH H3 ypHBi 6e3 B03Bpam,eHira. HaimiiTe BepoaTHOCTB 
toto, hto k-ii BBmyTBin map OKa3ajicn 6ejiniM. 

22. 30 mapoB pasMeipaiOTCH no 8 nm,HKaM Tan, hto /yra Ka»pi,oro mapa 
BepoHTHOCTii nona,n,aHHH b Kanc^Biii nm,HK o^imaKOBBi. HaimiiTe BepoHT- 
hoctb pa3Mem,eHiin, npn kotopom 6yn,eT 3 nycTBix jmpiKa, 2 mpi-iKa - 
c TpeMH, 2 Hipi-iKa - c mecTBio n 1 hiuhk - c ^BeHa^paTBio mapaMH. 
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23. (BepoHTHOCTHaa cjjopMyjii-ipoBKa Bojibihoh TeopeMBi OepMa.) ^Be yp- 
hbi coAepncaT qnymaKOBoe KOJinnecTBO mapoB. IIIapBi OKpameHBi b 6ejiBiii 
h HepHBiii n,BeTa. H 3 KaxAofi ypHBi BBiHiiMaiOT no n mapoB c B03Bpam,eHH- 
eM, n > 3. HaftflHTe n n “cocTaB” KanyupH ypHBi, ecjin BepoHTHOCTB Toro, 
hto Bee niapbi, B3HTBie H3 1-ft ypHBi, tojibko 6ejiBie, paBHa BepoHTHOCTii 
Toro, hto Bee niapbi, B3HTBie H3 2-tt ypHBi, jni6o tojibko 6ejiBie, jih6o 
tojibko nepHBie. 

24. (MyjiBTiiHOMiiajiBHoe pacnpe^ejieHiie.) B k uneiiKax cjiynairao n 

He3aBHCiiMO Apyr ot ,npyra paaMemafOTCH N nacTiiu, TaK, hto Ka>Kyi,aH H3 

k 

mix nonaAaeT b i-10 aneiiKy c bgpohthoctbio p.j (i = 1,..., fc, p, = !)• 

»=1 

Han^nTe BepoHTHOCTB toto, hto hiicjio nacTHu b aneiiKax npiiMeT 3a^aH- 
HBie 3HaHeHiiH n 1, .. n*, .. n 

25. H 3 n jiOTepeiiHBix 6iuieTOB k - BBiiirpBiniHBie (n ^ 2k). KaKOBa 
BepoaTHOCTB, hto cpeAH k KynjieHHBix 6iuieTOB no Kpairaen Mepe oahh 
6y^eT BBiurpBiniHBiM? 

26. (KaKiie aBTo6ycBi nepenojmeHBi? [13].) ,ZI,Boe 3aKaHHiiBaiOT pa6oHnii 
^eHB o^HOBpeMenno n iipyT k aBTo6ycHoii ocTaHOBKe BMecTe. KajK^Bifi 
ye3»caeT Ha nepBOM no.n.'BexaBmeM aBTo6yce: OAHOMy HynceH aBTo6yc N 2 24, 
ApyroMy - N 2 25. IIpH stom nepBBiii cmiTaeT, hto b cpe^HeM aBToy6Bi N 2 24 
6ojiee nojiHBie, a BTopoii - hto aBTo6ycBi N 2 25. IIoHeMy Tax MOxeT 6bitb? 

27. Hto 6ojiee BepoHTHo: npii o^,HOBpeMeHHOM 6pocaHHH neTBipex iir- 
pajiBHBix KOCTeii nojiyniiTB xoth 6bi OAHy e^nm-iiiy hjih npii 24 6pocaHiiHx 
no p,Be nrpajiBHBie koctii OAHOBpeMermo nojiyniiTB xoth 6bi o^i-ih pa3 ppe 
eflHHnn,Bi? HafiflHTe BepoHTHOCTii yKa3aHHBix coSbithh. 

28. H 3 2 n MHoncecTB - coBOKynHOCTii Bcex no^MHoncecTB MHOxecTBa 
{1,2,..., iV} - cjiynaiiHO n He3aBncnMO BBi6npaiOTCH ppa mho>kgctb a A n 
B. Haft™ BepoHTHOCTB, hto A n B He nepecexaioTCH. 

29. (H.H. KoHCTaHTiiHOB [13].) B caMOJieTe n MecT. Ectb n naccanaipoB, 
BBiCTpoiiBinuxcH APy r 3a APyroM b onepeAB. Bo rjiaBe OHepe/pi - “3aHii,” 
(naccancup 6e3 6iuieTa). Y Bcex, xpoMe “3ann,a”, ecTB 6iuieT, Ha kotopom 
yxa3aH HOMep nocaAOHHoro MecTa. Tax KaK “3aHii,” bxoaht nepBBiM, oh 
cjiynaHHBiM o6pa30M 3aHiiMaeT HeKOTopoe MecTO. Ka>K^hift cjieAyJomuft 
naccancup, bxoahiahh b cajiOH caMOjieTa, p,eftcTByeT no TaKOMy npimiijiny: 
ecjin ero MecTO cbo6o,h,ho, to caAHTCH Ha Hero, ecjin 3aHHTO, to 3aHiiMaeT c 
paBHoii BepoHTHOCTB 10 jno6oe CBo6oAHoe. HaiiAiiTe BepoHTHOCTB Toro, hto 
nocjieAHHii naccanaip CH^eT Ha CBoe MecTO. 
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30. OntiT coctoiit b no,n,6pacbiBaHiiH chmm6tphhhoh mohctbi ao Tex 
nop, noxa ,n,Ba pa 3 a noAPHA OHa He BBina^eT oahoh h toi"i nee CTopoHoii. 
rio^i, 6 pacBiBaHH 5 i He 3 aBHCiiMBi b coBOxynHOCTii. IIocTpoHTe npocTpaHCTBO 
sjieMeHTapHBix co6bitiih ii naii^HTe BepoaTHOCTi-i cneAyiomux co6bitiih: 

а) onniT oxohhhtch y 3 ,o mecToro 6pocaHiiH; 

б) pjisi 3 aBepmeHiiH onniTa noTpe6yeTCH neTHoe hiicjio Opocamiii. 

31. (Pacnpe^,ejieiine IlacxanH hjih OTpnpaTejiBHO 6iiHOMiianBHoe pac- 
npe,n,ejieHiie.) Haii^iiTe pacnpe^ejieime AiicxpeTHoii cjiynanHOH BemiHHHBi, 
paBHoii KOjninecTBy npon 3 omeflmnx Hey^an b nocjie^OBaTejiBHOCTH ncnBi- 
TaHHH BepHyjuin c BepoaTHOCTBio ycnexa p, npoBO^iiMoii ao r-ro ycnexa. 

32. IIpii Ka»c,ii,OM noA6pacBiBaHiin MOHeTBi open BBina^aeT c BepoaT- 
hoctbio p > 0. IlycTB 7r„ - BepoHTHOCTB toto, hto 3 a n iie 3 aBHCii- 
mbix no^ 3 , 6 pacBiBaHiiii open BBina^eT neTHoe nneno pa 3 . noxanaiTe, hto 
7T„ + 1 = (1 - p) ■ 7T„ + p ■ (1 - 7T n ), n e N. HaftAHTe 7 T n . 

33. B opnaHxy nrpaiOT ABa nrpoxa. HananBHBiH KamiTan nepBoro nr- 
poxa paBen 2 ; py6., BToporo paBeH 00 . B xancAOii napTiin nepBBiii nrpox 
BBirirpBiBaeT nnn npourpniBaeT 1 py6. c BepoaTHOCTBio 0, 5, He3aBi-ici-iMO ot 
npeAmecTByiomiix napTnit. 06o3HaHi-iM 3a z + Sk xammw nepBoro nrpoxa 
nocne k -11 HTepapHH, 77 (z) - nneno maroB ao pa3opemin: 

rj(z) = min{/c : z + =0}. 

riOKajKIITe, HTO C BepOHTHOCTBK) 1 nepBBIII I-irpOK pa30pi'ITCH, T.e. 

hto £(77(2:) < oo) = 1, ho npn 3 tom £77(2:) = oo. 

¥Ka3aHHe. IIonyHHTe pexyppeHTHBie cooTHomeHiia rjisi BepoaTHOCTii 
pa3opeHHH h £77(2). /],onycTHB £77(2:) < oo, npiiAiiTe k npoTHBopeni-no, 
AOKa3aB £77(2;) < 0 npn 6onBmiix z. 

34. CxonBRO pan b cpeAseM HyncHO noA6pociiTB MOHeTy, hto6bi pernxa 
BBinana ppa , pa 3 a noApaA? 

35. (HecTHaa iirpa [13].) nenoBexa nrpaiOT b op.asiHKy (xi-maiOT 
criMMeTpriHHyio MOHeTy h CTaBaT no py6nro: oahh Ha opna, APyroii Ha 
penixy). Y xancAoro ecTB CBoa MOHeTxa, h xancABiii noA03peBaeT napTHepa 
b Heci-iMMeTpriHHOCTH ero mohctxh. IIpeAnojxHTe npaBiina (xax, hmch 3 th 
ABe MOHeTBi, “creHepupoBaTb” ciiMMeTpiiHHyio MOHeTy), no xotopbim iirpa 
6yAeT rapaHTi-ipoBaHHO necTHOii? 
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36. (KaK iirpaTb b npoiirpbiHiHyio iirpy? [25]) IlycTb iirpoK A h B nrpaiOT 
b op.asmKy c neTHbiM hhcjiom po3birpbimei"i n. HrpoK A BbiiirpbiBaeT b 
Ka>K,a,OM po3birpbime c BepoaTHOCTbio p = 0,45 (i-irpoK B - c BepoHT- 
HOCTbio 0,55). HTo6bi b iiTore BbiurpaTb b stoh iirpe, Ha^o BbiiirpaTb 
6ojibme neM b nojiOBime po3birpbimei"i. KaxeTCH, hto ecjin y nrpoKa A 
ecTb B03MO>KHOCTb Bbi6npaTb hiicjio po3birpbimei"i, to oh Bbi6epeT n = 2, 
Hcejiaa Mane hmh 3upoBarb BepoHTHOCTb CBoero Bbiurpbima. O^HaKO sto He 
jiyHiHi-iii Bbi6op. IToKaHcriTe, hto onTHMajibHbiii Bbi6op rjih iirpoKa A - 
n = 10 po3birpbimeH. 

37. ripi-iBe^HTe npiiMep BepoHTHOCTHoro npocTpaHCTBa h Tpex co6biTHi“i 
Ha 3 tom npocTpaHCTBe, KOTopbie nonapHO He3aBHCHMbi, ho 3aBHCHMbi b 
coBOKynHOCTii. IIpe^jiOHCHTe o6o6m,eiine nojiyHeHHoii KOHCTpy kh,hh, b ko- 
topom jiK>6bie n H3 n + 1 co6biTiiii He3aBHCHMbi b coBOKynHOCTii, a Bee 
71 + 1 - 3aBIICHMbI B COBOKynHOCTII. 

¥Ka3aHHe. Cm. 3 a^aHy 40, a TaioKe hctohhiikh [25], [26]. 

38. rioKa>KHTe, hto h 3 He3aBHcriMOCTH coSbithh A h B cjie^yeT He3aBH- 
CHMOCTb CoSbITHH A H B, A H B, A H B. 

39. IToKaHciiTe, hto h 3 paBeHCTBa P(A \ B) = P(A | B ) .zyra HeHyjieBbix 
co6biTiiii A h B cjie^yeT paBeHCTBO P (AB) = P(A)P(B), T.e. hx He3aBH- 

CHMOCTb. 

40. (IIpiiMep BepHHiTeHHa [26].) rio,z3,6pacbiBaiOTCH Tpn nrpajibHbie ko- 
cth. Co6bithh A, B h C 03HanaiOT Bbina^etiiie o^imaKOBoro nucjia ohkob 
( cooTBeTCTBeHHo) Ha nepBoii h BTopoii, Ha BTopofi h TpeTbeii, Ha nepBoii 
H TpeTbeii KOCTHX. HbJIHIOTCH Jill 3 th Co6bITIIH He3aBHCHMbIMH 

а) nonapHO, 

б) b coBOKynHOCTii? 

41. (Cm. [13], [14].) IlMeeTCH Tpn KapTOHKii. Ha o^hoh c o6ei-ix ctopoh 
HapiicoBaHa 6yKBa A, Ha ,npyroH - B, a Ha TpeTbeii c o^,hoi"i ctopohm A, 
c ^pyroii - B. O^Ha H3 KapTOHOK Bbi6iipaeTCH Hayra^i, h Kjia^eTCH Ha ctoji. 
npe^nojio>KHM, hto Ha bii^hmoh CTopoHe KapTOHKii OKasbiBaeTCH 6yKBa A. 
KaxoBa BepoHTHOCTb, hto Ha BTopoii CTopoHe Toxce A? 

42. nycTb A, B, C - 3a^aHHbie co6biTHH. ^OKazKHTe enpaBe/yiiiBOCTb 
HepaBeHCTB: 

а) P (AB) + P (AC) + ¥(BC) 3 s P(A) + P(H) + P(C) - 1; 

б) P (AB) + P (AC) - ¥(BC) < P(A); 
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b) P(A A B) < P(A A C) + P(C A B). 

43. (3apana A.A. HaTaHa [5].) BeponTHOCTii koht>iohkphh coSbithh A, 
B i-i C npiiBepeHbi b Ta6jinpe hcthhhocth: 


A 

B 

c 

P (ABC) 

0 

0 

0 

20/36 

0 

0 

1 

5/36 

0 

1 

0 

5/36 

0 

1 

1 

0 

1 

0 

0 

5/36 

1 

0 

1 

0 

1 

1 

0 

0 

1 

1 

1 

1/36 


Mojkho jih Ha6jnopaeMbie co6biti-ih A h B iicnojiB30BaTB KaK npii3HaKii, 
iicnojiB3yeMBie pjra o6Hapy»ceHiiH co6biti-ih Cl 

44. lOHoma co6npaeTCH cnirpaTb Tpii tchhiichbix MaTna co cbohmh 
popiiTejMMH, h pjra BBiiirpbima oh pojiiKeH no6epiiTb pBa pa3a noppap. 
IIopapoK Ma'r'ieii MOxceT 6bitb cjiepyioipHM: OTep-MaTb-OTep, MaTb-OTep- 
MaTb. H3BecTHO, hto OTep nrpaeT jiynme MaTepii. lOHorne Hy>KHO permiTb, 
KaKoft nopapoK pjia Hero npepnonTHTejibHeii? 

45. IlMeiOTCH pBe ypHbi. B opHoii H3 hiix HaxopiiTca opi-m 6ejibiii map, b 
ppyroii - opi-m HepHbiii map (ppyrux mapoB ypHbi He copepacaT). Bbi6npa- 
eTca Hayrap opHa ypHa. B nee po6aBjiaeTca opiiH 6ejibiii map h nocjie ne- 
peMemi-iBaHHH opiiH H3 mapoB ii3BjieKaeTca. H3BjieHeHHbiii map OKasajica 
6 ejibiM. OnpepejiiiTe anocTepnopHyio BepoaTHOCTb Toro, hto Bbi6paHHOi"i 
OKa3ajiacb ypHa, KOTopaa nepBOHanajibHO copepacajia 6ejibiii map. 

46. B nepBori ypHe copepaciiTca a 6ejibix h b nepHbix mapoB (i-i tojibko 
ohii) , bo BTopoii - c 6ejibix h d nepHbix mapoB (i-i tojibko ohii) . H 3 Bbi6paH- 
hoh Hayrap ypHbi ii3BjieKaeTca opiiH map, KOTopbiii o6paTHO He B03Bpa- 
rpaeTca. Il3BjieHeHHbiH map OKa3ajica 6ejibiM. HaiipHTe BepoaTHOCTb Toro, 
hto h BTopoii map, H3BjieHeHHbii“i H3 toii ace ypHbi, onaaceTca 6ejibiM. 

47. (IlapapoKC Mohti-i Xojuia [25].) lIpepcTaBbTe, hto bh CTajm ynacTHH- 
kom moy. Ilepep BaMi-i Tpn 3aKpbiTbix pBepn. Bepyipnii noMecTi-ui 3 a opHoii 
H3 Tpex npoHyMepoBaHHbix pBepeii aBTOMo6njib, a 3a pByMa ppyrHMH 
pnepMMH no K03e (ko3bi tom npoHyMepoBaHbi) cjiynaftHbiM o6pa30M 
- 3 to 3HaHHT, hto Bee 3! = 6 Bapi-iaHTOB pacnojioaceHiia aBTOMo6iijiH h 
ko 3 3a npoHyMepoBaHHbiMH pnepaMH paBHOBepoaTHbi. Y Bac HeT HHKaKOH 
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hh cji) o p m a n hh o tom, hto 3a KaKofi ,zi,Bepbio Haxo,a,i'iTCH. Be,a,ymi'iii roBopiiT: 
«CHanajia bbi .hojihchbi Bbi6paTb o,n,Hy H3 ,a,Bepei"i. Ilocjie stoto a OTKpoio 
o,a,Hy H3 ocTaBmuxcH .npepeii (npn stom ecjin bh Bbi6epeTe .npepn, 3a koto- 
pofi Haxo,a,HTCH aBTOMo6iuib, to a c BepoHTHOCTbio 1/2 Bbi6epy .npepn, 3a 
KOTopoii Haxo,a,HTCH K03a HOMep 1, h c BepoHTHOCTbio 1 — 1/2 = 1/2 ,n,Bepb, 
3a KOTopoii Haxo,a,i'iTCH K03a HOMep 2). 3aTeM a npe^,jio»cy BaM hsmchhtb 
cboii nepBOHanajibHbiii Bbi6op h Bbi6paTb ocTaBinyiocH 3aKpbiTyK> ^Bepb 
BMecTO Toil, KOTopyio bbi Bbi6pajin CHanajia. Bbi MonceTe nocjie^OBaTb 
MoeMy coBeTy h Bbi6paTb ,a,pyryK) ,n,Bepb jih6o no^TBep^HTb cboii nepBOHa- 
najibHbiii Bbi6op. Ilocjie stoto a OTKpoio ^Bepb, KOTopyio bbi Bbi6pajn-i, h 
bh BbiiirpaeTe to, hto Haxo^iiTCH 3a stoii ^Bepbio.» Bbi Bbi6npaeTe ^Bepb 
HOMep 3. Be/tyiiiHH OTKpbiBaeT ^Bepb HOMep 1 h noKa3biBaeT, hto 3a Heii 
Haxo,H,i'iTCJi K03a. 3aTeM Be^ymnii npe,n,jiaraeT BaM Bbi6paTb ^Bepb HOMep 2. 
Y Bejii-iHaTCH jin Banin inaHCbi BbiurpaTb aBTOMo6iuib, ecjin bbi nocjie,n,yeTe 
ero coBeTy? 

48. Il3BecTHO, hto 96% BbinycKaeMoii npo,n,yKH,HH cooTBeTCTByeT cthh- 
^apTy. YnpomeHHaH cxeMa kohtpojih npii3HaeT to^hbim c BepoHTHOCTbio 
0, 98 KaHynpiii CTaH/japTHbiii 3K3eMnjiHp annapaTypbi h c BepoHTHOCTbio 
0, 05 - Ka>K,a,biii necTaH,n,apTHbiH 3K3eMnjiHp annapaTypbi. Han^iiTe Bepo- 
hthoctb toto, hto H3,n,ejiHe, npome^mee kohtpojib, cooTBeTCTByeT cthh- 
AapTy. 

49. IlycTb otjihhhhk npaBiuiBHO pernaeT 3a^aHy c BepoHTHOCTbio 0,95, 
a ^BoenmiK c BepoHTHOCTbio 0,15. Ckojibko 3a^aH ^ocTaTOHHO ,n,aTb na 
3aneTe n ckojibko Tpe6oBaTb pemi-iTb, htoSh otjihhhhk ne c^,aji 3aneT 
c BepoHTHOCTbio, lie Gojibmeii 0,01, a npn stom ^bochhiik c^,aji 3aneT c 
BepoHTHOCTBio, He 6ojibmeii 0,1? 

50. (3a^,ana npo MynciiKa.) IlycTb HeKOTopniH MynaiK roBopiiT npaB^y 
c BepoHTHOCTbio 75% ii jinceT c bcpohthoctbio 25%. Oh no^6pacbiBaeT 
CHMMeTpHHHyiO KOCTb II TOBOpiIT, HTO “Bbinajia 6”. C KaKOH BepoHTHOCTbio 
Bbinajia 6? 

51. IlycTb c.b. X HMeeT noKanaTejiBHoe pacnpe^,ejieHiie Exp(A). IIoKa- 
jKHTe, hto HMeeT MecTO “oTcyTCTBiie nocjie^eiicTBHH”: 

P{X >x + y\X>x)= P(X > y). 

BepHO jih o6paTHoe yTBep3Kyi,eHHe? npiiBe^iiTe npi-mep ^,HCKpeTHOi"i c.b. 
CO CBOHCTBOM “OTCyTCTBHH nocjie^eiicTBHH”. 

YKa3aHHe. B KanecTBe ^,HCKpeTHOi“i c.b. paccMOTpiiTe c.b., iiMeiomyio 
zeoMempunecKoe pacnpedeAenue. A hmchho, c.b. X - momcht nepBoro 
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Bbina,n,eHiiH opjia, b cxeMe ncnbrraHHH BepHyjijin Be(p) (He3aBiiciiM0 noA- 
Kii,a,BiBaeTCH MOHeTKa c BepoHTHOCTBio BBina^emiH opjia paBHoii p). /Jjih 
T aKoii c.b. 

P (X > n) = (1 — p) n , n € N. 

Cjie,a,yeT cpaBHHTB co cjiynaeM, Kor,n,a X £ Exp (A). B stom cjiynae 
P (X > t) = exp (—A t) , t > 0. 

OKa3BiBaeTCH, hto stiimii npHMepaMH HCHepnBiBaeTCH ciihcok pacnpe,n,e- 
jieHHft, ya,OBjieTBopHioiii,iix CBOHCTBy OTcyTCTBira nocjie^eiicTBiiH. 

rio,ii,o6HO TOMy Kax cyMMa n He3aBiiciiMBix c.b., c pacpe^ejieHiieM Be(p) 
nopojK^aeT 6iiHOMiiajiBHyio c.b. Bi(p,n ) - hiicjio ycnexoB b cxeMe nc- 
nBiTamin BepHyjijin (He3aBi-ici-iMO n pa3 no^Kii^BiBaeTCH MOHeTKa c Be- 
poHTHOCTBio ycnexa p), cyMMa n HesaB hchm htx c.b., pacnpe^ejieHHBix no 
reoMeTpnnecKOMy 3aKOHy c napaMeTpoM p, nopo»c,ii,aeT ompwnameAbHoe 
6uHOMua.at>Hoe pacnpedejienue c napaMeTpaMi-i p, n, TaKHte Ha3BiBaeMoe 
pacnpedejieHUHe.M IIacKa.asi. 

3aMeHaHne. Cjie^yeT Tarae o6paTHTB BHiiMamie Ha 3a^any 32 pa3,a,e- 
jia 5. OniicaHHBie b 3a^,ane pacnpe^ejiemiH ecTecTBeHHBiM o6pa30M bo3- 
HiiKaiOT npn nocTpoemiri MapKOBCKiix npopeccoB b HenpepbiBHOM h riic- 
KpeTHOM BpeMenii (cm. pa3^eji 6 h HacTB 2). 

52. B m +1 ypHax co^epnaiTca no m mapoB (b Kanc^on) , npiineM ypHa c 
HOMepoM n co^epnaiT n 6ejinix n m — n nepHBix mapoB (n = 0,1,..., m). 
CjiynanHBiM o6pa30M BBi6npaeTCH ypHa n 113 nee k pa3 c B03BpamenneM 
H3BjieKaiOTCH rnapBi. HaiypiTe: 

а) BepoHTHOCTB Toro, hto cjie^,yK>m,HM TaKHte 6yn,eT H3BjieneH 6ejiBiii 
map npn ycjiOBnn, hto Bee k mapoB OKa3ajincB ftejiHMH, 

б) ee npe^eji npn m —> oo. 

¥Ka3aHHe. ITpiiMeHiiTB cfjopMy.ay no./mou eeposimHocmu b cjie^,yK)m,eM 
BH,n,e: 

P (B | A) = Y, P(B I H n A)F(H n | A). 

n =1 

53. BeperoBan oxpaHa 3aMenaeT BpaacecKiin Kopa6jm Ha paccTOHHini 
1 km ot no6epe>KBH n naHimaeT ero o6cTpejniBaTB, ppjiasi 1 BBiCTpeji b 
M iiHyTy. ITocjie nepBoro »ce BBiCTpejia Kopa6jm pa3BopannBaeTCH n ,h,bh- 
nceTCH b CTopoHy ot no6epe>KBH co CKopocTBio 60 km/h. BepoHTHOCTB no- 
na^am-ra o6paTHO nponoppnoHaiiBHa KBa^paTy paccTOHHira ot no6epe>KBH 
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AO Kopa6jia (ecjin n,ejit HaxoAHTCH na paccTOJmini x, toiaa BeposiTHOCTb 
nona,u,aHiiH 0,75a; -2 ). BeposiTHOCTb Toro, hto Kopa6jib BbiAepHciiT n no- 
na^aHiiii h He yTOHeT, paBHa 4~ n . IIocHHTaHTe BeposiTHOCTb Toro, hto 
Kopa6jiK> yn,acTCH yirru. 

54. IlapaMeTp p (BepoaTHOCTb BbinaAemra «opjia» npn 6pocaHHH MOHe- 
tbi) b cxeMe HcnbiTaHHH BepHyjuiii HBjiaeTCH paBHOMepHO pacnpe^ejieHHoii 
cjiynaHHOH BejiiiHiiHoii Ha OTpe3Ke [0.1, 0.9] h pa3birpbiBaeTCH ao Hanajia 
HcnbiTaHHit, npiineM p He H3MeHJieTCJi ot onbiTa k onbiTy. B cepiin H3 
n = 1000 6pocaHHi"i 6buio noACHiiTaHO hiicjio ycnexoB r = 777. Haii- 
AHTe ycjiOBHyro njiOTHOCTb pacnpeAeneHiisi p[x\r = 777). Opem-iTe, kslk 
H3MeHHTCH OTBeT, ecjin H3BecTHO, hto TOHHoe 3HaHemie Hiicjia ycnexoB 

r G [750,790], 

3aMenaHHe. 0Ta 3aAana Ha cjropMyjiy Baiieca h cjaopMyjiy nojiHoii Bepo- 
hthocth. C npiiMeHem-ieM stiix cjropMyji CBH3aHO h pememie cjie^,yiom,eH 
sa/ta'iH. 

OTMeTIIM, HTO BO MHOITIX COBpeMeHHbIX npHJIOJKeHIIHX BepOHTHOCTBIX 
MeTO^OB (MamiiHHoe obynHemie, Teopira iiH^opMapiii-i h AP-) SaiiecoB- 
CKiie noAxoA nrpaeT Banoiyio pojib MacKay D. Information Theory, 
Inference, and Learning Algorithms. Cambridge University Press, 2003. 
640 p.; Jaynes E.T. Probability Theory: The Logic of Science. Cambridge 
University Press, 2003. 753 p.; MaMcjropA Ha 3ape spbi CTOxacTiiHHO- 
cth. B c6opHHKe “MaTeMaTHKa: rpaHiipbi h nepcneKTHBbi”. M.: OA3HC, 
2005. C. 327-354; Bishop C. Pattern Recognition and Machine Learning. 
Springer, 2006. 738 p. Bonee noApo6HO o pjme Taxiix iipuHOKeHitn 6y^eT 
HamicaHO b HacTii 2. B Pocchh b stom HanpaBjieHiiii aKTiiBHO pa6oTaiOT 
Rmhtphh BeTpoB h /Imhtphh KponoTOB c OKH HHY BIH9 (ry). 

Otmcthm TaK»ce, hto cJjopMyjia Baiieca h cjropMyjia nojiHoii BepoHT- 
hocth coBepmemro ecTecTBeHHbiM o6pa30M B03HiiKaeT b reHeTHKH, Ha- 
npiiMep, npn pemeHHH 3a^aH Ha npiiMeHemie 3a,KOH06 Mender, Xapdu- 
BauuSepza (cm., HanpiiMep, Teiijiop Ppiin H., CTayT Y. Bhojioi hh. 
noA peA- P- Conepa. T. 3. M.: JIa6opaTopnsi Ba30Bbix 3HaHiiii, 2016. 451 
c.). nonyjuipHO 06 stom HamicaHO, nanpiiMep, b KHiire Bojithhckhh B.P, 
CaBim A.n. BeceAH o m aTeMaTiiKe. KiiHiira 1. ^(iiCKpeTHBie o6T>eKTbi. M.: 
OHMA, MTTHMO, 2002. 368 c. 

55. (3aAana Jlanjiaca.) nycTb iiMeeTCH MOHeTKa, o KOTopoii b naHajib- 
Hblii MOMeHT H3BeCTHO, HTO BepOHTHOCTb BbinaACHIIH opjia p MOHCeT 6bITb 
npOH3BOJIBHbIM HHCJIOM H3 OTpe3Ka [0, 1] C paBHOH BepOHTHOCTBIO. TaKIIM 
o6pa30M anpuopHoe pacnpeAeJieHiie BeponTHOCTii BbinaAemisi opjia p - 
paBHOMepHoe pacnpeAeJieHiie Ha OTpesexe [0,1], T.e. i?[0,1]. CjieAOBa- 
TejiBHO, anpuopHO oxaiAaeMoe 3HaHeHiie p = 0, 5. MoHeTKy He3aBiiciiMO 
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no^,6pociijiii n paa h iiochhtejih o6m,ee hhcjio ycnexoB r. Onpe^ejiiiTe 
anocTepnopHoe pacnpe^eneHiie p\ (n, r) h oximaeMoe 3HaHemie p c yneTOM 
pe3yjiBTaTOB onxiTa (n, r). 


¥Ka3aHHe. (BeTa-pacnpe,a,ejieHiie, KaK conpsHxennoe pacnpe^ejiemie k 
6iiHOMiiajiBHOMy pacnpe,a,ejieHiiio) ^jih pemeHira 3a,n,aHH nojie3HO bbccth 
6eTa-pacnpe^3,ejieHiie Beta c napaMeTpaMi-i ay, a 2 , 3a^,aBaeMoe iuiothoctbio 
(T(a) - raMMa-cjDyHKpiiH Diuiepa, b nacTHOCTH F(m + 1) = to!) 


PBeta(x) = 


T(ai + a 2 ) 

r(ai)r(a 2 y 


\l-x) 


CX2 — 1 


* e [0,1]. 


H BOcnojiB30BaTBCH cjie^yiomiiM o6ih,hm pe3yjiBTaTOM: ecjm anpi-iopHoe 
pacnpe^ejieime p £ Beta(ai,a2) (b ycjiOBHHx 3a,n,aHH = a 2 = 1), 
to anocTepnopHoe pacnpeflejiemie p\ ( n,r ) £ Beta(«i + r, a 2 + n — r). 
Taxate otmcthm, hto pflsi no^cneTa o>ximaeMoro (cpe^Hero) 3HaHeHira 
c.b. £, pacnpe^,ejiemioii no 3axoHy Beta(ai, a 2 ) mojkho BOcnojn>30BaTBCH 
(JjopMyjioii E£ = ot\/{a\ + a 2 ). 

3aMenaHHe. (Pacnpe^,ejiemie flupnxjie, raMMa-pacnpe^eneniie [29].) B 
6ojiee o6m,eM cjiynae paccMOTpiiM He MOHeTxy, a MHororpaHHiix, npn 
6pocaHHii KOToporo oh BBina^aeT Ha o^Hy H3 cboiix to rpaHeii (b Taxofi 
HHTepnpeTapiiH in > 3, o^Haxo npiiBO^iiMBie ^.ajiee <J>opMyjiBi cnpaBe^jin- 
bbi npn to > 2, r^e cjiynaii m = 2 cbo^htch x pa3o6paHHOMy b yxa3aHHH 
6eTa-pacnpe^ejieHHK)). ^o Hanajia npoBe^emiH onxiTa mojkho cniiTaTB, hto 
B epoHTHOCTii ynacTB na xa>xyiyio rpaHB paBHBi Mexyny co6oi"i. Tpe6yeTCH 
onpe^ejiiiTB anocTepnopHBie BepoHTHOCTii ynacTB Ha xa>xyi,yio H3 rpaHeii 
nocjie npoBe^emiH onxiTa (m, ri; n m , r m ). JIji a pememiH stoii 3a,n,aHH 
nojie3HO BBecTH pacnpe^ejiemie ^npiixjie Dir c napaMeTpaMii a\, 
3a^aBaeMoe hjiothoctbk> (npiiBO^HMaa Hiiace cjjopMyjia BHemire noxoaca 
Ha cjjopMyjiy, onpe^ejnnomyio MyjiBTHHOMi-iajiBHoe pacnpe^ejiemie, cm., 
HanpiiMep, 3a^,any 19 pa3^,ejia 6; sto coBna^emie cobccm He cjiyHafrao 
- HyTB Hii>xe 6y^eT noxa3aHO, hto pacnpe^,ejieHiie ^npiixjie HBjiaeTCH 
conpH>xeHHBiM pacnpe^ejieHiieM ^jih MyjiBTHHOMiiajiBHoro pacnpe^ejieHHH 
b tom see CMBicjie, hto 6eTa-pacnpe^,ejieiine hbjihctch conpsxxeHHBiM pac- 
npe^ejieiineM .zyui 6iiHOMiiajiBHoro) 


pDir (^1: 


») = 


r(«i +... + Q-m ) 


„a:i —1 


r(ar) 


1 r(«r 1 


r^e Y^k^i Xk = 1, Xk £ [0, 1], k = 1, ..., to, i-i BOcnojiB30BaTBCH cjie^,yx)iu,HM 
o6ih,hm pe3yjiBTaTOM: ecjm anpuopHoe pacnpe^ejiemie p £ Dir(ai, 

(b ycjiOBHHx hoboh 3a^aHH a \ = ... = a m = 1), to anocTepnopHoe 
pacnpeflejieHne p\ (ni,ri; ...;n m ,r m ) G Dir(ai + n,..., a m + r m ). 
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BBe/jeM hobbih Kjiacc c.b. (raMMa-pacnpe^ejieHne) X E r(A,a) - hcot- 
pnu,aTejiBHbie cjiynanHbie BejiHHHHbi c njiOTHOCTBio pacnpe^ejieHHH 


p r (x) 


(x/X) a x e x / x 


x > 0. 


B HacTHOCTi-i, r(A _1 ,1) = Exp(A) (onpe^ejiem-ie noKasaTejibHoro pacnpe- 
^.ejieHiiH cm. b 3a^aHe 51). Bojiee Toro, raMMa-pacnpe^ejiemie r(A _1 ,a) 
b cjiynae HaTypajitHoro a = n mojkho npe^CTaBiiTb b Bime cyMMbi n 
He3aBricriMBix o^iiHaKOBO pacnpe^ejieHHbix noKa3aTejibHbix c.b. Exp (A): 


T (A 1 ,n) =Exp(A) + ...+ Exp(A). 

n 

B m a r re m a r r h aec koh CTaTiiCTiiKe TaKHte 6biBaeT nojie3HO cjie^yromee npe^i,- 
CTaBjieinie pacnpe^,ejiemie X 2 ( n ) = P (2, 7T. /2) b Bime cyMMbi n He3aBiicii- 
Mbix c.b., pacnpe^ejieHHbix no 3aKOHy A/”(0, l) 2 (r^,e J\f( 0,1) - CTaH^apTHaa 
HopMajibHaa c.b.): 


E (2, n/2) =J\f(0, l) 2 


■AA(0,1) 2 


Ecjih Yk £ r(l,afe), k = 1,..., in, - He3aBHCHMbie c.b. ii Y = Y\ + ... + Y m , 
to (cm. TaK*e 3a^any 13 pa3^ejia 7) 

T 

€ Dir(cci,..., a m ). 

FaMMa-pacnpe^ejiCHiie BHernne noxonce Ha pacnpe,n,ejieHne IlyaccoHa Z £ 
Po(A) (cm. TaioKG 3a^any 32 pa3,a,e.Jia 5): 


(Yl Yn\ 
\Y'‘"' Y ) 


n 

Z = max|n : Xf~ 

fe=l 



r,n,e X\, X’ 2 , X$, ... He3aBi-ici-iMbie o^iraaKOBO pacnpe^ejieHHbie no 3aKOHy 
Exp(A) c.b. ,Z],eiicTBHTejibHO, 


P {Z = n) 


X n e~ x 
T(n + 1) ’ 


n = 0,1,2,... 


OKa3biBaeTcn, 3Ta CBH3b He tojibko “BHenmsni”. Ecjih anpiropHO 6 bijio 
H 3BecTHO, hto A £ r(A, a), to nocjie Ha6jno r neHHH n He3aBiiCHMbix pea- 
jiH3an,HH Zk £ Po(A), k = 1, ..., n HMeeM 


A 


^ Z)fc=l z k + 1 


, a + n 
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A| (z 1} ...,z n ) £ r 



56. IlycTb X £ Po(A) h Y £ Po(p.) - He3aBiiciiMbie cjiynaimbie BejiH'iHHbi, 
HMeK)in,He pacnpe,n,ejieHiie IlyaccoHa. ,H,OKa3aTb, hto cjiyHairaaji BejiiiHima 
Z = X + Y HMeeT pacnpe,a,ejieHiie IlyaccoHa Po(A + /z). HaimiiTe bh/; 
ycjiOBHoro pacnpe,a,ejieHiiH cjiynaftHOH BejiHHHHM X npn cjjiiKCiipoBaHHOM 
3Ha'ieHHH cjiynaiiHOH BejiH'iHHbi Z. 

57. IIoKa>KiiTe, hto 6 opejieBCKan cr-ajire6pa b K 1 , co,a,ep>Kaiii,aH Bee hhc- 
jiOBbie npoMejKyTKH Bima [a, b), co,a,ep>KiiT Bee npoMexyTKii Bima (a, b), 
(a, b], [a, b} h OT^ejiBHbie tohkh npuMoft. 

¥Ka3aHHe. YnecTb cbohctbo 3aMKHyTOCTii u-ajire6pbi OTHOCiiTejibHO 
onepapiiH o6T>e,n,HHeHHH, nepeceneHiiH h BbrarraHHH. 

58. IlycTb fl = [a,b] x ... x [a, b], T - cr-ajire6pa, co^epxcamaH BceB03- 
MOxcHbie MHOxecTBa Bima [ay, /3i] x ... x [ a n , /?„] (a ^ a\ < /?i ^ b, ..., a ^ 
a n < f 3 n ^ b). Ha 3ti-ix MHOxcecTBax 3a^aHa BeponTHOCTHan Mepa 


IP (kJl € \Oi 1, /?! ], ■ • •, Wn £ [oz n , /?n]) 


mes[ai,/?i] 
mes[a, b] 


mes[a ra , (3 n ] 
mes[a, b] 


noKaxaiTe, hto 

а) P (wi = c = const) = 0; 

б) P (wi = C02 ) = 0. 

Han^iiTe BepoHTHOCTb P (ay < W3 < 0x2). 

59. Hiicjio ajieMeHTapHbix co6bmiii HeKOToporo BeponTHOCTHoro (fi, J 7 , P) 
npocTpaHCTBa paBHO n. Yuana-iTe MimiiMajibHoe h MaKCiiMajiBHoe bo3- 
MO>KHbie 3HanemiH ,h,jih nucjia co6biTiiii. /Ipyi HMH cjiOBaMii, H3BecTHO, hto 
|f2| = n, neMy mojkct 6 biTb paBHO b stom cjiynae IJ 7 !? 

60. MoxceT jii-i hiicjio Bcex co 6 biTiii"i KaKoro-jni 6 o BeposmiocTHoro npo- 
CTpaHCTBa 6 biTb paBHbiM 128; 129; 130? 

61. (3a^,aHa o BCTpene [4].) ^Ba jibixmiiKa ycjiOBi-uii-icb o BCTpene Me»my 
10 11 11 nacaMi-i yTpa y no^HOJKiia ropbi (cKjiOHa), npiineM ^oroBopiijnicb 
5Kyi,aTb APy r APy ra He 6ojiee 10 Mi-myT, hto6bi He 3aMep3HyTb. Cm-iTas, hto 
MOM eHT npuxo^a na BCTpeny KaxmbiM Bbi6iipaeTCH Hayn,aHy b npe^,ejiax 
yKasaHHoro naca, HaimiiTe BeposiTHOCTb Toro, hto BCTpena coctohtch. 

3aMenaHHe. B no,n,o6Horo po^a 3a^,aHax, iyi,e hbho He onpe^ejieHa Bepo- 
HTHOCTHaa TpoiiKa (H, J 7 , P), b o6m,eM cjiynae cjie^yeT npimepxtiiBaTbCJi 
TaKOii nocjie^OBaTejibHOCTH ^,eiicTBHH: 
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a) 3a,n,aTb BepoaTHOCTHyio Mepy Ha MHOixecTBax npocToii CTpyxTypbi; 

6) npopojKxiiTb BepoHTHOCTHyro Mepy na MHOixecTBa 6ojiee cjiojxhoh 
CT pyKTypti, paccMaTpiiBaeMbie b 3apane; 

b) npoBepiiTb ycjiOBiia, rapaHTiipyromne cr-a^HTiiBHOCTb npopojHxeH- 
hoh Mepbi (P(U”_i Ai) —> P(H) npn n —> oo, rpe U^i A t = A). 

/le'rajiH onucaHbi bo MHorax yHe6fflixax (cm., HanpiiMep, [1], [12]), cm. Tax- 
>xe http://www.mccme.ru/ ium/postscript /sl2/gasnikov-teoria-mery.pdf. 

62. (Ilapa^OKC BepTpaHa [4], [25].) PaccMOTpiiM oxpyixHOCTb, onucaH- 
Hyio Boxpyr paBHOCTopoHHero TpeyrojibHiixa. KaxoBa bcpohthoctb, hto 
cjiyuaftHbiM o6pa30M npoBepeHHaa xoppa 6ypeT iimctb pjiHHy 6ojibinyio, 
ueM CTopoHa stoto TpeyrojibHiixa? 

3aMeu:aHHe. napapoxc BepTpaHa - xjiacciiHecxaa (h, BepoHTHO, “ca- 
Maa rjiaBHaa”) 3apana Ha “reoMeTpiiHecxne BepoaTHOCTii” (cm., Hanpi-i- 
Mep, KeHpajui M., MopaH BL reoMeTpiiuecxne BepoaTHOCTii. M.: Hayxa, 
1972. 192 c.). 9to HanpaBjieHiie npepcTaBjiaeTCsi pocTaTOHHO BaxcHbiM He 

TOJIbXO C TOHXH 3peHIIH peMOHCTpapiIH aXCHOMaTIIXII Teopilll BepOHTHO- 
CTefi, nocTpoeHHoii A.H. KojiMoropoBbiM [1], ho ii pjia pememiH 6ojib- 
moro xojiHuecTBa npaxTiiuecxiix 3a^,au. CjiepyiomaH sapana Taxixe na 
“i eoMe r rpH'iecKHe BepoaTHOCTii” h na nepBbiii B3rjnm xaaceTca pocTaTOHHO 
npaxTHHHofi, b stoii CBH3H 3aMe r rHM, hto Tax xax om-icaHO b stoii sapane 
hhcjio 7r Ha npaxTiixe, Ha caMOM pejie, hiixto He opem-maeT. B Haem 
2 “reoMeTpHHecxHM BepoaTHOCTHM” njiaHiipyeTca nocBHTHTb OTpejibHbiii 
paapeji. 

63. (3apana BxxJacjxHia.) Kax c noMOipbio jmcTa TeTpapxn b jiHHefixy (c 

paCCTOHHHMII MeJKpy JIHHHHMH 1 CM.) H HTOJIXH pjIHHOH 1,5 CM., COTHyTOH B 
xonepry (6yxB0i"i T), onpepejniTb hhcjio 7 r? Cxojibxo pa3 pocTaTOHHO 6po- 
ciiTb urojixy, hto6h c BepoaTHOCTbio ne MeHee 0,99 mojxho 6bijio opeHiiTb 
hhcjio 7i (no o6ipeMy nucjiy nepeceHeHiiii htojixh c jihhhhmii TepTapxn) c 
tohhoctbk) po 3 3HaxoB nocjie 3anaToii? 

3aMenaHHe. Cm. KeHpajui M., MopaH II. reoMeTpiiHecxne BepoaTHOCTii. 
M.: Hayxa, 1972. 

64. IlMeeTca MOHeTxa c BepoaTHOCTbio BbinapeHira opjia p = 1/2, xoto- 
pyio He3aBiiciiMO nopxppbiBaiOT. noxaixiiTe, hto co6biTiie A, 3axjnoHaio- 
ipeecu b tom, hto OTHomeHiie nucjia ycnexoB x o6ipeMy nucjiy 6pocaHiiii 
n CTpeMiiTCH x 1/2 npu n —> 00 H3MepiiMO. HappiiTe BeposiTHOCTb stoto 
C06bITIIH P(H). 
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65. (Cjiynairaoe HanpaBjiem-ie [13].) bh npi-ixqipiTe Ha CTaHipiio MeTpo 
b cjiy'iaHHWH momght BpeMeHii T (HanpiiMep, T iiMeeT paBHOMepHoe pac- 
npe^ejiemie Ha HHTepBajie Mext/iy 10 h 11 nacaMii) h ca^iiTecB b nepBBiii 
npHmeflHiHit noe3,n, (b Ty iijih ^,pyryro CTopoHy). ByzjeM cmiTaTB, hto 
noe3,a,a b o6e ctopohbi xo,h,ht o,n,iiHaKOBO nacTO (HanpiiMep, Kanynpie 10 
MHHyT 1 ) corjiacHO pacniicaHiiio. O/y-maKOBBi jih BepoHTHOCTii co6bithh, hto 
bbi noe^eTe b o^,Hy iijih b ,npyryio CTopoHy? PaccMOTpiiTe cjiynaft, Kor^,a b 
o^Hy CTopoHy noe3,n,a ir/iyT b 10:00, 10:10, 10:20,..., a b /ipyryio - b 10:02, 
10 : 12 , 10 : 22 ,... 

3aMeaaHHe. Kasajiocn 6 bi, HHTyHumr no,n,CKa3BiBaeT, hto o6a HanpaBjie- 
HIIH “paBHOnpaBHBl” - Be^B MBI npHXOflHM B “cjiyHaHHBlit” MOMeHT Bpe- 
MeHH. “Ilapa^OKc” jierKO pa3pemaeTCH BBe^eHiieM BeposiTHOCTHoro npo- 
CTpaHCTBa (KOHKpeTii3aH,Heii “cjiyHairaocTii” BpeMeHii npuxo^a Ha CTaH- 
piiio). 

66 . B ypHe Haxo^,iiTCH 3 6ejiBix h 2 nepHBix rnapa. 9KcnepiiMeHT coctoiit 
b nocjie^OBaTejiBHOM H3BjieneHHH H3 ypHBi Bcex rnapoB no o^,HOMy Hayra,n, 
6e3 B03Bpaiii,eHH5i. TIocTpoiiTe BeposiTHOCTHoe npocTpaHCTBO. OraicaTB a- 
ajire6py, nopo3K,n,eHHyio cjiynaftHOH BejiHHHHoit X, ecjin: 

a) X - hhcjio 6 ejiBix rnapoB, npe^,mecTByiOHi,Hx nepBOMy nepHOMy 
rnapy; 

6) X - hhcjio nepHBix rnapoB cpe^ii H3BjieHeHHBix; 

b) X = Xi + X- 2 , rp/e X\ - hhcjio 6ejiBix rnapoB, npe^mecTByiomiix 
nepBOMy nepHOMy rnapy, X^ - hhcjio nepHBix rnapoB, npe,n,mecTByiOHi,Hx 
6ejiOMy mapy. 

67. * IlycTB P) - neKOTopoe BeponTHOCTHoe npocTpaHCTBO h A - 

ajire6pa no^MHoncecTB Tanaa, hto <t(A) = T (o'(A) - HaHMeHBirrair 
tr-ajire6pa, co^epncamaa ajire6py A). /loKaiKirre, hto 

Ve>0, BeJ 3A £ gA: ¥{A £ A B) ^ e. 

¥Ka3aHHe. PaccMOTpiiTe coBOKynHOCTB mhoikbctb (cm. ;i,e r rajiH b [12] 
T. 2): 

B = {B e E | Ve > 0 3A b g A : P(A B AB) ^e}. 

IIoKa>KHTe, hto B HBjraeTCH MHHHMajiBHoft a- ajire6poii (cm. [22], [23]). 

68. a) Mojkbt jih <J>yHKnnH 

F (x!,x 2 ) = | o 


min(xi,X2) > 1, 
min (xi, X 2 ) < 1 


25 



6 htb (JjyHKHHeH pacnpe,n,ejieHiiH neKOToporo ,n,ByMepHoro cjiynaiiHoro Bex- 
Topa? IIpHBeflHTe neo 6 xo,n,HMoe h ,n,ocTaTOHHoe ycjiOBiie Toro, hto 6 m 
F(xi,...,x n ) 6 bijia (JjyHKpiieii pacnpe,n,ejieHiiH HeKOToporo cjiynaiiHoro 
BeKTopa. 

6 ) Ha R™ 3 a,n,aHa cjjyHKHjia F (x\,.. ., x n ), Hey 6 biBaK>in,aH no Kax^OMy 
apryMemy, Tanaa, hto F (xi, ..., — oo, ..., x n ) = 0, F (oo, ..., oo) = 1. 
Hto em,e na,n,o noTpe 6 oBaTb ot 3 toi“i cJyyHKHHH, nTo 6 bi c ee noMOipbio mojk- 
ho 6 bijio 6 bi ecTecTBeHHbiM o 6 pa 30 M 3 a^aTb cneTHO-a^miiTiiBHyio BepoaT- 
HOCTHyio Mepy Ha MHHHMajibHoft cr-ajire 6 pe, co^epacameii BceB 03 MO>KHbie 
npHMoyrojibHbie napajuieneniine^bi b R"? 

b) Mojkbt jih (JjyHKpHH pacnpe,n,ejieHiiH Fx {x) c.b. X iiMeTb 6 ojiee 
neM cneTHoe MHoacecTBO Tonex pa 3 pbiBa? 

69. (06o6iu,eHHoe HepaBeHCTBO He6bimeBa.) nycTb g - HeoTpupaTejibHaa 
h ney 6 biBaiomaH cjjyHxuyia Taxaa, hto Eg(|£|) < oo. noxaaaiTe, hto ,zyia 
Bcex x, yflOBjieTBopjnom,nx ycjiOBino g{x) > 0, 


P(l£l>*)< 


ggMP 

g{x) 


floxaaaiTe cjie^CTBiia stoto HepaBeHCTBa (cm. [ 12 ]): 


a) (HepaBeHCTBO MapKOBa) nycTb E|£| p < oo, p > 0, x > 0. Toiyja 


P(l£l>*)< 


m p 

x p 


6) (HepaBeHCTBO He6bimeBa) nycTb < oo, x > 0. Tor^a 


P(|£ — E£| > x) < 


x 2 


b) ( 3 KcnoHeHH,iiajibHoe HepaBeHCTBO He 6 bimeBa, HepaBeHCTBO HepHO- 
Ba) nycTb E [e t? ] < oo, t > 0 . Tor^,a 


P(£ > x) < 


E [e t? ] 


r) (HepaBeHCTBO KaHTejijm) nycTb B£ < oo, x > 0. Tor^a 


P(|£ — E£| >x)< 


2B£ 

x 2 + ’ 
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70. floKaxi-iTe Hepaeencmeo Jlsmynoea pjm 0 < p < q 


(E|£D 1/p < (E^l 9 ) 1 / 9 . 

¥Ka 3 aHHe. Bocnojib 3 yiiTecb nepaBeHCTBOM HeHceHa: E|£| < oo, g - bbi- 
nyKjiaa cJ^yhkhhm: 

S(E£) < %(0- 

71. JXoK&yKirre Hepaeencmeo Fe.abdepa. IlycTb 1 < p < oo, 1 /p+l/q = 1, 
E|£| p < oo, E 1 77 1 9 < 00 . Tor^a 

mv\ < m\ p ) 1/p m q ) 1/q - 


¥Ka3aHHe. Bocnojib 3 yiiTecb HepaBeHCTBOM K)Hra: x > 0, y > 0: 


x 1 ' y H 

xy < - 

V q 


72. /],OKa>KiiTe Hepaeencmeo Muhkobckozo: 1 > p < 00, E|£| p < 00, 
E|r/| p < 00 : 

(Eie+ v\n 1/p < (Eien 1/p + (E\vn 1/P - 

¥Ka3aHHe. Bocnojib 3 yi"iTecb nepaBeHCTBOM p > 0: 

n P n 

Xj < maxjl, n^^ 1 } ^ \xj\ p 
k —1 k —1 


h HepaBeHCTBOM Tejib^epa. 

73. IloKajKHTe, hto HepaBeHCTBO He6bimeBa: 

D X 

P(\X-EX\>e) < - Y - 

£ z 


npiiHpunHajibHO He yjiyHmaeMO. 



¥Ka 3 aHHe. PaccMOTpiiTe c.b. 

f a , 

% 

X = J 


1 ~P 


[ -a, 

P /2 


IlojioJKHTe £ = a — 5, rpp 5 —> 0+. Cm. TaioKe HepBOHeHKiic A.51. 
KoMnbiOTepHbiH aHajni3 ^aHHbix. M.: 5lH^eKC, 2009. 

3aMeaaHne. B nacTHOCTH, ^aHHoe HepaBeHCTBO ne yuynmaeMO b Kjiacce 
X G L 2 . 
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74. CymecTByeT jih cjiynaftHaa BejiiiHima c KOHenHbiM BTopbiM momchtom 
h 6ecKOHeHHbiM nepBbiM momchtom? 

75. B nanajie KapTOHHoft iirpbi npiiHHTO c noMOipbio >Kpe6iiH onpepejiHTb 
nepBoro cpaioipero. stoto KOJiopa xopomo TacyeTCH, h nrpoxaM cpa- 
eTCH no opHoft xapTe po noHBjiemiH nepBoro Ty3a. KoMy Bbinaji Ty3, tot 
h cpaeT b nrpe. Ha KaxoM MecTe b cpepHeM noHBjiaeTCH nepBbiii Ty3, ecjin 
b xojiope 32 xapTbi (to ecTb Hy>KHO Haft™ MaTeMaTiinecxoe oxi-mamie 
cjiynaftHoft BejniHHHbi «Hiicjio xapT, cpaHHbix po nepBoro Ty3a»)? 

76. (A. DJeHb [13].) B jiOTepee Ha Bbiurpbim yxopHT 40% ot ctoiimocth 
npopaHHbix 6iuieTOB. Ka»c,ii,bift 6iuieT ctoiit 100 py6jieft. ,ZI,oxa:>xHTe, hto 
B epoHTHOCTb BbiiirpaTb 5000 py6jieft (hjiii 6ojibme) MeHbrne 1%. 

HcKOMaa BepoHTHOCTb 3aBHCHT, xoHenHO, ot npaBi-ui jiOTepen, ho iiii 
npn KaKHx ycjiOBHHx OHa He npeBoexopHT 1%. npiiBepiiTe npiiMep npaBiui 
jiOTepen, rpe ncxoMaa BepoaTHOCTb MiimiMajibHa h MaKCHMajibHa. 

¥Ka3aHHe. Bocnojib3yftTecb nepaBeHCTBOM MapKOBa (cm. 3apany 69). 

77. BoceMb m ajibHHKOB i-i ceMb peBonex xynmin 6iuieTbi b kiihotc aTp Ha 
15 nopppn, Hflynipx MecT. Bee 15! B03MO>xHbix cnoco6oB paccapxn paBHO- 
BepoHTHbi. BbiHiicjiHTe cpepHee hiicjio nap papoM ciypupiix Majibmixa h 
peBonxii. HanpiiMep, (o', 9, cf, $) copepnaiT Tpn Taxiie napbi. 

78. Ha nepBOM 3Ta»ce ceMHa^,n,aTH3Ta>KHoro o6m,e:>xHTHH b jihcJdt bohijii-i 
pecHTb nejiOBex. npepnojiaraa, hto xajxpbift H3 BomepmHx (He3aBricriMO 
OT OCTajIbHblx) MOHCeT C paBHOft BepOHTHOCTblO >KHTb Ha JIK>6 oM H3 HieCT- 

Happa™ 3Ta»ceft (co 2-ro no 17-ft), HaftpiiTe MaTeMaTi-inecKoe ojxppaHiie 
Hiicjia ocTaHOBOK jnicjjTa. 

79. HMeeTCH n npoHyMepoBaHHbix raiceM h n npoHyMepoBaHHbix xoHBep- 
tob. niicbMa cjiynaftHbiM o6pa30M pacxjiapbiBaxjTCH no KOHBepTaM (Bee n! 
cnoco6oB paBHOBepoHTHbi). HaftpiiTe MaTeMaTiinecxoe onaipaHiie nucjia 
coBnapemift HOMepoB micbMa i-i KOHBepTa (niicbMO jiejxiiT b KOHBepTe c 
TeM >xe HOMepoM). 

80. C.b. £ HMeeT orpamiHemie P(£ > h(x)) < e x npn x > Xq, h(x) - 
a6cojnoTHO HenpepbiBHaa cjjyHxpusi. ,H,OKa>KHTe cnepyioipiie HepaBeHCTBa 
pjra nepBoro h BToporo momchtob £: 

/»00 

E£ < h(x o) + / h'(x)e~ x dx , 

J Xo 
/»oo 

E£ 2 < h 2 (xq) + 2 / h(x)h'(x)e~ x dx. 

j Xf) 
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yKa3aHHe. Y^oGho BOcnojit>30BaTt>ca cjie/iyiomeH (J)opMyjion ^jia no^- 
cneTa MaTeMaTnnecKoro oxcn^aHna: 


+oo 



P(£ > x)dx 


o 



P(£ < x)dx. 


81. CjiynaiiHHM o6pa30M BBiCTpaimaiOTCH b mepeHry n nejiOBeK pa3Horo 
pocTa. HaiypiTe BepoHTHOCTB Toro, hto 

a) caMhiH hh3khh OKaxeTCH i-M cjieBa; 

6 ) caMhiH bbicokiih OKaxeTcn nepBBiM cjieBa, a caMwii hh3khh — no- 
cjie,a,HiiM cjieBa; 

b) caMBiit bbicokiih h caMBiit hh3khh OKancyTCn pjmoM; 

r) Mejiyny caMBiM bbicokhm ii caMBiM hh3khm pacnojiOHtaTCH 6ojiee k 
nejiOBeK. 


82. YpHa co,a,epyKiiT N mapoB c HOMepaMi-i ot 1 ,n,o N. IlycTB K - 
HaH6ojiBmHfi HOMep, nojiyneHHBiH npii n hx noniTyHHBix H3BjieHeHiiHx c 
B03BpamemieM. HaimiiTe: 

а) pacnpe^eJieHi'ie K ; 

б) aciiMiiTOTiiKy MaTeMaTiinecKoro ojKimaHiisi E K npn N —> oo. 

YKa3aHHe. 

N 

EAT = y^P(AT > j). 

l=o 

83. HaimiiTe MaTeMaTiinecKoe OKiytaHHe EZ, iyi,e Z - k-R no Beni-im-me 
H3 KOop/pmaT n Tonex, b3htbix iiaypany Ha OTpe3xe [0,1] (k ^ n). 

84. IloKanaiTe, hto ecjni He3aBiiciiMBie c.b. X- t ,. X n hmciot ncwaaa- 
me,abHoe pacnpedejienue, T.e. 

A,; exp(— Xix), x^O, 

0 , x < 0 

(nacTO m-iniyT Xi £ Exp(Ai)), to 

min{Xi,..., X n } £ Exp 

i=1 
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85. B HeKOTopoM By3e npoxo,n,HT 3K3aMem KojiimecTBO 3K3aMeHapii- 

OHHhix 6njieTOB N. IIepe,zi, 3K3aMeHan,HOHHoft ayuHTopneft BbicTpoiuiacb 
onepe^b H3 CTya,eHTOB, KOTopbie He 3HaiOT, neMy paBHO N. CorjiacHO stoh 
OH epe,a,H CTynpHTbi Bbi3biBaiOTCH Ha 3K3aMen (BTopoii CTyneHT 3axo,n,HT b 
aynjiTopi-no nocjie Toro, KaK H3 Hee Bbii*meT nepBbiii, h Ka:*yi,biH 

CTyii,eHT c paBHoii BepoHTHOCTbio momt Bbi6paTb jik>6oi"i 113 N 6i-ijieTOB (b 
H e3aBHCHMOCTii ot .npyraix CTy^eHTOB). ripo3K3aMeHOBaHHbie CTya,eHTbi, 
Bbixo,n,H H3 ay^HTopini, coo6m,aiOT ocTaBineiicH onepe^H HOMepa cboiix 
6iuieTOB. OpemiTe (cBepxy), ckojibko CTyn,eHTOB ^,ojhkho 6biTb npo3K3a- 
MeHOBaHO, hto6h ocTaBmaacH k 3TOMy MOMeHTy OHepe,n,b CMorjia opemiTb 
HHCJIO 3K3aMeHaH,HOHHbIX 6l'IJieTOB C TOHHOCTblO 10% C BepOHTHOCTbK), He 
MeHbmeii 0.95. 

86 . ,Zl,onycTHM, hto BepoHTHOCTb CTOJiKHOBemiH MOJieKyjibi c /(pyriiMH 
MOJieKyjiaMri b npoMencyTKe BpeMemi [t,t + At) paBHa p = AA t + o{At) 
h lie 3aBHCHT ot BpeMeHi-i, npome^mero nocjie npe^bi^ymero ctojikhobc- 
hiih (A = const). HaimiiTe pacnpe^ejieHiie BpeMemi CBo6o^Horo npo6e- 
ra MOJieKyjibi h BepoHTHOCTb toto, hto sto BpeMH npeBbiciiT 3a^aHHyio 
BejII-IHHHy t*. 

YKa3aHHe. Pa3o6beM iiHTepBaji A = [0, t ) Ha n OTpe3KOB paBHoii ^,jiiiHbi. 
IlycTb Ai - co6biTiie, 03HanaiOHi,ee, hto Ha OTpe3Ke A,; MOjieKyjia npeTep- 
miT CTOJiKHOBeime c ^pyrHMH MOJieKyjiaMH. Mohcho npe^,CTaBiiTb Bepo¬ 
HTHOCTb OTCyTCTBIIH CTOJIKHOBeHHH B BH,H,e npOH3Be,H,eHHH BepOHTHOCTeil 
COtSblTI-IH Ai. 

87. (3a^aHa 06 onTiiMajibHOM momchtc 3aMeHbi o 6 opyn,OBaHHH.) IlycTb 
HeKOTopaa cucTeMa coctoiit h3 n sjieMemroB, Bbixo^amiix H3 ctpoh He3aBii- 
chmo Apyr ot Apyra nepe3 cjiynaiiHoe BpeMH r,;, HMeiomee noKa3aTejibHoe 
pacnpeflejieHiie c napaMeTpoM A i (i - HOMep sjieMeHTa, 1 < i < n). 
Bbime^mnii H3 ctpoh ajieMeHT HeMe^JieHiio 3 aMeHHeTCH hobhm. IlycTb Cj 

- y6bITKII, CBH3aHHbie C BblXO^OM I-I3 CTpOH H 3aMCHOH sjieMeHTa j-ro Tima. 
Hepe3 npoMencyTOK BpeMemi T paapemaeTCH npoBecTii npocJjHjiaKTHHe- 
CKHH peMOHT, npH KOTOpOM BCe 71 SJieMCHTOB 3aMeHHIOTCH HOBblMII. IlyCTb 
D - CTOHMOCTb npocjDHjiaKTHHecKoro peMOHTa. Hai"miiTe onTiiMajibHoe Bpe¬ 
MH T, MHHHMH3HpyiOHi,ee cpe,n,mie y6biTKii b e^iim-my BpeMeHii. 

3aMenaHHe. IIpi-iMi-iTe b yneT “oTcyTCTBi-ie nocjie^,eiicTBHH” ^jih noKaaa- 
TejibHoro pacnpe^ejieHHH H3 salami 51. CorjiacyeTCH jih Bam pe3yjibTaT 
co 3^paBbiM cmbicjiom: ne ctoiit npoBO^HTb npocjDHjiaKTHHecKiiii peMOHT, 
ecjiii Bbixofl o 6 opyn,OBaHHH H3 ctpoh He CBH3aH c ero CTapemieM? ,Il)eTajiH 
cm. b KHiire AcjmHacbeBa JIT. OnepK iiccjie^OBaHHH onepapiiH. M.: 113^,-bo 
Mry, 2007. 176 c. 
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88 . XIpHBe^HTe npmiep Taxiix c.b. X h Y, hto X = —Y, ho Fx = Fy 
(i-nvieiOT o,n,HHaKOBbie (jjyHKHHH pacnpe,n,ejieHiiH). 

89. CjiyHaimaH BejiHHHHa X HMeeT cjjyHKip-iio pacnpe.n.e.jieHHH Fx h 
cjDyHKpiiio njiOTHOCTii pacnpe^ejieHHH fx- Haft™ cjjyHKHHii pacnpe^ejie- 
hhh h njiOTHOCTH pacnpe,n,e.jieHHH (ecjin nocjie^Hiie cyipecTByiOT) pjisi cjiy- 
'lailHhlX BejIHHHH: 

a) Y = aX + b, 

6 ) Z = e x , 

b) V = X 2 (a h b - HecjiynaHHBie BejiiiHHHBi). 

KoHKpeTii3iipoBaTB pemeHiisi npn X £ A/”(0,1). 

90. riycTB F - HenpepbiBHaa c^yHiop-iH pacnpe^ejieHiisi CKajrapHoft c.b. 
IlycTB 

F~ l (y) = inf {x : F (x) = u} , u G [0,1]. 

Toiyi,a ecjin c.b. y - paBHOMepHO pacnpe^ejieHa Ha OTpe3Ke [0,1], to c.b. 
F~ x ( u ) HMeeT pacnpe^,ejieHiie c cjDyHKiiyieft pacnpe^eneHiiH F. 

3aMeHaHHe. 9Ta 3a^,ana nrpaeT Banmyio pojin b MeTO^ax MoHTe-Kapjio 
(cm. raaBy 7 h [35]). 

91. C.b. X, Y, Z He 3 aBHcriMBi h paBHOMepHO pacnpe^ejieHBi Ha (0,1). 
/l,OKa>KHTe paBeHCTBO pacnpe^,ejieHHi"i (XY) Z h X. 

¥Ka3aHHe. ^oxana-iTe, hto BejiiiHima — Z(lnX + lnF) noKaaaTejiBHO 
pacnpe^ejieHa Ha [0, oo). ffnsi stoto ya,o6HO BOcnojiB30BaTBCH 3aMeHOi"i 
U = ZW, V = W/Z, r A e W = - In X - lnF, f w (w) = we~ w [w > 0], 

92. CjiyHaiiHBie BejiiiHHHBi Xi,...,X n He3aBHCHMBi h HMeiOT noKa3a- 
TejiBHoe pacnpe^ejieniie c napaMeTpoM A. ^UpKaiKiiTe paBeHCTBO pacnpe- 
flejieHHft (Xi + \X‘ 2 + ... + ^ X n ) h max {AC ,..., X n }. 

93. PaccMOTpiiM npn6op, KOTopnift mojkbt jiOMaTBCH, h ycTpoiicTBO, ko- 
Topoe hhhht 3tot npn6op MrHOBeHHO, Kor^,a tot bbixo^ht 113 CTpon. IIpH 
3 tom CHHTaeTCH, hto BpeMeHa pa6oTBi npn6opa ot nojiOMKH ,n,o nojiOMKH 
pacnpe^ejieHBi kslk f £ Exp (A) h He 3aBHCHT ,npyr ot ,npyra. Hi-raninee 
ycTpoiicTBO, b cboio onepe^B, TO»ce momt JiOMaTBCH. Pacnpe^,ejieHiie Bpe- 
Memi pa6oTBi stoto ycTpoiicTBa y £ Exp(yr) h He 3aBiiciiT ot BpeMeHii 
pa6oTBi npn6opa. Haft™ pacnpe^,ejieHiie BpeMeHii pa6oTBi Bceft ciiCTeMBi 
b pejiOM. 

3aMenaHHe. Cm. 3a^aHy 51. 
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94. (A.H. Co6ojieBCKiii"i.) IlycTb hjiothoctb p(x,y) 3a^aeT paBHOMepHoe 
pacnpe,a,ejieHiie Ha c.h.hhhhhom KBa,npaTe (0, l) 2 . ripoBepBTe, hto p{x\X = 
= Y ), 11o hhm ae m a m kslk npe^eji npn <5 —>• 0 ycjiOBHoii njiOTHOCTH p{x\ —S< 
< X — Y < S), nocTOHHHa h paBHa 1, b to BpeMH KaK aHajioraiHHbiH npe^eji 
pjia p(x |1 — 5 < X/Y < 1 + 5) paBeH 2x. 

95. IlycTB X u Y — ne3aBHcriMBie cjiyHaimbie BejiiiHHHBi, paBHOMepHO 
pacnpe^ejieHHBie Ha (—6, b). HaK/pi'ie BeposiTHOCTb qi, Toro, hto ypaBHemie 
t 2 +tX+Y = 0 HMeeT ^eiicTBHTejibHbie kophh. ^OKaxiiTe, hto cyipecTByeT 
lim qb = q. HaippiTe q. 

b—>o o 

96. IlycTB X = (Xi ,..., X n ) - cjiynafraBiii BeKTop, KOMnoHeHTBi KOToporo 
HMeiOT nopMajiBHoe pacnpe^ejiemie, T.e. Xi ~ Af^pi, a 2 ). Cjie,nyeT jih 113 
3toto, hto BeKTop X HMeeT MHoroMepHoe nopMajiBHoe pacnpe^ejieHiie? 


97. ^ByMepHBiH cjiynaftHbift BeKTop X = (Xi,X 2 ) HMeeT cjie,nyiomyio 
cjjyHKpi-no njiOTHOCTri pacnpe^ejieHiia: 


f(xi,x 2 ) = 

0 


npn x 2 + x 2 ^ 1, 


HHane. 


a) Hai"mi-iTe c. 

6) HaitflHTe nacTHbie h ycjiOBHbie pacnpe^ejieHiisi ero KOMnoHeHT. 

b) 5 Ibjijhotch jih ohii 

1) CTOXaCTI-IHeCKH 3aBHCHMbIMH; 

2) KOppejIIipOBaHHblMH? 

98. IIonapHO HeKoppejnipoBaHHbie c.b. £,,p,C o6jia^aiOT o^iiHaKOBbiMH 
MaTeMaTHHeCKHMH OJKHflaHHHMH H ,H,HCnepCHHMH E£ - E77 = EC = 0 , 

DC = D77 = DC : a 2 . HaitflHTe maxE(C?yC) H minE(Cr?C)- 

99. Byn,eM roBopiiTb, hto c.b. C npHHafljiejKHT Kjiaccy L 2 , ecjni BbinojiHe- 

HO EC 2 < OO. L 2 HBJIHeTCH JIHHeilHblM npOCTpaHCTBOM, B KOTOpOM MOHCHO 
3 a^aTb CKajiapHoe npoH 3 Be,n,eHHe cjie^yromiiM o 6 pa 30 M: 

(Cl) 6 ) = E [C 162 ] • 

C^jih BejiiiHHH b L 2 BBe,n,eM cpe^HeKBa^paTHHHoe paccTOHHiie 

!I6-?2|| 2 = (E|Ci-C 2 | 2 ) 1/2 . 

IlycTb H - KOHeHHOMepHoe no^npocTpaHCTBO npocTpaHCTBa L 2 h C - 
npoeKpiiH c.b. C na no^npocTpaHCTBO H. 
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a) IIoKaxi-iTe, hto ecjin H hbjihctch coBOKynHOCTBio Bcex iioctohh- 
hbix, to £ = E£ h Kax cjie^CTBiie 


IIC-E^lb = min||£-A|| 2 . 


6) PaccMOTpi-iM nocjie^,OBaTejiBHOCTH c.b. £ n r\. ,ZI,OKa- 

jKHTe, hto b 3 tom cjiynae £(£„??„) —> £(£ 77 ). 

3aMenaHHe. PexoMeimyeM TaioKe 03HaKOMiiTBCH c aHajioniHHBiMii 3a^a- 
'iaMH 30-32 H 3 pa 377 e.ua 3. 

100. IlycTB £ 1 , £ 2 G L 2 (cm. npe73,bmymyio 3a,n,aHy h sa^any 30 pa3flejia 
3) CO Cpe/tHHMH 3Ha'ICHHHMH Til H a 2 , flHCnepCHHMH h erf H K03(J>c|)ri- 
piieHTOM Koppejiapiin r. noKa»aiTe, hto iiaiuiynmaa jnmeimaH opeHKa 
£1 = Ci + c 2 £ 2 pps. £1 HBjraeTCH 

fi = cii +r —(£2 - a 2 ). 

02 

3aMenaHHe. Ko3cj34 )III l I ' ieHT Koppejunpn-i onpe^ejiaeTCH xax 

E(£i — ai )(^ 2 - a 2 ) 

r = -. 

Cicr 2 

rio,n, Hanjiynmeii opeHKoii 77 noHiiMaeTCH Tartan opemta, KOTopan pocTaB- 
jiaeT pememie 3 a,n,aHi-i 


E[ih-ail 2] 


101. IlycTB 


X = 



€ A f 



5 2 
2 5 


\7 7 14| 

a) Happi-iTe pacnpepejiemie cjiyHaiiHoii bcjihhhhbi Y\ = X\ +X 2 — X 3 . 
6 ) Happi-iTe pacnpepejiemie cjiynaiiHoii bcjihhhhw P 2 = X1+X2 + X3. 

b) HaftflHTe E(y 2 X-\ = 5, X 2 = 3). 
r) HafiflHTe E(y 2 X-\ = 5, X 2 < 3). 

a) HafiflHTe P(y 2 < 10 | X\ = 5, X 2 < 3). 
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e) IlycTb X G A/ - (to, R), rpp MaTpiipa R HeoTpi-ipaTejibHO onpe- 
^.ejieHa (sto 03HaHaeT, hto xapaxTepi-iCTi-iHecxan cj^yHKpriH BeKTopa X 
npe,n,CTaBiiMa b BH,n,e 

4>x(t) = Ee lt x = exp ( it T m — (1/2 )t T Rt)), 

rpp BepxHiiii i-iH,n,exc T 03HanaeT TpaHcnoHiipoBaHi-ie. HaiypiTe pacnpe,n,e- 
jieHiie cjiynaiiHoro BexTopa Y = AX + b. 

YKa3aHHe. lIoxajxi-iTe, hto <j>Ax+b(t ) = e lb <j)x{A T t). 

102. (/Hojiii Bbi6opKii.) IIoKa>KiiTe, hto cjiynaftHbift BexTop W = 
(Wi, W 2 , ■ ■ ■, W n ) T , xoTopbiil OTpa>xaeT ynopH,n,OHeHHoe pacnojio>xeHiie 
cjiynaiiHO (paBHOMepHO h ne3aBi-ici-iMo) 6pomeHHbix n Tonex Ha 0Tpe30x 
[0,1], i-iMeeT njioTHOCTb pac 11 pe/te j ie hhh 

I n\, ecjiii 0 ^ Wi ^ w 2 ^ ^ w n ^ 1, 

Pw{w) = < 

I U b ocTajibHbix cjiyHaax. 

IIoxa>xHTe, hto pacnpe^ejiemie BexTopa U = {U\, U 2 , ■ ■ ■, U n ) T , ecjm 

U 1 = W U U 2 =W 2 ~W 1 ,...,U n = Wn-Wn-! 


i-iMeeT Bi-m 


Pu(u) 


n\, ecjiH J2k= 1 u k < 1) Uk > 0, k = 1,n, 
0 b ocTajibHbix cjiynasix. 


YKa3aHHe. B o6m,eM cjiynae: 


U = <p(W) => pu(u ) = pw 



'o=<K^)- 

3aMenaHHe. 9ia 3a,n,aHa TecHO CBH3aHa c 3a,n,aHe 13 pa3^ejia 7 (TeopeMa 
ITaiixa): Wk = X^) ■ 

103. (Cm. [19].) CnopTCMeH CTpejineT no xpyroBoii mhiiichh. BepTi-ixajib- 
Haa 1-1 ropi-i30HTajibHaH xoop^i-iHaTbi tohxi-i nona^aHi-ui nyjin (npi-i ycjiOBHH, 
hto peHTp MHineHH Hanajio xoop/piHaT) - ne3aBi-ici-iMbie cjiynaimbie Be- 
jii-iHi-iHbi, xa>x^,aji c pacnpe^ejieimeM 7V"(0,1). IIoxajxi-iTe, hto paccToamie 
ot tohxh nona^aHi-isi ,n,o peHTpa i-iMeeT njioTHOCTb pacnpe^,ejieHiiH BepoHT- 
HOCTeii ?’exp (— r 2 /2) ^jih r > 0. HaiypiTe Me^naHy stoto pacnpe^ejieHiiH. 
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104. IlycTb X n ^4 X, Y n ^4 Y. ^OKaxiiTe cnpaBe,n,.jiHBOCTb cootho- 
meHHit 

a) aX n + bY n ^4 aX + bY, r^,e a, b = const; 

6) |X„| ^4 |X|; 

b) X n Y n ^4 XF; 

r) BepHBi jiii npe^Bi.n.ymiie nyHKTBi ,zi,jiji .npyrnx ti-iiiob cxo^HMOCTen 
(cm. [26])? 

105. ^OKaxci-iTe, hto h3 cxo^hmocti-i no BeponTHOCTi-i Bcer^a cne^yeT 
cxo^HMOCTB no pacnpe^ejiemno. OOpaTHoe - ne Bcer^a BepHO. ripiiBe^HTe 
KOHTpnpnMep. 

106. riycTB X n a, rpp a = const. ,H,OKa:>KHTe, hto X n —^ a. 

107. npiiBe^HTe npiiMep, noKa3biBaioiii,HH, hto h3 cxo^hmocti-i no Bepo- 
hthocth He cjie^yeT cxo^iimoctb b cpe^HeM nopa/pca p > 0 (E(£„ — £) p —> 
-4 0) (cm. [26]). 

108. IlyCTb B BepOHTHOCTHOM IipOCTpaHCTBe (OjJ 7 , P) Q = [0,1), T - 
tr-ajire6pa, co^epncaman nojiyiiHTepBajibi Bn^a Qi n = [(i — 1 )/n, i/n), 
i = l,n,neNnP - Mepa JIe6era (V?, n : P{w € f2, n } = 1/n). 

Hccjie,nyHTe cxo^hmoctb cjie^,yK>m,nx nocjie^OBaTejibHOCTen cjiynan- 

HblX BejIHHHH: 

^ 1 } M, x«M, x< 2 ) (w), x< 2) ( w ), x< 3 ) (w),... 

b cjiynaax: 

а) Xn' 1 (to) = n npn to £ tti n , Xn\to) = 0 npn to £ Q\Qi n -, 

б) Xn' 1 (to) = nr 1 npn to £ Vl in , Xn\to) = 0 npn to £ 

e) Xn\to) = n npn to £ f li n , X$ (to) = n npn to £ fl\Q in ; 
e) Xn •* (w) = n npn to £ flt n , Xn' 1 (to) = 1 — n -1 npn to £ 

d) X^ (to) £ N(m. ini of ), r^e lim m in = 3, lim of = 1. 

in—too in—too 

109. (.HeMMa BopejiH-KaHTejuiH.) H3BecTHO, hto rjisi nocjie^OBaTejibHO- 
ctit c.b. {Xfc}^? =1 3X, hto Ve > 0: 

oo 

£>(|X fc -X| >e) <oo. 

fc =i 

^(oKanaiTe, hto b stom cjiynae Xi, X 2 , ■ ■ . cxo^htch k X c BepoHTHOCTbio 
e^HHiipa (n.n.). CnpaBe^jniBO Tarae o6paTHoe yTBepnc^eHne ,n ,jia nocjie- 
,n,OBaTejibHOCTH He3aBHCHMbix b coBOKynHOCTn c.b. 
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yKa3amie. Bee^i-iTe BcnoMoraTejiBHoe co6biTiie A™ - Hai*meTCH TaKoe 

k > n, hto Xf. — X\ > 1/m. IIoKajKHTe, hto 

P{A m ) = P( n A™) = 0. 

n= 1 

IlycTb co6biTiie A 3aKjnoHaeTCH b tom, hto 

3m : Vn3fc(n) : \X n+ M n ) — X\ > 1 /m (oTpupamie cxo^hmocth n.n.). 
Y6e,a,HTecB b paBeHCTBe co6bitiih A h U^ =1 A m . 

110 . ^OKaacHTe cjie,n,yiomee yTBepHyn.emie: ecjin nocjie^OBaTejiBHOCTB 
{£„} cxo,h,htch no BepoHTHOCTH, to H3 Hee mojkho H3BjienB no,a,nocjieflO- 
BaTejIBHOCTB {£„ fc }, CXO^HHiyiOCH C BepOHTHOCTBIO e^HHHUa. 

¥Ka3aHHe. BBi6epiiTe Uk b cooTBeTCTBiiri co cboiictbom 

P(IW 1 -Ul>2- fc )<2- fe . 

IIpn noMom,n jieMMBi BopejiH-KaHTejuni ycTaHOBiiTe, hto pa,a, 

IC«fc + i ~ £n k I 

k 

cxo^htch Ha MHoncecTBe c BepoHTHOCTHon Mepofi 1. ripe^ejiBHoe 3HaHemie 
cjry'iaHHOH BejiHHHHw b TOHKax paoxonc^emin pn,a,a mohcho onpe,n,ejiHTB 
paBHBiM 0. ^eTajni ^OKasaTejiBCTBa mohcho Haft™ b KHiire IIInpHeBa A.H. 
T. 1 [12]. 

111. * ^OKaxaiTe, hto He cyipecTByeT mctphkh, onpe^ejieHHoii Ha napax 
cjiynaiiHBix BejiHHHH, cxo,h,hmoctb b KOTopoii paBHOCiuiBHa cxo,h,hmocth 
noHTii HaBepHoe. 


¥Ka3aHHe. HcnojiB3yH pe3yjiBTaT 3a^aHH 110, npi-miiTe k npoTiiBopeHi-no 
.zyia nocjie^OBaTejiBHOCTH, cxo,n,HmeftcH no BepoHTHOCTH, ho pacxo,n,HmeftcH 
c BepoHTHOCTBio 1. Cm. TaK»ce [26]. 


112. Hiicjio a H3 OTpe3Ka [0,1] na30BeM HopMajiBHO npnGjiiixaeMBiM 
papi-iOHajiBHBiMH HiicjiaMH, ecjin Haii^yTCH c, £ > 0 Taxiie, hto npn jho6om 


HaTypajiBHOM q 


P 

mm a - 

pe z q 



IlcnojiB3yH jieMMy BopejiH-KaHTejuni (cm. 3a^aHy 109), ^OKanaiTe, hto 
MH oncecTBO HopMajiBHO npH6jiii>KaeMBix Hiiceji Ha OTpe3Ke [0,1] iiMeeT 
jie6eroBy Mepy e^HHiipa. 
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yKa3amie. 3a(J)iiKCiipyeM c, e > 0 n paccMOTpiiM MHOxecTBO 


A 


a G [0, 1] | 


P 

mm a - 

pe z q 



IIoKa>Ki'iTe, hto p(A q ) < 2c/q 1+e . TaKHM o6pa30M, pjm 
cxo^htch. B CHjiy jieMMbi Bopejia-KaHTejuiii (cm. 3a^,any 109) OTcro^a 
cjie^yeT HyjKHoe yTBepjjyneHiie. 

3aMeMaHHe. B cbh3ii c nojiyneHHBiM pe3yjiBTaTOM 6yn,eT i-iHTepecHO 3aMe- 
THTb, hto V a G [0,1] cyipecTByeT Taxan 6ecKOHeHHaa nocjie^OBaTejiBHOCTB 
qk h cooTBeTCTByiomaH eft nocjie^OBaTejiBHOCTB p^, hto 



1 1 
7E& 


B Teopiiii penHBix ,npo6eft noKa3BiBaeTCH, hto nocjie^OBaTejiBHOCTB pu/qk 
6yn,eT no^nocjie^OBaTejiBHOCTBio nocjie^OBaTejiBHOCTi-i no^xo^,Hiii,iix ,npo- 
6ei"i pjisi Hiicjia a. 3aMeTi-iM TaKxe, hto KOHCTaHTy \j\fh b HepaBeHCTBe 

yMeHBinriTB HejiB3H. 

Otmcthm TaK»ce, hto ^aHHaa 3a^,ana B03HiiKaeT b KAM-Teopini 
(cm. Cnnaft 51. F. BBe^eime b spro^iiHecKyro Teopiiio. M.: ®a3iic, 1996. 
144 c.; Treschev D., Zubelevich O. Introduction to the perturbation theory 
of Hamiltonian systems. Berlin: Springer-Verlag, 2010. 211 p.). 


113. nycTB cjiynanHaH BejniHima X n npimi-iMaeT 3HaHemm 

a) (2 n , — 2 n ) c BepoHTHOCTHMH (1/2,1/2); 

6) { — y/n, y/u) C BepOHTHOCTHMII (1/2,1/2); 

b) (n, 0, — n) c BepoHTHOCTHMii (1/4,1/2,1/4). 

BbinojiHaeTCH jih rjisi nocne^OBaTejiBHOCTii He3aBiiciiMBix cjiynaftHBix Be- 
JIHHHH Xi, X 2 , . . . 3CLKOH 6o.at>WUX HUCejll 


¥Ka3aHHe. BocnojiB3yiiTecB TeM, hto npn n —> oo 


S n 0 S n - > 0 \/t (fiSnit) — > 1, 

r^e S n = x i+--+ x ™ ? ips n {t) - xapaKTepi-iCTi-iHecKan cjryHKipiH. B 06- 
ru,eM cjiynae cooTBeTCTBiie Me:>K,n,y cxo^iimoctbio cjryHKiijift pacnpe^ejiemiH 
F n (x) h cxo^iimoctbk) cooTBeTCTByrorpiix p n {t) Taxoe (cm. TaKnce 3a^,any 3 
pa3^ejia 5): 
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а) Ecjiii F n (x) —► F(x) b TOHKax HenpepbiBHOCTi-i F(x) h F{x) ypo- 

BjieTBopaeT CBOiiCTBaM c^ymapn-i pacnpe^ejieHiiH, to Vi <p n (t) —> rpe 

ip(t) x.4>- F(x). 

б) Ecjiii Vi <p n {t) —> <p(t) h ip(t) HenpepbiBHa b tohkc i = 0, to <p(t) 
HBjuieTCJi x.cjx neKOToporo pacnpe/tejieHHi-i F{x) h F n (x) —> F(x) b TOHKax 
HenpepbiBHOCTi-i F(x). 

114. IIpn KaKiix 3HaHemiHx a > 0 k nocjieflOBaTejibHOCTH He3aBiicn- 

MblX CJiyHailHblX BejIHHHH THKHX HTO P (X n = n a ) = P (X n = 

= — n“) = 1/2, npiiMemiM yciuieHHbiii 3aKOii 6ojibiniix Hiiceji? 

115. IlycTb {Xnjjj'i.-L - nocjie,n,OBaTejibHOCTb cjiynaimbix bcjihhhh c 
flHcnepcHHMH of. /],OKa>KHTe, hto ecjiii Bee KoppejiHu,noHHbie momchth 

(koppcjihuiih) Rij cjiyHaiiHbix bcjihhhh X, h Xj Henojio>KHTejibHbi h npii 
n 

\ cr'f -3 0, n —> oo, to p ,jih nocjie,n,OBaTejibHOCTH {X„}“L 1 BbinojiHH- 

i— 1 

eTCH 3aKOH 6ojibiniix Hiiceji. 

116. IlycTb - nocjie^OBaTejibHOCTb cjiynaimbix bcjihhhh c 

paBHOMepHO orpaHHHeHHMMH flHcnepcHHMH, npiineM Kaac^aa cjiyHaimaH 
BejIHHHHa X n 3aBIICHT TOJIbKO OT X n _\ H X n+1 , HO He 3aBHCHT OT OCTajIb- 
Hbix Xj. /l,OKa>KHTe BbinojiHeHiie ,h,jih stoii nocjie^OBaTejibHOCTii 3aKOHa 
6ojIbHIHX HHCejI. 

117. Cjie^yeT jih H3 Y3BH ^jih cxeMbi HcnbiTaHini BepHyjuiH, hto c 
BepoHTHOCTbio 1 pjisi jno6bix, ckojib yro,n,HO MajieHbKiix e > 0 h (5 > 0, 
Moxoio noflo6paTb Tanoe n(e,S) £ N, hto c bcpohthoctbio, He MeHbmeii 
1 — 5 ^jih Bcex n > n (e, S), nacTOTa Bbina^eHira rep6a v n OTjninaeTCH ot 
BepoHTHOCTii Bbina^eHiiH rep6a p He 6ojibme, neM Ha el Cjie^yeT jih sto 
H3 o6biHHoro 3BH? 

118. IIpHBe^HTe npiiMep nocjieflOBaTejibHOCTi-i He3aBiiCHMbix c.b. {£„} ngN 

TaKi-ix, hto npe^eji lim ^ 1+ '" + ^ 7t cyipecTByeT no BepoHTHOCTii, ho ne 
n—>-oo n 

cyipecTByeT c BepoHTHOCTbio 1 (cm. [26]). 

119. /n,OKa>KHTe AOKa.ti'bHyw meopeMy Myaepa-JIan.aaca b o6iu,eM cjiynae: 

G k n p k (1 - p) n - k c ( 2 t rnp (1 - p ))" 1/2 exp \ 

paBHOMepHO no thkhm k, hto | k — np\ < e (n), e (n) = o (n 2 / 3 ), n -3 oo, p 
(JniKCiipoBaHO. 
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YKa3aHHe. Cm. xmiry rHe^eHKO B.B. [4]. 

120. floKascHTe, hto ^jih c.b. Xi £ Be(p), p > 0 BbinojiHeHa jiOKajiBHaa 
TeopeMa MyaBpa-JIanjiaca (n» 1): 

p (j>, = *) = (2"*P(1 -p»- 1/2 e«p • 

IIpii 3 tom, ecjiH Xi,...,X n £ Be(l/n), to P(X^IL i A'j = fc) ~ e _1 /fc!, 
T.e. ^■'_ 1 X,;—► Po(l) npii n -3 oo, rpp Po (A) - pacnpe^exteHiie Ilyac- 
coHa (Poisson) c napaMeTpoM A. Byn,eT jih iimgtb MecTO cxo^pimoctb no 

BGpOHTHOCTII X]”=l ~^Po(l) npH Tl —Y OO? 

121. PaccMOTpiiM npn6op, Ha3BiBaeMBin ‘(npcKa rajiBTOHa” (cm. pnc. 1). 
IIpiiHpiin pa6oTBi 3 toto ycTponcTBa TaKOB: MeTajpjppinecKPie mappiKii no- 



Pimj. 1. /I,ocKa TajitTOHa 

CTynaiOT b caMBifi BepxHPiii xaHajp. HaTKHyBmncB Ha nepBoe ocTppie, ohii 
«BB i6pipaiOT» nyTB HanpaBO pijppi HaneBO. 3aTeM nponcxo^HT BTopofl TaKorp 
BBi6op h t.,h. Etpii xopomeii no^roHKe ,z3,eTajpeH BBi6op OKa3BiBaeTcn cjpy- 
HaiiHBiM. Kax bpi^ho, nona^ampe inapiiKOB b HiivKHPie jpyHKPi He paBHOBe- 
POhtho. B 3tom cjpynae mbi HMeeM ,n,ejpo c HopMajPBHBiM pacnpe^eneHiieM. 
06T>HCHHTe noneMy? 

122. KHPira o6T>eMOM 500 CTpamip co^epjKHT 50 onenaTOK. OpemiTe Be- 
poHTHOCTB toto, hto Ha cjpyHaiiHO BBi6paHHoii CTpaHiipe PiMeeTca He MeHee 
Tpex onenaTOK, iicnojPB3ypi HopMajPBHoe h nyaccoHOBCKoe nppi6jppi>KeHHJi, 
cpaBHPiTB pe3yjPBTaTBi. 

123. B TecTO ^jppi BBineHKii 6yjiox c pi3iomom 3aMemaHO N h3iomhh. Bcero 
pi 3 ^.aHHoro TecTa BBineneHO K 6yjiOK. OpemiTe BepoaTHOCTB toto, hto b 
cjpyHaiiHO BBi6paHHoii 6yjpxe hipcjpo pi3pomiih Haxo^piTCH b npe^enax ot a 
AO b. 
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124. B nocejiKe N jKHTejieft, Kanynpiii H3 kotopbix b cpe,n,HeM n pa3 b 
M ecHU, e3,a,i'iT b ropo,n,, BBi6npaH ,h,hh noe3^Kii He3aBHCHMO ot ocTajiBHBix. 
IIoe3^, H3 nocejiKa b ropo,a, H,n,eT o^iih pa3 b cyTKH. KaxoBa .npjiJXHa 6 bitb 
BM ecTiiMOCTB noe3^a .zpra Toro, hto6bi oh nepenojiHiijica c BepoaTHOCTBio, 
He npeBBimaiomeH 3a,n,aHHoro Hiicjia /?? 

125. CjiynaHHBie Bejn-iHHHBi X\.... ,X n h 63a bh c hm ht h HMeiOT pacnpe- 
^ejieHHe Kohih, T.e. 


/0) 


d 

7T(d 2 + X 2 ) ’ 


iel. 


,H,OKa>KHTe paBeHCTBO pacnpe,n,ejieHHH ( X\ + ... + X n )/n h X\. IIpothbo- 
peHHT JIH 3TO 3 BH IIJIH ]J,nT? 


3. Sa^aHH noBbimeHHOH cjiojkhocth 

1. ^oxanaiTe, hto npn n —>■ oo (p£ [1, oo]) 

X n ^X ^ X n ^X ^ X n ^X ^ X n X. 

Taxnce noxanaiTe, hto 

x n A x => x n 4 x. 

C noMom,Bio KOHTpnpi-iMepoB noxanaiTe, hto HHxaxne ^pynie CTpejiKi-i 
HMnjiHKapHH b 9Ty cxeMy b o6m,eM cjiynae ,n,o6aBHTB HejiB3H. IIpi! xaxiix 
,n,onojiHHTejiBHBix ycjiOBiiax moxcho yTBepjx^aTB, hto 

X n 

KpoMe toto, noxa>xHTe, hto npn n —> oo 

9to 03HaHaeT, hto cxo,h,hmoctb no BepoaTHOCTii MeTpii3yeMa. 

3aMenaHHe. H 3 khhth A.H. IHupaeBa T. 1 [12] (cm. Taxxe Taxnte rjiaBy 
6 H3 [30] h [26]) HMeeM 

x n X => X n -^X, 
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T.e. B03M0>KeH npe^ejibHbiii nepexpn, no,n, 3HaKOM MaTeMaTnnecKoro o:>kh- 
^aHHH, ecjin ceMeiicTBO c.b. {X n } HBjiaeTca paBHOMepHO HHTerpnpyeMbiM: 

supE[|X n | • I{|x„| >c }] ->• 0, c->+oo. 

n 

Otmctiim Taxnce, hto cxo^hmoctb no pacnpeflenemno, Tan >xe xax h 
no BepoHTHOCTii, MeTpi-i3yeMa b OTjinnne ot cxo^hmocth n.n. (cm. 3a^any 
111 H3 pa3^ejia 2). 

2. * (,JIo3B-KojiMoropoB) llycTb {£n} ngN - nocjie^OBaTejiBHOCTb He3aBn- 

criMBix c.b. Taxiix, hto E ^"L — < oo, r^e 0 < a n < 2, npnneM E£ ra = 0 

n—1 

n 

b cjiynae 1 < a n < 2. IIoxajxHTe, hto Tor^a - E — 4 0. 

n k =1 

3. * (TeopeMa KojiMoropoBa o Tpex pn^ax.) IlycTb {£„} ngN - nocjie^OBa- 

OO 

TejIBHOCTB He3aBHCHMBIX C.B. IIoxaiXHTe, HTO flJIH CXOflHMOCTH pH^a X] Cn 

n—1 

c BepoHTHOCTBio 1 Heo6xoflHMO, HTo6bi fljin jno6oro c > 0 cxo^iuincb pn^bi 

OO OO OO 

E E £n> E D £n> E P(l£n| > c), T^e ^ (Cn < c), H AOCTaTOHHO, 

n=1 n—1 n—1 

nTo6bi 3 th pn^bi cxo^njincb npn HexoTopoM c > 0. 

4. (IlHTerpaji JIe6era-CTHjiTbeca.) neoTpiipaTejibHon c.b. £ onpe- 

flejiHM ee MaTeMaTiinecxoe oxa-mamie E£ nocpe^CTBOM HHTerpajia JIe6era 
/ £(w)dP(w), onpe^eJiHeMoro xax 


n2 

lim y 

n —>00 ' ^ 
k =1 


/c — 1 / fc — 1 

-P - 

2 ” \ 2 n 



+ nP(£ > n) 


IlycTb £ : Q H > K. - npon3BOJibHaH c.b. n 

£ + = max{£, 0}, = - min{£, 0}. 

Tor^a npn ycjiOBnn E£ + < oo hjih E£ _ < oo onepaTop E onpe^ejineTcn 
xax E£ = E£ + — E£ ~. 

floxanaiTe cjie^,yK)m,He yTBepjxfleHira: 


а) jih c.b. £ > 0 cym,ecTByeT nocjie^OBaTejibHOCTb npocmux c.b. 
(npnHHMaiOT xoHenHoe m-icjio 3HaneHHn) Taxnx, hto ^ n +i > £,n h £ n ——> £• 

Cjie^CTBne: V £ > 0 onpe,n,ejieHO E£. 

б) Ecjih ^ n+ i > £„ > 0 n £, to E£„ ->• E£. 
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CjieACTBiie 1: IlycTb > 0, TOiyja 



E E ^ 

n—1 


CjieACTBiie 2: IlycTB E|£| < oo h P(H) —»• 0, TOiyja Ed^/^) —> 0. 
b) IlycTB £„ > 0, TOiyja E( lim inf£„) < lim infE£„. 

n—>o o n—>o o 

r) IlycTB |£ n | < F h EF < oo, TOiyja E( lim inf£„) < lim infE^„ < 

n—> oo n—¥ oo 

< lim supE£„ < E( lim sup£„). 

n—¥ oo n—¥ oo 

Cjie,a,CTBHe 1: IlycTB £ n > 0, |£„| < Y, EF < oo h £ n Topga 

E|£| < oo, E£„ —> E£ h E|£ n — £| —> 0. 

CjieACTBiie 2: IlycTB |£ n | < F, EF P < oo, p > 0 h ^4 £, TOiyja 

m p < 00 H E l?n J £i p ->• 0. 


¥Ka3aHHe. Cm. rjiaBy 4 b KHiire KoHCTaHTi-moB P.B. JleKn,HH no cjjyHK- 
piiOHajiBHOMy aHajni3y. JXoj [ionpy;t hmh : MOTH, 2007. 156 c. 

3aMenaHne. Hojiojkhm g : K. — > K. - 6 opejieBCKaa cjDyHKipiH (V4 £ 
£ B(M.) : g~ l (A) £ B(W)). Ecjih cyipecTByeT o/jj-ih h 3 HHTerpajiOB 

J g{x)dF i (x) hjih J g(£(u))dP(uj), 

A £-'(*) 


to cym,ecTByeT n flpyroft, h ohii coBna^aiOT. HHTerpaji f g(x)dF^(x) Ha- 


3BiBaeTca iiHTGrpajiOM JIe6eza-Cmujimt>eca. 


5. CiiMMeTpiiHHyio MOHeTy He3aBHCHMO 6pocnjiH n pa3. Pe3yjiBTaT 6po- 
caHHH 3anncajiH b Bn^e nocjie^OBaTejiBHOCTH Hyjieii h e^nm-m,. 

a) noKanaiTe, hto c bgpohthoctbio, CTpeMHm,ei"iCH k e^nm-ipe npn 
n —> oo, ^.jiima m a kchm aj ibhoh no^nocjie^OBaTejiBHOCTH H3 no^pa^ n^,y- 
ih,iix eflKHHp l n jiejKHT b npoMexyTKe (log 2 \fn, log 2 n 2 ). 

6)* noKanaiTe, hto cepna H3 rep6oB fljniHBi log 2 n HafijiKyjaeTca c 
BepoHTHOCTBio, CTpeMHm,ei"iCH k e^HHHue npn n — > oo. 

b) ** Bepno jih, hto ^ ^4 1? 
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VKa3aHHe. B nyHKTe a) .zyia Haxo3Kyi,eHHH hh>kh 6 h opeHKii pa3o6teM 
BCio nocjie,n,OBaTejibHOCTb 6pocamm Ha ynacTKii ,zi,jihhoh log 2 y/n. OpemiTe 
BepOHTHOCTb Toro, HTO XOTH 6bl 0,H,HH H3 yHaCTKOB COCTOIIT nOJIHOCTblO 113 
eflHHHp. 

3aMenaHHe. Cm. Erdos P., Renyi A. On a new law of large numbers // 
Journal Analyse Mathematique. 1970. V. 23. P. 103-111. 

6. (3aKOH 0 h 1.) IlycTb (f^T 7 , P) — BepoaTHOCTHoe npocTpaHCTBO, 
£1,^2, • • ■ HeKOTopaa nocne^OBaTejibHOCTb He3aBiiciiMbix c.b. 06o3HauiiM 

= c(£n, £„+i, ■■■)- cr-ajire6py, nopoayneHiiyio c.b. £ n+1 , ...a nycTb 

OO 

A = H Fn- 

n—1 

IIocKOJibKy nepeceuem-ie tr-ajire6p ecTb CHOBa cr-ajire6pa, to A ecTb 
tr-ajire6pa. 9Ty cr-ajire6py 6yn,eM Ha3biBaTb “xboctoboh” hjih “ocTaTon- 
HOl"l”, B CBH3II C TeM, HTO BCHKOe Co6bITIie A £ X He 3aBHCI-IT OT 3HaHeHIIH 
c.b. • • • ,£n npn jho 6 om kohchhom n, a onpe^ejiaeTca jinrub “noBe^e- 

Hi-ieM 6ecKOHeHHO .ganem-ix 3HaueHHH nocne^OBaTejibHOCTii £1,62, • ■ 

C noMom,bio 3a^aHii 67 pas^ena 2 ^OKaaciiTe cnpaBe,n,jiHBOCTb cne^yrorpero 
yTBepnc^eHHH (“3aKOii 0 h 1”): 

IlycTb £1,621 •• • nocjie^OBaTejibHOCTb He3aBiiCHMbix b coBOKynHOCTii 
c.b. h A € X (co6biTi-ie A npiiHa^i,jie>KHT “xboctoboh” er-ajire6pe). Tor,ga 

P(A) MOJKBT npHHHM aTb JIHHIb ^Ba 3HaHeHIIH, 0 HJIH 1. 

¥Ka3aHHe. H^ea ,n,OKa3aTejibCTBa coctoiit b tom, hto 6 bi noKa3aTb, hto 
K aaynpe «xBOCTOBoe» co6biTiie A He 3aBi-ici-iT ot caMoro ce6a h, 3HaHiiT, 
P(A n A) = P(A) • P(A), T.e. P(A) = P 2 (A), OTKyga P(A) = 0 hjih 1. 

IIojiyHeHHbiH pe3yabTaT, b uacTHOCTH, 03HauaeT, hto ^ £& cxo^iitch 
HJIH paCXO^HTCH C BepOHTHOCTblO 1. 

CyipecTByeT TaKace 6ojiee o 6 hi,hh pe3yjibTaT - 3aKOH XwoiiTTa h CaBii- 
.gaca (cm. IIInpaeB A.H. T. 2 [12]), r^e no,n, X no,npa3yMeBaeTca cr-ajire6pa 
nepecTaHOBOHHbix co6biTini: 

A = {£^(5), B G : ¥(r 1 (B)A(nO~ 1 (B)) = 0, Vtt}, 

a 7r - nepecTaHOBKa KOHenHoro Hiicjia sjieMeHTOB. 

7. Cto nap0B030B Bbiexajm H3 ropo^a no o^HonoaocHoii jihhhh, Kaac^biii 
c nocTOHHHOii CKopocTbio. Kor,zi,a ^BiuKemie ycTaHOBiuiocb, to H3-3a Toro, 
hto 6biCTpbie .nprHajm ii^ymiix Bnepe,n,H 6ojiee Me^aeHHbix, o6pa30Bajmcb 
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KapaBaHbi (rpynnti, ^BiiHcymnecsi co ckopoctbio jin^epa). HaiypiTe Ma- 
TeMaTiinecKoe oiKH^aHne h .niicnepcino nucjia KapaBaHOB. Ckopocti-i pa3- 
jihhhbix napoB030B He3aBiicriMBi h cypmaKOBO pacnpe,n,ejieHBi, a (JjyHKpiiH 
pacnpe,a,ejieHii5i ckopocti-i HenpepBiBHa. 

8. CorjiacHO 3aKOHaM o TpynpycTpoiiCTBe b ropo,a,e M, Ham-iMaTejiii o6n3a- 
hbi npe^ocTaBHTB BceM paOoni-iM bbixo^hoii, ecjin xoth 6bi y qnporo H3 hiix 
, a,eHB po5K,a,eHiiH, h npiiHiiMaTB Ha cjiy*:6y paSoni-ix He3aBiiciiMO ot iix pjisi 
po:*yi,eHiiH. 3a HCKjnoHeHiieM sthx bbixo^hbix, pa6oHi-ie Tpya,HTCH Been ro,a, 
H3 365 flHeil. Ycjiobiimch hto ,a,eHB poxynpHiia pa6onero BBi6iipaeTCH paB- 
HOBepoHTHO H3 365 flHeii. Pa6oTO,a,aTejiB MaKCHMii3iipoBaji cpe^Hee hiicjio 
T py,n,OBBix HejiOBeKO-^,Hei"i b ro,a,y (to ecTB npoii3BefleHiie nucjia pa6oHi-ix 
Ha hiicjio Tpya,OBBix ^Heii). Ckojibko pa6oHiix Tpyn,HTCJi na (JjafipiiKe b 
ropo,n,e M? 

9. B Ka>K,H,yio i-io e^iim-iiiy BpeMeHii HciiBaa KjieTKa nojiynaeT cjiyHaii- 
Hyio A03y o6jiyHeHiiH X,;, npuneM {Xi}™ =1 hmciot o^imaKOByio cjDyHKpuio 
pacnpeflejieHiui Fx(x ) h He3aBiiciiMBi b coBOKynHOCTii Vn€ N. IIojiyHHB 
HHTerpajiBHyio ,n,03y o6jiyHeHiiH, paBHyio v (y EX-|) , KjiCTKa noni6aeT. 
06o3HaHiiM nepe3 T - c.b., paBHyio BpeMeHii >kh3hh kjibtkh. Opem-iTe 
cpe,H,Hee BpeMH jkhshh rjictkii ET. 

¥Ka3aHHe. ^OKajKiiTe moatedeemeo Ba.ai>da: 


T 

E S T = EXi • ET, r A e S T = 

i =1 


BBe^a BcnoMoraTejiBHyio c.b. 


Yj = 



ecjin X^ —f—... —}— Xj_i — Sj—i <c i'', 
b ocTajiBHBix cjiynanx 


h 3anncaB St b cjie^yiomeM Bime: St = YXi. 


10.* (TeopeMa fly6a,.) IlycTB Yo, ... ,Y n - nocjie^OBaTejiBHOCTB c.b., hb- 
juiiomajicji MapTiiHrajiOM (cm. 3aMeHaHiie). IloKa3aTB, hto ^jih MOMenma 
ocmanoeKU r = inf{/c < n : Yj, > A} (t = n, ecjin max*,< ra Yj. < A), BepHO 


EY r : EF„. 


3aMenaHHe. Onpe^eJiCHiie MapTirarajia (cm. ffliipjieB A.H. T. 2 [12]). 
flycTB 3a^,aHO BeposiTHOCTHoe npocTpaHCTBO (if, X, P) c ceMeficTBOM (T„) 
tr-ajire6p F n , n > 0 Tam-ix, hto To C ■ ■ ■ C F n C T. flycTB T 0 , ■■■ ,Y n 
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nocjie^OBaTejibHOCTb c.b., 3a,n,aHHbix Ha (fijJ 7 , P), ,h,jih Kanyupro n > 
0 BejII'IHHHbl Y n HBJIHH3TCH J~ n -H3M6J)HMhiMH. MapTIIHrajIOM Ha3bIBaeTCH 
Taxan nocjie,n,OBaTejibHOCTb Y = {Y n , Bn), hto 

e|y„| < oo, 


= Y n noHTii HaBepHoe. 

fljia ^0Ka3aTejibCTBa TeopeMbi JJy6a Heo6xo,a,HMO noxasaTb, hto pjm 
jno6oro A £ T n 



11. (MapTirarajibi i-i TeopeMa o 6ajuiOTnpoBKe.) IlycTb S n = £1 +.... + £ n , 
r^e c.b. “ He3aBHCHMbi h o,n,HHaKOBO pacnpe^ejieHbi 


f 1, V — 1/2, 

\ -1, p = 1/2. 


IIoKa>KHTe, hto Tor^,a 

P {Si > 0,..., S n > 0 |5„ = a — b) = ^=|, r,n,e a > b n a + b = n. 

3aMenaHHe. npoiiHTepnpeTiipyeM stot pe3yjiBTaT: = 1 6yn,eM iiHTep- 

npeTiipoBaTb xax tojioc, no^aHHbiii Ha Bbi6opax 3a KaH^n^aTa A, = — 1 
- 3a KaH^ii^aTa B. Tor^a S n ecTb pa3H0CTb Hiicjia tojiocob, no^aHHbix 3a 
KaH^H^aTOB A i-i B, ecjin b rojiocoBaHHii npiiHHjio ynacTi-ie n H36iipaTejieii, 
a P {Si > 0,..., S n > 0 S n = a — b) ecTb BeposiTHOCTb toto, hto KaH/pmaT 
A Bee BpeMH 6 biji Bnepepn KaHpi-maTa B , npn ycjiOBHii, hto A b o6m,eii 
cjiohchocth co6paji a tojiocob, a B co6paji b tojiocob h a > b, a + b = n. 
Cm. TaioKe IIInpsieB A.H. T. 2 [12]. 

12. (3aKOii apKCirayca, cm. IHiipneB A.H. T. 2 [12].) B ycjiOBiuix 3a- 
MenaHHH k npe^biflymeii 3a,n,aHe HaftpHTe npn 20 6pocaHiiHx, c KaKOH 

BepOHTHOCTblO O/piH H3 IITpOKOB 

а) HHKOiyta He 6ypeT Bnepepn, 

б) 6yn,eT Bnepepn se 6ojiee opHoro pa3a. 

3aMenaHHe. Bocnojib3yiiTecb 3Cikohom apKcunyca 

P {k n < xn ) ~ -arcsini/a:, rpe c.b. k n = \{k = 1, ...,n : S k > 0}|. 

13. * (CjiyHaiiHbie 6jiy»c,ii,aHHH.) 3 a6 j i yp h b i n h h c h tph6hhk OKa3ajicn b 
peHTpe jieca, HMeroipero cJiopMy Kpyra c papiiycoM 5 km. TphGhhk pBi-raceT- 
ch no cjiepyiomHM npaBiuiaM: npoimH 100 MeTpoB b cjiynaiiHO Bbi6paHHOM 
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HanpaBjiemni ceBep-K>r-3ana 1 n r BOCTOK (Ha 3to y rpn6ffliKa yxo,n,HT 2 Mi-my- 
tbi), oh pernaeT CHOBa cjiyHaimo Bbi6paTb HanpaBjiemie ^BHacemia h t.,zi,. 
OpeHHTe m a r reMa r r h h ec Koe ona-maHi-ie BpeMemi, nepe3 KOTopoe rpnGmiK 
Bbiii^eT H3 jieca. Kan H3MemiTca otbct, ecjin Bbi6op HanpaBjieHiia /jbiijkb- 
hhh rpn6HHKa ocymecTBjraeTCH paBHOBepoaTHO Ha [0, 2i r)? 

14. IloKa>KHTe, hto nocjie^OBaTejibHOCTb .nyiCKpeTHbix c.b. {£n}„ gN , npn- 
HHMaiOH^Hx 3HaHeHiiH b N, cxo,ii,htch no pacnpe^ejieHino k ^iiCKpeTHOH 
c.b. £ TOiyja h tojibko TOiyja, KOiyja npn n — > oo ^jih jiro6oro k € N 
F(£ n = k)^F(£ = k). 

15. Ha MHoncecTBe .geiicTBHTejibHbix nojioaaiTejibHbix miceji 3a^aHO 
HeKOTopoe BepoHTHOCTHoe pacnpe^,ejieHiie P. H 3 o^hoh ii toi"i nee toh- 
kh njiocKOCTH HamiHaiOT npbiraTb ^Be jiaryniKii. HanpaBjieHiie npbiacKa 
jiarymKH Bbi6npaiOT cjiynaiiHO h paBHOMepHO (Ha ORpyamocTii), a Tpiimy 
- corjiacHO pacnpe^ejieHino P. HanpaBjieiine h ^jnma Ka>K,a,oro npbiatKa 
He3aBHcriMbi, TaK»ce kslk h npbHKKH jiarymeK. nepBaa jiaryniKa c^eaajia 
n npbi>KKOB, a BTopaa in (r^e m,n > 0 h m + n > 2). ,H,OKa:>KHTe, hto Be- 
poHTHOCTb toto, hto nepBaa jiaryniKa yuajnuiacb na 6ojibmee paccToamie 
ot hcxo^hoh tohkh, hcm BTopaa, paBHa n/(n + m). 

¥Ka3aHHe. ^jia He3aBHCHMbix cjiynaftHbix BeKTopoB A, B h C, HMeiomiix 
npoii3BOJibHoe HenpepbiBHoe pacnpe^,ejieHiie Ha njiocKOCTH, cnpaBe/yniBO 
TOX^eCTBO 

P(J|H|| > ||fl + C7||) + P(j|H|| > WA + CW^j + Pile'll > \\B + A\\^=1. 

3aMenaHHe. Bernardi O. A short proof of Rayleigh’s Theorem with 
extensions // The American Mathematical Monthly. 2013. V. 120(4). 
P. 362-364. 

16. (Cxo^iiMOCTb no MOMeHTaM.) nycTb {F n (:r)} ngN - nocjie^OBaTejib- 
HOCTb cjryHKpHii pacnpe^ejieHiia, HMeioiipix Bee MOMeHTbi: 

M n>k = J x k dF n (x) < 00. 

nycTb fljia Bcex k € N hmmot mccto cjie^,yKnn,He cxo^hmoctii: M n j.. —► 
Mk 7 ^ ± 00 . Toiyja (no TeopeMe Xejijin) cymecTByiOT Tanaa no,n,- 
nocae^OBaTeabHOCTb {F nm (a:)} m6N h cjryHKipia pacnpe,n,e.neHHa F (x) 
(c MOMemaMH {Mfc} fcgN ), hto F Um (x) —> F (x) b TOHKax nenpepbiBHO- 
CTI-I F ( X ). 
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а) IloKaxi-iTe, hto ecjin momchtbi {Affc} fcgN o,n,H03HaHHO onpe,a,ejiH- 
iot cjDyHKpiiio F (x) (,a,0CTaT0HHHM ycjiOBiieM fljia stoto 6ya,eT cyipe- 
CTBOBamie TaKoro c > 0, hto M^ k /k < c, k G N), to b Kane- 
CTBe no,a,nocjie 1 ii,OBaTejiBHOCTii mohcho 6paTB caMy nocjie.n.OBaTejiBHOCTB 
(TeopeMa HIoxaTa-TaMapKiraa). 

б) IIpoi-iHTepnpeTi-ipyHTe nojiyHeHHBiH pe3yjiBTaT c tohkh 3pemiH cxo- 
flHMOCTH no pacnpe,a,ejieHiiio cooTBeTCTByKnnyix c.b. 

3aMeaaHHe. Cm., Hanpmiep, CanKOB B.H. BepoHTHOCTHBie moto^bi b 
KOM6iraaTopHOM aHajni3e. M.: Hayxa, 1978. 288 c. 

17. IIoKajKHTe, hto Bee momchtbi pacnpe^enemiii c hjiothocthmh 

px ( x) = e~ x ' ^1 — Asina; 1 / 4 ^ , x > 0 

npn jik>6om 3HaneHini napaMeTpa A € [0,1] coBna^aroT. 

3aMenaHHe. ^HocTaTonHoe yc.fioeue Kap.ae.uana toto, hto momchtbi o^- 
H03HanHO onpe^ejnnoT pacnpe^ejiemie c.b. £ Ha Been npnMofi, HMeeT Bim 
(cm. [26]): 

OO 

^(E[|^| 2 "])- 1/(2n) = oo. 

n— 1 

Ha6op (Bcex) momchtob KOMnjieKCHofi c.b. o^,H03HanHO onpe^ejraeT ee 
xapaKTepiiCTiinecKyio (JjyHKpmo (a, cjie^OBaTejiBHO, ii ee pacnpe^ejieniie 
BepoHTHOCTeii) Tor^a n tojibko TOiyja, xor^a 

lim n~ l (E [ICT]) 1 ^ 11 < oo. 

n—>■ oo 

ripuneM xapaKTepiiCTHnecKaa (JjyHKpiiH c.b. 6yn,eT aHajniTHHecKoii b stom 
cjiynae [9]. 

18. ITpiiBe^HTe npiiMepbi Taxiix c.b. X, Y h Z, hto BepoaTHOCTHBie 
pacnpe^ejieHHH cyMM X + Y n X + Z coBna^aiOT, ho pacnpe^,ejieHHH c.b. 
paSJIH'IHbl. 

¥Ka3aHHe. Y/tofmee CHanajia no,n,o6paTB cooTBeTCTByiomne xapaKTepn- 
CTHHeCKHe (J)yHKH,HH. 

3aMenaHHe. Cm. KHiiry Cexea R [25]. 3Ty »ce KHi-iry mohcho pexoMeH- 
^.OBaTB h no A B y M cjie/tyrornHM 3a^,anaM. 
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19. ripiiBe^HTe npi-iMepbi He3aBHCHMt>ix oflimaxoBO pacnpe^ejieHHbix c.b. 
X h Y, pjin KOTopbix pacnpe^ejieHiie cyMMbi X + Y He o^,H03HaHHO onpe- 
,a,ejiHeT pacnpe,a,ejieHiie X h Y. 

3aMeHaHHe. CorjiacHO TeopeMaM KpaMepa n PanxoBa pacnpe^ejicmie 
cyMMbi X + Y o,n,H03HaHHO onpe^ejmeT pacnpe^ejiemie cjiaraeMbix, KOJib 
CKopo X + Y HMeeT HopMajibHoe hjih IlyaccoHOBCKoe pacnpe^ejieniie. Cm. 
Taxnte 3aMeHaHiie k sa^ane 36 paa^ejia 5. 

20. riycTb X CTOxacTiiHecKii Memme, neM Y, t. e. 

Vi Fx{t) < F Y (t),3t 0 : F x (t 0 ) < F Y (t 0 ). 

Ilapa^OKcajibHO, ho mojkct Tax cjiymiTbcn, hto P(X > Y) > 0.99. ripn- 
Be^iiTe npi-mep Taxnx c.b. X h Y. 

21. (Hapa^oxc TpaH3HTHBHOCTH [14], [25].) Byn,eM roBopiiTb, hto c.b. 
X 6ojibme no bcpohthocth c.b. Y, ecjin P(X > Y) > P(X < Y). IlycTb 
H3BecTHO, hto flflsi c.b. X, Y, Z BbinojmeHa cjie^yromaH penoHxa paBeHCTB: 

P(X > Y) = P(y > Z) = a > 

BepHO jih, hto X 6ojibme no bcpohthocth Z ii noneMy? 

22. Tpe6yeTcn onpe^ejniTb, Hammas c xaxoro 3Ta»ca 6pomeHHbiii c 
6ajixoHa lOO-STanmoro 3^aHHH CTexjiHHHbin map pa36nBaeTcn. B HajinHnn 
HMeeTcn ^Ba Taxnx mapa. IIpeAJionaiTe mcto,h, Haxonyn,eHiiH rpaHHHHoro 
3Ta>xa, MHHHMH3npyioni,HH MaTeMaTHHecxoe ona-mamie nncjia 6pocxoB. 
PaccMOTpeTb cjiynaii 6ojibinero nncjia mapoB. 

23* Ha no^oxoHHiixe jiokht N noMi-mopoB. BenepoM i-ro (1 ^ ^ 

^ N) nopTHTcn o^hh noMii^op. Kan<yi,oe yTpo nejiOBex cne^aeT o^hh (cjiy- 
HaiiHO Bbi6paHHbiii) cbokhh noMi-mop H3 ocTaBimixcn. Taxi-iM o6pa30M, 
xanc^bin noMii^op jiii6o ncnopTiijicn, jiii6o 6biji ene^em 

а) nojiymiTe pexyppeHTHyio cJjopMyjiy /pin MaTeMaTiinecxoro ona-ma- 
hhh xojn-iHecTBa CTje^eHnnix noMimopoB ot nncjia N. 

б) HaimiiTe aciiMnTOTHHecxyio opeHxy xominecTBa cbe^eHHbix homh- 
,a,opoB npn N —> oo. 

24. a) HMeeTcn MOHeTxa ( h ec hmmctp h h h an). Heci-iMMeTpi-iHHOCTb 
MOHeTxn 3axjiK>HaeTCH b tom, hto jih6o opeji Bbina^aeT b ,n,Ba pa3a nam,e 
pemxn, jih6o Hao6opoT (anpnopHO, ,a,o npoBe^emra onbiTOB, o6a BapnaHTa 
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CHi-iTaiOTCH paBHOBepoHTHbiMii). MoHeTKy 6 pochjih 10 pa3. Open BBinaji 7 
pa3. Onpe^ejiiiTe anocTepnopHyro BeposiTHOCTB Toro, hto open BBina,a,aeT 
b ,a,Ba pa3a name peniKii (anocTepnopHaa BepoaTHOCTB CHHTaeTCH c yneTOM 
npoBe^eHHBix ohbitob; imane roBopa, sto npocTO ycjiOBHaa bcposithoctb). 

6 ) Onpe,a,ejiHTe anocTepiiopHyio BepoaTHOCTB Toro, hto open BBina- 
^aeT ne MeHee neM b ,n,Ba pa3a name peniKii. Ecjih HeciiMMeTpHHHOCTB 
MOHeTKi-i 3 aKjiK>HaeTCH b tom, hto jih6o open BBina^aeT He MeHee neM b ^,Ba 
pa3a name penna-i, jiii6o Hao 6 opoT (anpuopHO 06 a Bapi-iama cniiTaiOTCH 
paBHOBepOHTHBIMIl). 

25. (Pacnpe^ejieHiie TyM 6 ejiH hjih .npoimoe SKcnoHeHipiajiBHoe pacnpe- 
^,ejiemie.) IlycTB Ip...., £ n - ne3aBHCHMBie o/p-maKOBO pacnpe,a,ejieHHBie 
c.b., h cyipecTByiOT Tam-ie KOHCTaHTBi a,T > 0, hto 

lim e y / T [1 — P (£1 < y )] = a. 

y—>o o 

IIoKa>KHTe, hto npn n —> oo 


max{(i,... ,£„} - Tin (an) A C, 

r^e P (£ < t) = exp {— e -t / T } . I4ccjie,n,yHTe noBe^em-ie P (( > t) iipn t —> 
oo. 


26. (Logit-pacnpe^ejieHHe hjih pacnpe^ejienne rn 66 ca.) IlycTB H3BecTHO, 
hto £i,...,£ n — He3aBHCHMBie o^HHaKOBO pacnpe^ejieHHBie no 3aKcmy 
ryM6e.tisi c.b. (cm. npe^Bmymyio 3 a^aHy). IlycTB X)- = Ck + £,k, k = 
1,..., n, r^e Ck - iieKOTopnie KOHCTaHTBi. IIojioxhim k = arg max {X/,.}. 

IIoKa>KHTe, hto c.b. k HMeeT pacnpe^ejieHiie: 

e c fc /T 

P ( K = fc) = —-——, k = 1,... ,n. 

2 _/(=i e Ci/T 

3aMeaaHHe. Cm. MOHorpacJuno Andersen S.P., de Palma A., Thisse J.-F. 
Discrete choice theory of product differentiation. Cambridge: MIT Press, 
1992. 448 p.; cm. TaKnce [34]. flaHHaa 3a^aHa h npe^Bmymaa i-irpaiOT 
BancHyio pojm iipn noiiCKe CTOxacTi-iHecKiix paBHOBecnii b TpaHcnopTHBix 
cerax arXiv:1701.02473 (cm. Tance 3 a^aHy 15 pa 3 ^ejia 6 ). 

27. (PeKopgBi [19].) IlycTB X\,X 2 , ■ •. - h e 3 a bh c hmbi e c.b. c o^hoh ii 
toh nee njiOTHOCTBio pacnpe^ejieHHH BepoHTHOCTeii p(x). BygeM roBopiiTB, 
hto HabjnogaeTCH peKopgHoe 3HaHemie b momcht BpeMemi n > 1, ecjni 
X n > max{Xi,..., X n _i}. /],OKa>KHTe cjiegyKMgHe yTBepjKgeHiisi: 
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а) BepoHTHOCTb Toro, hto peKop,n, 3a4»iKQ-ipoBaH b momcht BpeMemi 
n, paBHa 1/n; 

б) MaTeMaTiinecKoe O/Kiptamie rnicjia peKop,n,OB ,n,o MOMema BpeMemi 
n paBHO 

E 

1 <k<n 


b) nycTb Y n - c.b., npiimiMaiomaji 3HaHemie 1, ecjm b momcht BpeMemi 
n 3a4)iiKCiipoBaH peKop,n,, h 3Hanemie 0 - b npoTHBHOM cjiynae. Tor^a c.b. 
Y[. Y'2 ,... He3aBiiciiMbi b coBOKyimocTi-i; 


r) ^,iicnepciiH rnicjia pexopnpB ,n,o MOMema BpeMemi n paBHa 


E 

1 <k<n 


k -l 
k 2 


In n; 


,n,) ecjm T - MOMeHT noHBjiemra nepBoro peKop,n,a nocne MOMeHTa Bpe¬ 
Memi 1 , to ET = oo. 

3aMenaHHe. IIpi-me^eM rjih cnpaBKii cjie^yiomyio TeopeMy. IlycTb 
r/o, i/i, • • ■ nocne^OBaTejibHOCTb He3aBiiciiMbix c.b. c o^hoii ii toii me 
HenpepbiBHoii (]iyHKHHeii pacnpe^,ejieHiiH. ^jih xamyipro n G Z + no c.b. 
r/o, tj-\ ,..., rj n nocTpoiiM BapiiapiiOHHbiii pay; 


VO,n — Vl,n Y: ' ' ' — Vn , n - 

PeKop,n,Hbie MOMeHTbi {v(n),n G Z + } onpe^ejunoTca cjie,nyiOHi,HM o6pa- 
30m: i/(0) = 0 ii 

i'{n + 1) = min{j > v{n) : rjj > r]j- i,y—i}, n G Z + . 

BepeH cjie^yiOHi,m“i pe3yjibTaT (cm. 5Ikbimhb A., II. BepoaTHOCTHbie npiuio- 
memiH Tay6epoBbix TeopeM. M.: ®H3MaTjiHT; Hayxa, 2005. 256 c.): 

. . i _ 1 ln ra_ 1 (i) 

fW>,)5 („-!)! • 


JXjisl ^OKa3aTejibCTBa stoto pe3yjibTaTa cymecTBemio ncnojib3yiOTCJi 
Tay6epoBbi TeopeMbi. Tay6epoBbiMii TeopeMaMii Ha3biBaiOT TeopeMbi, ko- 
Topbie no3BOJiHiOT H3 aciiMnTOTimecKiix cbohctb n.cjx h npeo6pa30Bamn"i 
Jlanjiaca c|)yHKii,m"i h nocjie^,OBaTejibHOCTeii (a Taxme ^pynix iiHTerpajib- 
Hbix npeo6pa30BaHHi"i) BbiBecTii acHMnTOTHKH stiix 4)ymai,m"i h nocjie^o- 
BaTejibHOCTeii (to ecTb sth TeopeMbi o6paTHbie k a6ejieBbiM). 


50 



28. 3pejibii"i HH/tHBH/tyyM npoii3BO^HT noTOMKOB corjiacHO npoi-i3BO,n,5iiii,eH 
(jjyHKHHH (n.cjx) h(s). IIpe,ii,nojio>KiiM, hto Bee HaHi-maeTCH c k hh^hbh- 
pyyMOB, floCTKrnmx 3pejiocTi-i. KancpBiii noTOMOK pocTi-iraeT 3pejiocTi-i c 
BepoHTHOCTBio p. ,Z],OKa>KiiTe, hto n.cjx Hi-icjia 3pejiBix HHpi-iBi-myyMOB b 
cjiepyiomeM noKOjiemni paBHa Hj-(s) = [h(ps + 1 — p)] k . 

29. (Pacnpepejiemie Koim-i.) Papi-ioaKTHBHBiii iictohhiik ncnycKaeT na- 
ctiid,bi b cjiy'iaHHOM HanpaBjieHim (npii stom Bee HanpaBjieHiiH paBHOBepo- 
HTHBl). PaCCMOTpi-IM njIOCKOCTB, B KOTOpOH HaXOpHTCH IICTOHHIIK. BbC^CM 
CI-ICTeMy KOOp^IIHaT TaK, HTO IICTOHHIIK I-IMeeT KOOp^HHaTBI (9,d), r^e 
d > 0, a (6ecKOHeHHan) cjDOTonjiacTima coBnapaeT c ocbio a6pncc. 

a) rioKaiKHTe, hto ropii30HTajiBHaH KOoppimaTa tohkh nonapaHiiH na- 
cthh,bi b njIOCKOCTB HMeeT pacnpedeAenue Koiuu c hjiothoctbio: 

p= 7r(d 2 + (x - ey 2 ) ’ 

6) Mojkho jih bbihi-icjihtb MaTeMaTiinecKoe ona-mamie stoto pacnpe- 
pejieHini? 

b) IIpe^nojioJKHM, hto napaMeTp 9 neii3BecTeH, ho iiMeeTCH n 1 
He3aBiicHMBix peam-reapi-iii paccMaTpiiBaeMoii c.b. X \,..., X n . IIpepjiojKH- 
Te cnoco6 opeHiiBaHini napaMeTpa 9. To ecTB iieo6xo^HMO yxa3aTB ii3Me- 
pi-iMyio 4)yHKH,i-iio ot BBiSopKii X[ ,..., X n 9 n = 9 n (X i,..., X n ), 3HaHeiine 
KOTopoii 6ya,eT pacpeHiiBaTBCn b KanecTBe npii6jii-DKeHHH k Heii3BecTHOMy 
HCTHHHOMy 3HaHeHIIIO 9. 

3aMeHaHne. K Taxoro Biipa opeHKe H,ejiecoo6pa3HO npep’BHBiiTB, Hanpi-i- 
Mep, cjiepyromiie Tpe6oBaHini: 

1) cocTOHTejiBHOCTB: 9 n n H > 9 hjih 9 n A- 9 ; 

2) HecMememiocTB: E (9 n ) = 91 

fljisi cpaBHeHHH Mexyny co6oii pa3jniHHBix opeHOK opHoro h toto »ce 
napaMeTpa BBi6npaiOT HeKOTopyio <pyHKV,uw pucKa, KOTopan ii3MepjieT ot- 
KjiOHeiine opeHKii ot iiCTiiHHoro 3HaHeHiiH napaMeTpa. B KanecTBe cjiyHK- 
h,hh pucKa nacTO BBi6npaiOT piicnepcino opeHKii. Cm., HanpiiMep, KocapeB 
E.JI. MeTopni o6pa6oTKi-i SKcnepiiMeHTajiBHBix paHHBix. M.: ®ii3MaTjiiiT, 
2008. 208 c, a Tannce BBiCTynjieinie Tojiy6eBa T.K. “BeponTHOCTHBie MeTO- 
pni Kjiacci-iHecKoii m a r reM et h h ec ko h CTaTHCTHKi-i” Ha www.mathnet.ru. 

HHTepecHaa iiHTepnpeTapuji pacnpepejieHira Komu B03HiiKaeT npn 
H3yneHHH CTpejn>6i>i jiynm-iKOM c 3aBH3aHHBiMii rjia3aMii (cm. nonyjnipHBie 
khhth B. Mappejn>6poTa). 
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30. npepnojiOHaiM, hto c.b. X £ L 2 , 3to 03 HanaeT E(X 2 ) < 00. ^OKa- 

>KHT6, HTO 


\\x - E(X\Y U Y n ) || 2 = min \\X - ip(Y u ,.., Y n ) || 2 , 

ip&H 

r,pe H - nopnpocTpaHCTBO npocTpaHCTBa L 2 bc6bo3mo>khbix 6opejieBCKiix 
(juyHKHHH tp(Yi ,..., Y n ) £ L2', E(X\Y\,... ,Y n ) - ycjiOBHoe MaTeMaTi-i- 
necKoe ona-mamie c.b. X OTHOCiiTejiBHO <r-ajire6pBi, noponypeHHOH c.b. 
Yi, .. ., Y n , nacTO roBopaT npocTO othociitcjibho c.b. Yi, ..., Y n \ 

||X|| 2 = sfJ^X) = v/E(X • X) = y/E{X2). 

06o6m,ii T e yTBepjKpemie 3a,paHH Ha cjiynafi, Korpa X - cjiynaitHBiii bck- 

Top. 

YKa3aHHe. IIoKa>KH r re, hto {X — E(X|if))_L£, V£ £ H, T.e. E(-|i/) hb- 
jiaeTCH npoeKTopoM Ha nopnpocTpaHCTBO H b L 2 . ,ZI,eTa.JiH cm., HanpiiMep, 
b yneftHiiKe: Po3aHOB IO.A. Teopua BepoaTHOCTeii, cjiynaitHBie npopeccBi 
h MaTeMaTHHecKaa CTaTiiCTHKa. M.: Hayna, 1985. 320 c. 

3aMenaHHe. ^aHHyro 3a^,any h nocjie^,yK>m,He cjiepyeT cpaBHHTB c 3a,pa- 
naMH 99 h 100 H3 pa3pejia 2. 

31. IlcnojiB3yH cooTHomemie H3 3a,n,aHH 30 b KanecTBe onpepejieHHH 
ycjiOBHoro MaTeMaTi-inecKoro ona-maHi-ia, poKanaiTe cnpaBepjiHBOCTB oc- 
HOBHBIX CBOHCTB MaTCMaTHHeCKOTO 03KH,H,aHHiI, B HaCTHOCTII, 

E(E(X|Y)) = E(X). 

YKa3aHHe. (1,X) = (1,E(X|Y)). 

32. ^oxana-iTe, hto ecjni b ycjiOBiiax npepBmymeii 3a,paHH bcktop 
(X, Y\, ..., Y n ) T HBjiaeTCH nopMajiBHBiM cjiynaftHBiM bcktopom (6e3 orpa- 
HHHeHIIH o6m,HOCTH MOHCHO TaiOKG CHHTaTB, HTO [Y\, . . . , Y n ) T - HCBBipOHC- 
peHHBifi HopMajiBHBiil cjiyHaHHBiii BeKTop), to b KanecTBe H mohcho b3htb 
no^npocTpaHCTBO bccbo3mo>khbix jiiiHeiiHBix KOMOnHapnit c.b. Y\, . . . , Y n . 
To ecTB mohcho 6ojiee kohkpctho CKaaaTB, na KaKOM hmchho Kjiacce 6ope- 
jieBCKiix cjjyHKHHH pocTiiraeTca MHHHMyM b 3apane 30. 

YKa3aHHe. BypeM HCKaTB E(X| Yi,..., Y n ) b Biipe 

E(X|Yi, ...,Y n )=c 1 Y 1 + ...+ c n Y n . 

^l,OKa>KHTe cjiepyromne yTBepxcpeHHH: 
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а) X — c{Y\ — ... — c n Y n , Y \, . .. ,Y n - ne3aBHCHMBi; 

б) X — c-| y, — ... — c n y„ opToroHajien no^,npocTpaHCTBy H npocTpaH- 
CTBa L 2 BceB03MO>KHBix 6opejieBCKi-ix cJryHKpuH <p(Y\, • • • > Y n ) G L 2 . 

33. Be^ymiiii npimocuT ,n,Ba o^imaKOBBix KOHBepTa h roBopiiT, hto b hhx 
jie»caT ^eHBni, npuneM b o^hom B^Boe 6ojiBme, neM b ,npyroM. ^Boe ynacT- 
hiikob 6epyT KOHBepTBi h TafiKOM Apyr ot ^ipyra cmotpht, ckojibko b hiix 
^, eHer. 3aTeM o^iih roBopiiT ^,pyroMy: “MaxHeMCH He rjisppi?” (npe^jiaraa 
noMeHHTBCH KOHBepTaMi-i). Ctoiit jih corjiamaTBCH? 

3aMeHaHHe. Cm. [13] h KHiiry [25] (stot MaTepnaji nojie3HO nocMOTpeTB 
h b cbh3h co cjie^yromeii 3a^,aHeii). B nocjie^Heii KHiire 3aTpaniBaiOTCH 
BonpocBi o aKCHOMaTHKe Teopiiii BeponTHOCTeii. Otmbthm, hto aKCiiOMa- 
THKa A.H. KojiMoropoBa, nocTpoeHHaa Ha Teopiiii MepBi, He e^HHCTBeHHBiii 
cnoco6 BBecTii c.b. 

IlHTepecHBie MaTepnajiBi Ha 3Ty TeMy hmciotch b CTaTBe ^HaBi-ma MaM- 
(Jjop^a “Ha 3ape spni CTOxacTHHHOCTii”, b c6opHHKe “MaTeMaTiiKa: rpa- 
hhh,bi h nepcneKTHBBi” / no,n, pe,n,. ^.B. AHOCOBa h A.H. napmuna. M.: 
Oa3iic, 2005. TaK»ce otmcthm b stom cbopHiiKe CTaTBio W.T. Gowers’a h 
aHajioniHHBiii c6opmiK “MaTeMaTiiHecKiie co6bitiih XX BeKa”. M.: <5a3iic, 
2003. no ,n,aHHOH TeMaTiiKe nojie3HBi cjie^yromiie MaTepnajiBi: Jaynes E.T. 
Probability theory: the logic of science. Cambridge University Press, 2003.; 
KaHOBeti B.P, JIiobepKiiH B.A. CoBpeMemraH Teopua MHOxecTB: a6cojiiOT- 
ho Hepa3pemiiMBie KjiaccuHecKne npo6jieMBi. M.: MIJHMO, 2013. 320 c. 
Cm. TaKHce 3a^,any 56. 

34. (CnHipaH KpacaBiipa.) B BOCKpeceHBe c KpacaBi-m,ei“i o6roBapiiBaeTCH 
cxeMa SKcnepiiMeHTa, corjiacHO KOTopoii BenepoM b BOCKpeceHBe Kpaca- 
Biipa 3acBinaeT. ^ajiee no^KH^BiBaeTCH ciiMMeTpiinHaa MOHeTKa. Ecjih 
MOH eTKa BBina^aeT opjiOM, to KpacaBiniy 6yzpiT b noHe,n,e.jiBHHK (noTOM 
CHOBa ^,aiOT CHOTBopHoe), 3aTeM 6yzpiT ein,e pa3 bo btophiik (noTOM CHOBa 
^,aiOT CHOTBopHoe). Ecjih peniKOii, to 6ya,HT tojibko b noHe^ejiBHHK (noTOM 
CHOBa ^,aiOT CHOTBopHoe). B cpe^y KpacaBiniy npo6y:*yi,aiOT OKOHnaTejiBHO 
b jho6om cjiynae. Chotbophoc CTiipaeT KpacaBupe naMHTB b tom cmbic- 
jie, hto OHa noMHHT npaBiijia, oroBopeHHBie c Heii b BOCKpeceHBe, ho He 
noMHHT, ckojibko pa3 yxe ee 6yn,HjiH, h He 3HaeT, KaKofi cero^HH ^eHB 
He^ejin. Ka>xyi,BiH pa3, Kor^,a KpacaBi-my 6y^HT eft npe^jiaraiOT opemiTB 
BeponTHOCTB Toro, hto MOHeTKa BBinajia peniKoft. Hto momt OTBeTiiTB 
KpacaBiipa? 

35. (3a^aHa o jia6iipiiHTe, A.H. Co6ojieBCKiift.) “B jiecax ^peMynux ctoiit 
,i;om He aom, nepTor He nepTor, a ^.Bopeii, 3Bepsi jiecHoro, nyjja MopcKoro, 
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Been b orae, b cepe6pe n 30Ji0Te n KaMeHbax caMOiipeTHbix”. KpacHaa 
peBiipa BxopiiT Ha hihpokhh pBop, b BopoTa pacTBopeHHbie, h naxopiiT TaM 
Tpii pBepn, a 3a hiimii Tpii ropHiipbi KpacoTbi HecKa3aHHOi"i, a b Kaacpoii 
H3 Tex ropHiip eipe no Tpii pBepn, Bepyipne b ropmipbi Kpame npeacHiix. 
rioxopiiB no ropHiipaM, KpacHaa peBiipa HaniraaeT porapniBaTbca, hto 
pBopen, nocTpoeH apycaMii: pBepn co pBopa BepyT b ropmipbi nepBoro 
apyca, 113 Tex — b ropHiipbi BToporo apyca, n Tan panee. B Kaacpoii 
ropmipe ecTb Bxop n Tpn Bbixopa, Bepyipne b Tpii ropHiipbi cjiepyioipero 
apyca. B ropmipax nocnepHero n-ro apyca pacTBopeHbi oraa miipoKiie bo 
capni pnKOBiiHHbie, njiopoBHTbie, a b capax nTiipbi noiOT n iipeTbi pacTyT. 
BepHyBmncb Ha miipoKiin pBop n OTpoxHyB, KpacHaa peBiipa bhpht, hto 
npoH3onuia nepeMeHa: BopoTa, nepe3 KOTopbie OHa Bonuia, n nacTb pBepeii 
BHyTpn pBoppa caMH co 6 oi"i 3aTBopnjincb, pa He npocTO Tan, a Kaacpaa 
pBepn c BepoHTHOCTbio 1/3 He3aBricriMO ot ppyrnx. HeMHoro o6ecnoKoeH- 
Haa, KpacHaa peBiipa HammaeT MeTaTbca H3 ropHiipbi b ropmipy ckbo 3 b 
ocTaBHiiieca ne3aTBopeHHbiMH pBepn b noiiCKax Bbixopa. lIoKaacHTe, hto 
npn 6ojibmiix n BepoaTHOCTb toto, hto OHa CMoaceT po6paTbca po okoh, 
pacTBopeHHbix b capni, 6jni3Ka k (9 — \/27)/4 « 0.95. 

3aMenaHHe. Cm. Co6ojieBCKHii A.H. KoHKpeTHaa Teopua BepoaTHOCTeii. 
http://ium.mccme.ru/postscript/f10/sobolevskii-main.pdf . 

3apana CB3aHa c iisyneiineM BbipoacpemieM BeTBaiperoca npopecca (cm. 
3apany 2 pa3pejia 6). 

36. (3apana M. FappHepa o pa36opHHBOi"i HeBecTe.) B aypHTopiiii Ha- 
xopiiTca neBecTa, KOTopaa xoneT Bbi6paTb ce6e acem-ixa. 3a pBepbio bm- 
CTpoiuiacb onepepn 113 N aceHiixoB. OTHOCiiTejibHO jik> 6 bix pByx acemixoB 
HeBecTa MoaceT cpeaaTb bhbop, Kanon H3 hiix pjia Hee npepnonTiiTejib- 
Hee. TaKHM o6pa30M, HeBecTa 3apaeT Ha MHoacecTBe acemixoB OTHomemie 
nopapna (ecTecTBeimo cmiTaTb, hto ecjni A npepnoHTHTejibHee B, a B 
npepnoHTHTejibHee C, to A npepnoHTHTejibHee C ). IIpepnojioacHM, hto 
Bee N\ BapriaHTOB onepepeii paBHOBepoaTHbi h HeBecTa 06 stom 3HaeT 
(paBHO, Kan h hhcjio TV). yKeHHXH 3anycKaroTca b aypHTopnio no onepepn. 
HeBecTa bhpht Kaacporo H3 hiix b nepBbiii pa3! Ecjiii Ha KaKOM-TO acem-ixe 
HeBecTa ocTaHOBiiTca (cpeaaeT cboii Bbi6op), to ocTaBmaaca onepepn pac- 
xopiiTca. HeBecTa xoneT Bbi6paTb Haiuiynmero acem-ixa (uccjiepya fc-ro no 
onepepn acem-ixa, HeBecTa jninib MoaceT cpaBHHTb ero co BceMii npepni- 
pyipnMH, KOTopbix OHa yace npocMOTpejia h nponycTiuia). Opem-iTe (npn 
N -3 00) BepoaTHOCTb toto, hto HeBecTe ypacTca Bbi6paTb Haiuiynmero 
acem-ixa, ecjin OHa npi-ipepaci-iBaeTca cjiepyioipeii CTpaTernn: npocMOTpeTb 
(nponycTHTb) nepBbix no onepepn [N/e\ KaHpnpaTOB h 3aTeM Bbi6paTb 
nepBoro KaHpnpaTa, KOTopbiii jiynrne Bcex npepbipyipnx (BnponeM, Tanoro 
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KaH^H^a'ra mohcct h ne 0Ka3aTBCH, Tor,n,a, oneBimHO, HeBecTa He CMorjia 
BBi6paTB Haiuiynmero ntem-ixa). 

3aMenaHHe. Moxoio noKa3aTB, hto omicaHHaa CTpaTeraiH 6yn,eT aci-iMn- 
TOTHHecKii onTHMajiBHOH (no,n,po6Hee 06 stom 6yn,eT HanucaHO b HacTii 2). 
IIonyjiHpHoe n3Jio:»ceHHe iiMeeTCH y C.M. rycei“m-3a^3,e. O/piaKO nojie3HO 
o6paTHTB BHHMaHne, hto 3Ta 3a^aHa hbjihctch hpkiim npiiMepoM pejioro 
HanpaBjieHHH: onTiiMajiBHOii ocTaHOBKii CTOxacTiinecKiix npopeccoB, ne- 
peTexaiomiix b onTHMajiBHoe ynpaBjieHiie npopeccaMii MapKOBa, a toh- 
Hee em,e 6ojiee o6m,ero HanpaBjieHiiH ynpaBjiaeMBix npopeccoB MapKOBa. 
Han6ojiee nojie3HBiM ^jih npiuiOHceHiiH (oco6eHHO b o6jiacTii “Hccjie^OBa- 
ni-ie onepapnii”) bo bccm stom hbjihctch pacnpocTpaHemie npimpima ,h,h- 
HaMiinecKoro nporpaMMi-ipoBam-iH BexuiMaHa Ha c TOxacT h 1 1 ec k h h cjiynan 
(npuHVjUn Baji’bda-Be.ti.tiMaHa). 06 stom mojkho nponi-iTaTB, HanpiiMep, 
y E.B. /IhiHKHHa - A.A. lOmKeBiina, A.H. IIInpaeBa, B.H. ApKiraa - 
H.B. EBCTHTHeeBa. ^jih BBe^emiH mohcho nocMOTpeTB khhth E.C. BeHT- 
pejiB hjih IO.A. Po3aHOBa [8], cm. Taicnte sa^any 21113 pa3^ejia 6. TaK»ce 06 
3tom HanpaBjieHiiii no^po6Hee njiamipyeTCH iimicaTB b HacTii 2. CTygeHTBi 
OynM MOTH TaK»ce CTOJiKHyTCH c sthm HanpaBjieHiieM b Kypce CTOxa- 
CTHHeCKHX ^,Hc]3cl3epeHH,HajIBHBIX ypaBHeHHH. B TaKOM KOHTeKCTe nOJie3HO 
6yn,eT nocMOTpeTB KHiiry: OKceH^ajiB B. CTOxacTiiHecKiie fliKjxjsepeHpu- 
ajiBHBie ypaBHeHim: BBe^em-ie b Teopino h npiuiOHceHiiH. M.: Mnp, 2003. 
408 c. 


37. (BiipjKeBOii napa^OKC.) PaccMOTpiiM jho6ohbithbih 3kohomhh6Ckhh 
npHMep. nycTB iiMeeTCH HaHanBHBiii KaraiTaji K\ , kotopbih Tpe6yeTCH 

yBeJIHHIITB. AJIH 3TOTO HMeiOTCH ,H,Be B03MOHCHOCTH: BKJia^BIBaTB ^eHBni 
b na^e>KHBiH 6aHK h noKynaTB Ha Giipuce aKpiiii HeKOTopoii KOMnaHHH. 
nycTB u - aojih KamiTajia, BKjia^BiBaeMaH b 6aHK, a v - ,h,ojih KaniiTajia, 
pacxo^yeMaH Ha npiio6peTeHiie aKiiyiH (0 < u + v < 1). npe^nojio>KHM, 
hto 6aHK rapaHTiipyeT b x 100% to^obbix, a aKpiiii npiiHOCHT X x 100% 
to^obbix, iyi,e X - c.b. c m aTeMaTHHecKHM ona-mamieM mx > b > 0. Tam-iM 
o6pa30M, nepe3 rofl Kam-iTaji cocTaBiiT BejinHimy K 2 = K\ (1 + bu + Xv). 
OneBii^HO, hto, ecjiii npimepxuBaTBCH CTpaTerim, MaKCHMH3iipyiOHi,eH 
cpe^HHii Aoxofl 3a ro,n,, to bbito^ho npiiCBOiiTB cjie^yromne 3HaHeHiiH: 
u = 0, v = 1. 

PaccMOTpi-rre npupocT KamiTajia Kt.+i 3 a i JieT, CHiiTan X \,..., X t 
He 3 aBHCHMBiMH c.b. nonanci-iTe, hto npn encero^HOM BjiOHceHiiii KamiTajia 
B aKH,HH 

E (K t ) —> 00 npn t —> 00, 
ho npn 3tom b cjiynae E [log(l + A)] < 0 
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t/* n.H. . 

l\ t —> (J npn t oo. 

IIpiiBe^HTe npiiMep Taxoii c.b. X. 

¥Ka3aHHe. Bocnojib3yi"iTecb ycnjieHHbiM 3aKOHOM 6ojibiniix 'incejr, BBe,ga 

3aMeHy K t+1 = K { e tY <, r^e Y t = j J2 l°g( 1 + x i)- 

i =1 

3aMeaaHHe. PaccMOTpeHHbiii napa^OKC xopomo njuiKiCTpiipyeT oco6eH- 
hoctb noBe^emia cjiynaHHOH nocjie^OBaTejibHOCTii, xoTopaa b OTjiHHne 
ot ,a,eTepMiiHiipoBaHHoii MoaceT cxo^iitbch b pa3Hbix CMbicjiax k pa3HbiM 
3Ha'I6HHHM. 

IIpH'iHHa paccMOTpeHnoro 6np>xeBoro napa^oxca - neya,aHHbiii Bbi6op 
xpnTepua onTiiMajibHOCTii. B xaaecTBe ajibTepHaTHBbi MoryT 6biTb Bbidpa- 
Hbi cjie^,yK>mne KpiiTepiiii: 

a) JIozapu<pMUHecKasi cmpamezusi hjih cmpamezusi Kejuiu: 

Y t —> A (u) = E [log(l + bu + X(1 — tt))], t —> oo, 

A (u) —> max , 

0<M<1 

E [log(if t+ i)] ->• max . 


6) BeposimHocmHuu Kpumepuu: 


P<l>(ui ...u t ) = P(A" t+ i > ~(j>) ->■ max . 

U l,...,U t 

Hcnojib3ya MeTOfl dunaMunecKOZo npozpaMMupoeanusi (cm. HacTb 2, a 
Taxace Bertsekas D.P. Dynamic Programming and Optimal Control. V. 1. 
Belmont, Massachusetts: Athena Scientific, 1995. 558 p.), mokho noxa- 
3aTb, hto onTHMajibHoe ynpaBjiemie yn,OBjieTBopaeT cjieflyromeMy cootho- 
memiK): 


u t {K t ) 


0, <f>>-K t (l + b), 
1, <f> < —K t (l + b). 


IIo^odHbiii Tiin ynpaBjiemia (cTpaTerini) co3ByaeH HCTopnaecxoft 
npaxTHxe Haxonjiemia xanmajia: b anoxy nepBiiHHoro naxonaemia jiro- 
fln 3aaacTyx) cepbe3HO pncxoBajin pa^,ii ^eHer, ho xax tojibxo ohii Ha- 
xanjiiiBajiH cyMMy, ^ocTaToaHyro .zyia 6e36e,n,Horo cymecTBOBamia npn ee 
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BjiojKeHHH xoth 6bi b 6aHK, neo6xo,n,i'iMOCTb b piicxe fljiH hex OTna,n,ajia. 
Bojiee ,n,eTajibHoe paccMOTpemie salami cm. b Ki-i63yH A.H., KaH IO.C. 
3a^,aHii CTOxacTiinecKoro nporpaMMiipoBaHiia c BepoaTHOCTHbiMii KpiiTe- 
pnHMH. M.: ®H3MaTjiHT, 2009. 347 c., cm. TaKace KHi-iry [25], KOTopan 6ya,eT 
nojie3Ha h ,zyia pemeHiia cae^yromeii 3a^3,aan. 

38. (Ilapa^OKC CTpaxoBaHiia.) B neKOTopoM ropo^e HMeeTca MHoro 
aaiTejieii h o^,Ha 6oabmaa CTpaxoBaa KOMnaHiia. Kaac,H,biH rqn, KaapjbiH 
aaiTeab (He3aBiiciiMO ot ocTaabHbix) c BepoaTHOCTbio p = 0,1 MoaceT 
noTepaTb noaoBHHy (6 = 0,5) CBoero cocToaHiia. CTpaxoBaa KOMnaHiia 
npe^jiaraeT aciiTeaaM CTpaxoBaTb 3Ty nojiOBiiHy cocToaHiia nofl ro^OByro 
CTaBKy c = 5, 5%. To ecTb aaiTeab, Bjia^eiomiiii co6cTBeHHOCTbio V, 3a 
ro,n flOJiaceH 3anaaTHTb CTpaxoBofi KOMnamm cV > pbV. Ecjih stot ( 3 a- 
CTpaxoBaHHbiii) aaiTeab TepaeT noaoBimy coBero cocToaHiia, to CTpaxoBaa 
KOMnaHiia nojiHOCTbio KOMneHCiipyeT eMy stii noTepii. IloneMy npii TaKOii 
CTaBKe CTpaxoBaa KOMnaHiia MoaceT paccmiTbiBaTb Ha npii6buib? IIoHeMy 
b TaKOM cjiynae CTpaxoBaHiie MoaceT 6 bitb bbito^ho ii aciiTeaaM ropo^a? 

¥Ka3aHHe. fljia OTBeTa Ha BTopoii Bonpoc, cniiTaiiTe, hto Kaac^,bii"i >kh- 
Tejib .hobohbho .hojito aciiBeT (n 1 jict) ii cpaBHHBaeT cboii noTepii 
b caynae i-icnojib30BaHHH ycayr CTpaxoBoii KOMnaHiin = Vq(1 — c) n c 
oacii^aeMbiMH noTepaMii b caynae OTKaaa ot ycayr CTpaxoBoii KOMnaHim 

«V 0 (1 -b) np . 

39. (PaBHOBecne Hsma [10].) O^iih nrpoK npaneT (3aaaiMaeT b Kyaane) 
o^Hy nan ,n,Be mohctbi ^.octoiihctbom 10 py6aei"i. /Jpyroii nrpoK ^oaaceH 
OTra^aTb, CKoabKO ,n,eHer y nepBoro cnpaTaHO. Ecan OTra^biBaeT, to no- 
aynaeT fleHbrn, ecan hct - naaTHT 15 py6aei"i. KaKOBbi ^oaacHbi 6biTb 
CTpaTeriiii nrpoKOB npii MHoroKpaTHOM noBTopeHiin nrpbi? 

40. (PaBHOBecne Baiieca-Hsma.) B ayuHTopiiii naxo^iiTca 100 neaoBeK 
(nrpoKOB). Kaapi,oro npocaT HaraicaTb peaoe m-icao ot 1 ,n,o 100. IIo6e- 
,a,HTeaeM OKaaceTca tot ynacTHiiK, KOTopbiii Haraicaa Hiicao, iian6oaee 
6aii3Koe k 2/3 ot cpe^Hero apinJiMeTHHecKoro Bcex Hiicea. Tpe6yeTca 
HaiiTH Hau.ayHiuuu omeem npii cjmKCiipoBaHHbix CTpaTeniax conepHiiKOB: 
Kaac^biii conepHiiK, npocHiiTaB Ha X £ Po(2) xo^a Bnepefl, Bbi6npaeT 
Hayra^i, (paBHOMepHo) Hiicao ot 1 ,a,o 100 • (2/3) x . K npi-iMepy, B03MoaceH 
cae/tyioiHHH xo,a, Mbicaefi conepmiKa: “nocKoabKy Bee floraeaaiicb, hto 
H e ctoht micaTb niicao 6oabmee 100 • (2/3), to ne ctoiit mica rb Hiicao 
6oabinee 100 • (2/3) 2 ”. 

3aMeaaHae. CTpaTema (^eiiCTBiie i-irpoKa i b 3aBHCHMOCTH ot CBoero 
Tima ti £ T*) s* : Ti A t Ha3biBaeTca nauAynmuM omeemoM na 3a^aH- 
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Hbie CTpaTeniii conepmiKOB ecjin OHa HBjiaeTCH pememieM sa¬ 

lami m a kc n mh 3 an hh oximaeMoro BBiiirpBima paccMaTpiiBaeMoro nrpoKa. 
ripii 3 tom ycpe^Hemie npoii3BO,a,HTCH no BceM neri3BecTHBiM nepeMOHHBiM, 
othochih,i-imch k conepHHKaM (TiinaM conepmiKOB t-i): 

■ P(t-i\U) = 

t-i 

ma x'y]ui(a i ,s-i(t-i),ti,t-i) ■ P(t_i|U), 

dj £A .; z ' 
t-i 

iyje Ui - Bbinrpbim nrpoKa i npn 3a,n;aHHbix /jencTBHHx n Tnnax Bcex 
nrpoKOB, Ai - MHoncecTBO fleftcTBHft nrpoKa i, P(t_j|ij) - npe^CTaBjienne 
o Tnnax ocTajiBHBix nrpoKOB npn H3BecTHOM CBoeM Time. TamiM odpasoM 
mojkho onpe^ejiiiTB, BOo6in,e roBopsi, MHoro3HanHoe OTo6pa»ceHHe Haiuiyn- 
hihx OTBeTOB S * (.s) = {s*(s_i)} ( . Heno^BH>KHaH TOHKa stoto OTo6pa- 
>kchhh S *( s *) = s * 6y^eT paenoeecueM Baueca - Hdiua . Tanaa Tonna He 
Bcer^a cyipecTByeT, ho Bcer^a cyipecTByeT ee aHajior b cjiynae, Kor^a hi - 
poK MoaceT CMemi-iBaTB hcckojibko CTpaTeniii (T.e. CMemaHHoii CTpaTemeii 
6y^eT ^.HCKpeTHoe pacnpe,n,e.jieHHe (pi,... ,P\Ai\), P(s» = k) = p *,). 

Cm. TaK»ce KHiiry R.B. Myerson. Game Theory, Harvard University 
Press, 1997. 

41. (AyKH,HOH nepBOii peHBi.) ynacTHiiKa ayKipiOHa KOHKypupyiOT 3a 
noKynny HeKOToporo o6T>eKTa. D,eHHOCTii o6T>eKTa v\ h V 2 ajih ynacTHHKOB 
HBJIHIOTCH H63aBHCHMb[MH C.B., paBHOMepHO paCnpe^ejieHHBIMII Ha OTpe3Ke 
[0, 1]. YnacTHHK iiMeeT TOHHyio HH(j)opManmo o CBoeM aHa'iemni ly, ho He 
3HaeT Vj. YnacTHHKH ^.ejiaiOT CTaBKii H3 ^,iiana30Ha [0, 1] o^,HOBpeMemio 
h ne3aBHCHMO Apyr ot ,npyra. B ^aHHOM ayKipiOHe no6e:*yi,aeT tot, kto 
nocTaBi-ui 6ojmmyio CTaBKy. npn paBeHCTBe CTaBOK 6pocaeTca acpediiii. 
KajK^Biii o6a3aH 3anjiaTHTB no cpe^Heii CTaBKe, ^,a»ce ecjin eMy o6T>eKT 
He ^.ocTaeTca! OTKa3aTi>ca ot ynacTiia b stom ayKipiOHe Hejn>3a. 

a) BbinHiriHTe <J>yHKii,HH BBiiirpBima nrpoKOB b ^.aHHoii iirpe. 

6) HaimiiTe Hanjiynmnit otbct nrpoKa b ^.aHHoii iirpe b Kjiacce KBa^i,- 
paTHHHBix CTpaTeniii: bi(vi) = cvf, rpp c > 0. 3aBHCHT jih Haiuiynmiiii 
OTBeT ot CTpaTeniii conepm-iKa b .naHHOM cjiynae? 

b) noKaaciiTe, hto b 3toi"i iirpe HeT ^pynix (npoMe HaimeHHBix b nyHK- 
Te 6)) pemeHiiii c rjia^KHMH B03pacTaiOHi,HMH CHMMeTpiiHHBiMH CTpaTeni- 
hmh. CuMMempuHHUMU CTpaTeniaMii HBjiaeTca napa (&i(ci), 62(^2)) = 

= (b(v i),b(v 2 )). 
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VKa3aHHe. CTpaTen-ieii iirpoKa i b ,n,aHHOH iirpe HBjiaeTCH cjDyHKpiiH bi : 
[0,1] —» [0,1], paBHaa Bejiiiaime CTaBKii npn neHHOcru o6T>eKTa ty. Cm. 
KHiiry Myerson R.B. Game Theory. Harvard University Press, 1997. 558 p. 

42. (Pacnpe^ejiemiH KaHTopoBCKoro Tima.) IlycTB X). - BsanMHO He3a- 

BHCHMbre c.b. c pacnpe^,ejiemieM Be(l/2). B cyMMe pac- 

cmotphm tojibko cjiaraeMBie c neTHBiMii HOMepaMH, hjih, hto c tohho- 
ctbio pp> MHTOKiiTejia 3 (b ^ajiBHeiimeM noTpe6yeTca pjm ya,o6cTBa), ecTB 
Y = 3 4 _S X S . rioKaxiiTe, hto cjryHKipia pacnpe^ejiemia F(x) = 

= P (Y < x) HBjiaeTca CHHryjiapHofi (Kor^a ne oroBapimaeTCJi othoch- 
TejiBHO KaKofi MepBi, no^,pa3yMeBaeTca, hto OTHOciiTejiBHO Mepu JIe6eza, 
T.e. paBHOMepHoii). 

¥Ka3aHHe. Mojkho paccMaTpimaTB Y KaK BBiiirpBim iirpoKa, KOTopniii 
nojiynaeT 3 • 4 _fe , Kor^a k-e 6pocaHiie CHMMeTpHHHoft mohctbi ^aeT b 
pe3yjiBTaTe pemKy. Hcho, hto nojiHBiii BBiurpBim jieaaiT MejK^y 0 h 
3 (4 -1 + 4~ 2 + ...) =1. Ecjiii nepBoe no^6pacBiBaHiie mohotbi npiiBejio k 
pemKe, to nojiHBiii BBiiirpBim >3/4, Tor^,a KaK b npoTHBonojioJKHOM cjiy- 
nae Y < 3 (4 -2 + 4 -3 + ...) = 4 _1 . To ecTB HepaBeHCTBO 1/4 < Y < 3/4 
He MoaceT 6 bitb ocymecTBjieHO hii iipn KaKHx o6cTOHTejiBCTBax, 3 h an h r r, 
F(x) = 1/2 b HHTepBajie x £ (1/4, 3/4). Hto6bi onpe^ejiiiTB, KaK Be^eT 
ce6a tJiyHKHHH pacnpe^ejieHiia na iiHTepBajie x £ (0,1/4), noKaaaiTe, 
hto Ha 3 tom iiHTepBajie rpac})HK OTjuinaeTca tojibko npeodpasoBam-ieM 
no^oGiia F(x) = (l/2)F(4x). 

3aMenaHHe. IlpiiMep, Kor^a CBepTKa ,n,Byx cimryjiJipHBix pacnpe^ejieHim 
HMeeT HenpepsiBHyio hjiothoctb: c.b. X = J/fcLi 2~ k Xi- HMeeT paBHOMep- 
Hoe pacnpe^ejiemie Ha iiHTepBajie (0,1). 06o3HaHHM cyMMy hjkhob psma c 
HeTHBIMII H HeneTHBIMII HOMepaMH Hepe3 U H V COOTBeTCTBeHHO. Hcho, hto 
U n 2V HMeiOT o^HHaKOBoe pacnpe^,ejieHiie h iix pacnpe^ejiemie othociitch 
k KaHTOpoBCKOMy Tuny. 

43. HanoMHiiM, hto cumy.asipHUMU MepaMi-i Ha3BiBaiOTca MepBi, cjryHK- 
h,hh pacnpeflejieHiia F(x) kotopbix nenpepBiBHBi, ho tohkh hx po- 
CTa [x - TOHKa pocTa F(x), ecjin pjisi jno6oro e > 0 BBinojiHaeTca: 
F(x + e) — F{x — e) >0) o6pasyiOT MHOxcecTBO HyjieBoii MepBi JIe6era. 
IloKa>KHTe, hto Mepa, cooTBeTCTByiomaa <J)yHKH,HH KaHTopa, cimryjiJipHa 
no OTHomeHiiio k Mepe JIe6era. 

3aMenaHHe. (Co6oji6bckhh A.H. KoHKpeTHaa Teopua BepoaTHOCTeii.) 
JIio6aji BepoHTHOCTHaa Mepa MOxceT 6 bitb npe^CTaBjieHa b Bii^e cyMMBi 
adcojiiOTHO HenpepBiBHoii, ^HCKpeTHofi h ciiHi yjmpHOH Mep. 
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CiiHryjiHpHbie pacnpe,n,e.jieHira BepoHTHOCTH B03miKaiOT b spro^iine- 
CKoft Teopmi h m a r re moth h ec ko ii c r i’a r rnc r r h' rec koh c})H3HKe KaK iiHBapn- 
aHTHBie MepBi ^HCcunaTHBHbix ^HHaMHHecKHx CHCTeM, o6jia^aioiii,iix t.h. 
“cTpaHHBiMri aTTpaKTopaMii”. KojiiiHecTBeimoe nayieHHe Tamix Mep otho- 
ciitch k reoMeTpiinecKOH Teopira MepBi h H3BecTHO no,n, Ha3BamieM “cjapaK- 
TajiBHoii reoMeTpini”. OcHOBHBie HMnyjibCbi paaBHTira stoh ^hcphiijihhbi 
H cxoflHjiH H3 pa6oT K. KapaTeo^opii, O. Xayc^opcjDa, A. Be3iiKOBiiHa 1920- 
x to^ob, a no3,n,Hee - B. MaH,n,ejib6poTa h MHoroHiicjieHHbix c})H3hkob, ko- 
Topbie 3aHHMajmct> i, hh a mh'i ec khm xaocoM” b 1980-x ro^ax (n. Tpacc6ep- 
rep, Ii. IIpoKaHHa, IIapH3H, Y. Opiini). FIo,iipo6Hee o MyjibTiicjapaK- 
TajiBHbix Mepax cm., nanpiiMep, khhfh: Oe^,ep E. OpaKTajiBi. M.: Map, 
1991. 260 c.; Falconer K. Fractal Geometry: Mathematical Foundations 
and Applications. John Wiley & Sons, 1990; IlecHH 51.B. Teopira pa3- 
MepHOCTii h ^HHaMHuecKHe ciiCTeMBi. M.-H»ceBCK: Hh-t KOMnmoTepHBix 

iiccjieAOBaHiiii, 2002. 404 c. 

44. (Mo^ejm 9p^ema-PeHBii.) IlycTB ecTb KOHeuHoe mhojkbctbo 
(b ^.ajiBHeiimeM mhojkbctbo Bepinim) V, £ uv > He3aBiiciiMbie c.b., 3aHy- 
MepoBaHHbie napaMii {v,v'} £ V x V, \V\ = N, £ vv i £ Be(p). TamiM 
o6pa30M, moxcho 3a^aTb a6cTpaKTHbiii cjiyuaiiHbiii rpaij) Ha cjuiKCiipoBaH- 
HOM MHOHCeCTBe BepiHIIH. IIOKaHCHTe, HTO 

а) npn p = N } +E , e > 0, cpe^Hee hiicjio He H30jnipoBaHHbix Bepmini b 
cjiyuafiHOM rpacjje ecTb o (IV); 

б) npn p = N l- e i £ > 0, c BepoHTHOCTbio 6 jih3koh k 1 cyipecTByeT 
CBH3Haa KOMnoHeHTa nopapna N (TV 1). 

3aMeuaHHe. Cm. dpomiopy MajibimeBa B.A. [10], aHajioraiHHO pjra cjie- 
pyiomeii 3apaHii. 

45 . PaccMaTpiiBaeTCH KOHcjmrypapira cm-iHOB ix = {x mn } (rpe x mn £ 
£ Be(p) - ne3aBHCHMbie c.b.) Ha pByMepHoii pemeTKe {(m,n)eZ 2 }, 
BepmiiHy (m, n) Ha30BeM 3aHHTOi"i, ecjm x mn = 1 . CoepimiiM pe6poM Bee 
cocepmie (Haxo^HmiiecH Ha paccTOHHiiii 1) 3aHHTbie BepmiiHbi. riojiyuHTCH 
cjiyuaHHbiii rpaij) G = G (w). Fla30BeM KjiacTepoM rpacjaa G MancHMajibHoe 
no^,MHO»cecTBO A Bepmim pemeTKH Tanoe, hto pjra jho6bix pByx v,v' £ A 
cyipecTByeT CBH3biBaiOHi,HH hx nyTb no pedpaM rpac[m G. /],OKa>KHTe, hto 
cyipecTByeT Tanoe 0 < p < 1, hto npn p < p Bee KjiacTepbi KOHenHbi c 
BeposiTHOCTbio 1, a npn p > p c nojioJKHTejibHoii BepoHTHOCTbio ecTb xoth 
6bi o/yiH 6ecKOHeHHbii"i KjiacTep. 

YKa3aHHe. FIoKa>KHTe, hto npn pocTaTOHHO Majibix 3HaHeHirax p Be- 
posiTHOCTb co6biTira, hto Bee KjiacTepbi KOHenHbi, paBHa 1. nonanci-iTe, 
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hto BepoHTHOCTb Toro, hto KjiacTep, co^epatamnH Hanajio KOop^iiHaT h 
HM erornHH ne MeHee N Bepimm, He npeBoexo^HT ( Cp) N —> 0, r,a,e C 

N—too 

HeKOTopaa KOHCTaHTa. A 3HanHT, h co6biTHe: 6ecKOHeHHBiH KjiacTep 
co,a,ep>KHT Hanajio KOop^imaT - HMeeT HyjieByro BepoaTHOCTB. 

46. Ha HeKOTopott pexe HMeeTca 6 octpobob (cm. puc. 2), coe^HHeHHBix 
MejK/i,y co6oii chctcmoh moctob. Bo BpeMa jieTHero HaBO,n,HeHHH nacTB 
moctob 6buia pa3pymeHa. npn stom KaHygBiH moct pa3pymaeTca c Bepo- 
HTHOCTBIO 1/2, He3aBHCHMO OT ^pyrHX MOCTOB. KaKOBa BepOHTHOCTB TOTO, 
hto nocae HaBO^HeHiia mojkho 6ya,eT nepeftTPi c o^hoto 6epera Ha ^pyroii, 
HcnojiB3ya He pa3pynieHHBie moctbi? Cm. Cherny A.S. The Kolmogorov 
student’s competitions on probability theory. MSU. 
http://www.newton.ac.uk/preprints/NI05043.pdf 



Puc. 2. CxeMa moctob 



Puc. 3. HjunocTpapHH k 3a,n,aHe nepKOJiapna. AHacTacua KoBBuniHa, 2014 
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47. * (nepKOJiaipia.) B KBaflpaTHOM npyny (co CTopoHOil, paBHoii 1) bbi- 
pocjn-i (cjiynaimBiM o6pa30M) N 1 upeTKOB jiOTOca, iiMeromux cjjopMy 
Kpyra pa^nyca r > 0. Ha30BeM r = r/v paduycoM nepKOMV,uu, ecjin c Be- 
poHTHOCTBio 0.99, He jiio6hhi,hh BO^y >KyK CMOxeT nepenoji3Tii no upeTKaM 
jiOTOca c ceBepHoro 6epera Ha kkkhbih, He 3aMOHHBHiiiCB. noKaaciiTe, hto 

Tn ~ —=. OpemiTe C. 

VN 

3aMenaHHe. Cm. KecTeH X. Teopua npocaHiiBaHiia .zpia MaTeMan-iKOB. 
M.: Map, 1986. 392 c.; Grimmett G. Percolation. Springer, 1999. 447 p. 

48. (MeTO,n, peHopM rpynnBi.) B KBa/jpaTHOii Ta6jinu,e 3a^aH npopecc 
OKpamiiBaHi-iH aneeK: c BepoaTHOCTBio p aneitea ne3aBHCHMO OKpamn- 
BaeTca b nepHBiii upeT, imane ocTaeTca 6ejioi“i. Hccae^yeM b TaKOii ch- 
CTeMe pa3MepBi CBa3HBix komhohcht 113 nepHBix aneeK. rtpii iie6ojiBmnx 
3HaneHiiax p o6pa3yeTca MHoro OT^ejiiiMBix KjieTOHHBix o6jiacTeii, b to 
B peMa Kan npn p ~ 1 c 6ojibhioh BepoaTHOCTBio nojiyniiTca HecKOJiBKO 
KOMnoHeHT, cons m ep hm bix co Been Ta6jiHH,eft. YcTaHOBjieHO, hto 3HaHenne 
p c = 0.5927462.. . aBjiaeTca kphthhcckhm, npii npeBBimeHiiii KOToporo 
b pe3yjiBTaTe pacKpacKii cpe^Hee 3HaHeriiie pasMepa komhohchtbi pacTeT 
BMecTe c yBejiHHeHHeM pa3Mepa Ta6jiim,Bi (Ta6jinu,a ^ocTaTOHHO 6ojiBinaa). 
Onpe^ejiiiM 7 r(s) kslk hjiothoctb pacnpe^,ejieHiia miomafleft komhohcht, 
r^e njioru,a^B o,h,hoh rjictkii paBHa a. /loiiycTHM, hto tt(s) 3aBi-ici-iT tojibko 
ot napaMeTpoB a h Es. Tan KaK uccjie^yeMaa hjiothoctb lie .nojiama 
3aBiiceTB ot MacniTa6a, to 



Msmchhm njioma^B o^hoii kjictkh a —> a/b, Tor^,a BBimy He3aBiiCHMOCTH 
ot MacinTa6a b o6jiacTi-i ( p < p c ) hjiothoctb ^ojiacHa npiiHaTB aHajioraiH- 

HBIII Bim 


7T(s) 


c{b)f 


/ s a/b\ 
\a/b' Es ) 


c(b)f 


sb a \ 
a ’ E(s6 )) 


Ecjih p — y p ci to Es —)■ oo (HeorpaHiiHeHHBiii pocT komhohcht c 6ojibhioii 
njioma^Bio) h, cjie^OBaTejiBHO, 


7 r(s) 



c(b)7r(sb). 


^OKaaaiTe, hto pacnpeflejieHiie co cboiictbom 7r(s) = c(b)Tr(sb) aBjiaeTca 
CTeneHHBiM (7r(s) oc s - ^). 
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3aMeHaHne. B KOHTeKCTe stoh ii nocjie^yromiix Tpex 3a,n,aH peKOMeH- 
^yeM 03HaKOMi-iTbCH c pa6oTaMii Newman M.E.J. Power laws, Pareto 
distributions and Zipf’s law // Contemporary physics. 2005. V. 46, N 5. 
P. 323-351; Mitzenmacher M. A brief history of generative models for 
power law and lognormal distributions // Internet mathematics. 2004. 
V. 1, N 2. P. 226-251. 

CTeneHHbie 3aKOHbi pacnpe,n,ejieHiiH c.b. yace BCTpeuajnicb paHee b 
3a^3,auax 27 u 29. Tauxce sti-i 3aKOHM bynyT BCTpeuaTbca b cjie^yroipiix 
ueTBipex 3a^auax, a TaKace b cjie^yroipiix pa3,n,ejiax, cm. 3a^,auu 31, 38, 
40, 59 pa3,n,ejia 5 h salami 4, 5 pa3^ejia 6. 

49. (MacmTa6npyeMOCTB CTeneHHoro pacnpe^ejieHHH, B. MaH,n,ejib6poT.) 
3aKOH A. JTotki-i rjiaciiT, uto “Ha Kaaygoro yueHoro, kotopbih Hamicaji 3a 
BCio >kh3hb He MeHee k HayuHBix pa6oT, npiixo,n,HTCH k 2 yueHBix, TBopue- 
ctbo KOTopuix CBejiocB k hx nepBOii pa6oTe (T.e. ohii c^,ejiajiii Bcero o^Hy 
HayuHyro paboTy)”. IIoKajKHTe, uto OTcro^a mohcho c^ejiaTB cjie^yromiiii 
^obojibho HeoHai^aHHBiii bbibo^i,: uto ecjm npo (cjiyuaimo BBi6paHHoro) 
yueHoro H3BecTHO, uto oh yace Hamicaji n pa6oT, to Moamo Ha^eaTbca, 
uto b 6yn,yrn,eM oh HamimeT eru,e b cpe/pieM ctojibko ace pa6oT - n. 

¥Ka3aHHe. BocnojiB3yiiTecB cue^yrorpiiM cbohctbom CTeneimoro pacnpe- 
^euemia (x > h > 0, a > 1): ecjn-i P (X > x) oc x~ a , to 

P (X > x\X > h) = (0 “. 


Cjie^OBaTejiBHO, 

E [X - h\X > h] = —. 

a — 1 

H 3 ycjiOBiiii 3a^3,auH cjie^yeT, uto a = 2. 

50. (JlorHopMajiBHoe pacnpe^euemie h MyjiBTHnjii-iKaTHBHBiH npopecc.) 
PaccMOTpi-iM uacTiipy, KOTopaa npn nepeMemeHini 1-13 o/pioro MecTa b 
.npyroe MoaceT pa3^,ejiiiTbca Ha hcckojibko MeHbiHiix uacTi-m, BCJie^,CTBiie 
coygapemia iijih ,npyroro B03^,eHCTBiia. Obo3HamiM uepe3 K(t) ~ Po(Af) 
hhcjio OT^ejiiiBrniixca uacTefi k MOMeHTy BpeMemi t. rtepBOHauajibHbiii 
pa3Mep uacTi-m,bi paBeH s 0 - IlycTb Dj - ,a,ojia uacTiipbi, OT^ejniBinaaca 
npn i-M coygapemni. Tor^a pasMep uacTiipbi b momcht BpeMemi t HMeeT 
BHfl (cjie^yeT cpaBHiiTb c 3a^,auei"i 33 pas^eua 5) 

K(t ) 

z{t )=so n (i ~ Di )> 

i=l 
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~cL 



o 

o 


0.0 1.0 2.0 3.0 


x 


Phc. 4. FpacjDiiK (J)yHKn,HH njiOTHOCTii jior-HopMajiBHoro pacnpe^ejieHiia 
c fi = 0 h pa3JiiiHHbix 3HaHeHiiHx cpe^HeKBa^paTHnecKoro OTKjiOHeHiia 
a (0.25; 0.5; 1.0) (standard deviation) 


K(t) 


S(t) = lnZ(£) = 


r^e n = lnsoj Y = ln(l — Di) - He3aBHCHMbie c.b. (no npe^,nojio»ceHiiK)), 
npnneM E Y = a < 0, BF = a 2 . 

IloKanaiTe, uto npn t — > oo c.b. Z[t) CTpeMiiTCH k jior-HopMajiBHOMy 
pacnpe^ejieHuro (cm. 3 aMenaHiie): 


Z(t) ~ LogA/ - (fi + A ta, Xt(a 2 + a 2 )) . 


YKa3aHHe. Cne^yeT ncnojiB30BaTB L(.n.T. i-i 3a^,any 102 pa3,n,ejia 2. 

3aMenaHHe. Cm. Mitzenmacher M. A Brief History of Generative Models 
for Power Law and Lognormal Distributions // Internet Math. 2004. V. 1, 
N 2. P. 226-251. 

PoBopHT, uto X HMeeT jior-HopMajiBHoe pacnpe^enemie LogA/”(/b c 2 ) c 
napaMeTpaMH /i n cr, ecjm pacnpe^enemie 3a^aeTCH njiOTHOCTBio BepoaT- 
hocth, HMeromeii bh,h, (cm. pnc. 4): 



e 2 ^ x > 0. 
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Ecjih nocjie jiorapiKjDMHpoBamia c.b. nopMajiBHO pacnpe^ejieHa, to 
ncxo^Haa c.b. jiorapiicjDMiiHecKii HopMajiBHO pacnpe^ejieHa. 


51. (Growth model with preferential attachment.) PaccMOTpi-iM cjie^yro- 
iuyio MO^ejm pocTa neopiieHTiipoBaHHoro rpacjja, cocToaiii,ero ii3HanajiBHO 
H3 o^hoii BepmiiHBi n neTjin: nycTB b e^immiy BpeMemi b rpacjje ,n,o6aB- 
jiaiOTca HOBaa Bepmima h HOBoe pe6po, coe,n,imaioiii,ee HOByro Bepimmy 
co cjiynaimo BBidpaHHoii iiMeiomeiica BepmimoH (BepoaTHOCTB BBi6opa 
nponoppiiOHajiBHa CTenemi BepimiHBi npimpim npe^nonTiiTejiBHoro npi-i- 
coe^imemia). 

IloKaaaiTe, hto b stoii Moreau npiiMemiM CTenennon 3aKOH .zpia CTe- 
neHeii Bepmim, a hmchho, hto ^ojih Bepmim co CTeneHBio ne Memme d 
npii6jiii>KeHHO paBHa 1/dr. 

3aMeaaHHe. 06o3HamiM nepe3 dk(t ) oaci-maeMoe (cpe^nee) 3HaHemie 
CTenemi k-ii BepmiiHBi b momcht BpeMemi t. IIoKanaiTe, hto .zpiH dk{t) 
cnpaBe,a,jiHBO cjie^yioiii,ee ^ncjrcjDepeHpiiajiBHoe ypaBHemie: 


d_ 

dt 


dk(t ) 


dk(t) 
2 1 


c ycjiOBiieM dk(k) = 1. OTicy^a cjie^yeT, hto dk{t) = \ftjk. 

^eTajiii cm. b mimymeiicH Kmire Blum A., Hopcroft J., Kannan R. 
Foundations of Data Science // e-print. 2016. 
http: //www .cs.Cornell.edu/j eh/book.pdf 

52. (Mo^ejin BaKjin-OcTryca n npe^,noHTiiTejiBHoe npHCoe^imemie.) 
PaccMOTpi-iM cjie^yiomyio MO,a,ejiB pocTa web-rpac|)a, KOTopyio, c toh- 
HOCTBIO ,11,0 He 60 JIBin 0 H OrOBOpKII, MOXCHO Ha3BIBaTB MO^ejIBIO BaKJIII 

OcTryca (cm. 3 a^auy 31 H3 pa3,n,ejia 8). 

Ba3a uudyKi^uu. CHauajia HMeeTca Bcero o^,Ha Bepmima, KOTopaa ccbi- 
jiaeTca caMa Ha ce6a (BepmiiHa c neTjieii). 

IUae HndyKyuu. npe^nojioaaiM, hto yace HMeeTca HeKOTopBiii (opii- 
eHTiipoBaHHBiii rpaij)). flycTB noaBjiaeTca noBaa BepmiiHa. Tor^a c Bepo¬ 
aTHOCTBio /3 > 0 H3 3TOH BepmiiHBi npoBO^HTca pe6po paBHOBepoaTHO b 
o^Hy H3 cymecTByiomiix BepmiiH, a c BepoaTHOCTBio 1 —/3 H3 stoh BepmiiHBi 
npoBO^HTca pe6po b o^,Hy H3 cymecTByiomiix Bepmim He paBHOBepoaTHO, 
a c BepoaTHOCTaMi-i nponoppiiOHajiBHBiMii Bxoflam,HM CTeneHaM Bepmim 
(BBixo^arpaa CTeneHB Bcex Bepmim om-maKOBa h paBHa 1) - npaeiuio 
npednoH’mumeA'bHozo npucoedunenusi (ot aHrji. preferential attachment). 

RpyruMH cjiOBaMii, ecjiii yace nocTpoeH rpacjj H3 n — 1 BepmiiHBi, to 
HOBaa n— a Bepmima comjieTca Ha Bepimmy i = 1,..., n— 1 c BepoaTHOCTBio 

in deg ra _ 1 (i) + a 
(n — 1) (a + 1) 
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r^e indeg ra _ 1 (i) - Bxo^ 3 , 5 im,aH CTeneHB BepmiiHBi i b rpacjie, nocTpoeimoM 
Ha mare n — 1 . IlapaMeTpBi f ) h a CBH 3 aHBi cjie,nyiom,HM o 6 pa 30 M 



IlHTepHeTy (host-rpacjDy) Hai-uiynmiiM o6pa30M cooTBeTCTByeT 3HaHeniie 

a = 0.277. 

^ajiee bbo^htch hhcjio in - cpe^Hee hiicjio web-CTpaHim, Ha o^hom caft- 
Te, h Ka>K^,aH rpynna web-CTpaHim, c HOMepaMii km, km + 1,..., (k + 1) to 
obte^HHaeTCH b o/ijih cai"iT. IIpH stom Bee ccbijikii (iiMeiom,Hecji Menyny 
web-CTpaHHH,aMii) “Hacjie,nyiOTC5i” coflepacanpiMH hx cariTaMii nojiyna- 
eTCH, hto c o^Horo catoa Ha ^pyroii MOxteT 6bitb HecKOJiBKO ccbijiok. 
BnponeM, caiiTBi MoryT coBna^aTB - BHyTpn o^Horo catoa web-CTpaHi-mpi 
TaKxce MoryT ,npyr Ha APy ra cocjiaTBCH. IlycTB, CKanceM, nojiymuiocB, 
hto ,n,jra 3a^3,aHHoii napbi catooB Tam-ix (o^iiHaKOBBix) ccbijiok OKa3ajiocB 
l < to, Tor^,a mbi npeBpaipaeM hx b o^,Hy ccBuiKy, ho c BecoM (BeposiTHO- 
ctbk) nepexo^a) l/m. 

YcTaHOBiiTe CTeneHHoii 3aKOH pacnpe^,ejieHira bxo^,jhu,hx CTeneHeii Bep- 
mHH b MO^ejiii BaKjiii-OcTryca. IIpH stom orpaHiiHBTecB cjiynaeM to = 1 
(stot 3aKOH He 6yn,eT 3aBiiceTB ot m). 

¥Ka3aHHe. 06o3HaHiiM nepe3 Xk ( t ) hhcjio BepniHH c Bxo^nmeii CTene- 
hbk) k b MOMeHT BpeMeHii t, T.e. Kor,n,a b rpacjje mvieeTCi-r Bcero t Bepmmi. 
3aMeTiiM, hto no onpeflejieHino 

t = ^2 X k (t) = ^2 kX k (t) = 5Z kXk (*)■ 

k >0 fc>l fc>0 


IIoOTOMy, /JJIH k > 1 BepOHTHOCTb Toro, HTO Xk(t) yBejIHHHTCH Ha e^,H- 
HHD;y npn nepexo/je Ha cjie/iyiomHH mar t —> t + 1 no (J)opMyjie nojiHoii 
BepoHTHOCTH paBHa 


p x k-i (t) + (1 _ f3) {k 1) Xk—\ (t) 

AHajioniHHO, pflsi k > 1 BeposiTHOCTB Toro, hto Xk (t) yMeHBmiiTCH na 
eflHHHiiy npn nepexo^e Ha cjie,n,yiom,HH mar t —> t + 1 




kX k ( t ) 
t 


TaKiiM o 6 pa 30 M “oximaeMoe” npiipameinie AX k (t) = Xk (t + 1) — Xk (t) 
3a At = (t + 1) — t = 1 6y^eT 


AXk it) = XXk^ifi-Xk (*)) {k-l)X k _ 1 (t)-kX k (t) 

At p t y P) t 
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Ajm Xq (t) aHajioniHHoe ypaBHemie 6yn,eT i-meTb Biifl 

AX 0 (t) _ 1 X 0 (t) 

At t 

K co»cajieHiiio, cooTHomeHiiH nojiyneHHBie cooTHomemiH - He ecTB TOHHBie 
(pa3HOCTHBie) ypaBHeHHH, oraiCBiBaiom,iie to, KaK MeHHeTCH Xj- (t), xoth 
6bi noTOMy, hto H3MeHemie Xk ( t ) npoiicxo,n,HT cjiyHaimo. npe^jioxeHHaH 
BBime flHHaMHKa hojihoctbio ^eTepMUHiipoBaHHaa. O/praKO, rjir 6ojib- 
hii-ix 3HaHeHiiii t, xor^a Ha6jno,n,aeTCH KOHpeHTpapiia cjiynaiiHBix BejiiiniiH 
Xk ( t ) BOKpyr CBOiix MaTeMaTiinecKiix ona-maHi-iii (cpe,n,HHx 3HaHeHini), 
peajiBHaa ^HHaMHKa noBe^emiH Xk ( t ) h ^HHEMHKa noBe^emiH cpe,n,HHx 
3HaHeHiifi Xk ( t ) CTaHOBHTCH 6 jih 3 khmh - BapiiapiiH Ha TeMy meopeMU 
Kypmya - cm. 3a,n,aHy 3 pa3^ejia 6. TaKHM o6pa30M, Ha nojiyHeHHyio 
CI-ICTeMy MOHCHO CMOTpeTB, KaK Ha /[HHaMHKy epe^HHX 3Ha'ieHHH, BOKpyr 
KOTOpBIX njIOTHO CKOHU,eHTpiipOBaHBI peajIBHBie 3HaHeHIIH. nofl njIOTHOH 
KOHH,eHTpau,iieH HMeeTCH b Brmy, hto pasdpoc 3HaHeHini BejniHHHBi koh- 
TpojiiipyeTCH KBa^paTHBiM KopHeM H3 ee cpe^Hero 3HaHeHHH. 

BygeM HCKaTB pememie stoh ciiCTeMBi Ha 6 ojibhiiix BpeMeHax (t —> oo) 
b Bii^e Xk ( t ) ~ Ck • t (iinor^a Taxoro Bima pentiiMBi Ha3BiBaiOT npoMeotcy- 
moHHUMU acuMnmomuKaMU ): 

1 c fc _ 2-/3 /2-/A 1 

1 + ft Ck ~i 1 + ft + k ■ (1 — /3) \1 — ftjk 

OTKyn,a nojiynaeM cjie,n,yioiii,HH cmenennou 3anoH 

2-/3 „ 

c k ~ k W = k 


3 aMeTHM, hto ecjiii nocTpoiiTB na ochobc stoto cooTHomemiH pamoeuu 
3a,KOH pacnpe^ejieHHH BepniHH no i-ix BxoflHmiiM ereneHHM, T.e. OTpaHna-i- 
poBaTB BepmiiHBi no BxoflHipeH CTenemi, HanimaH c BepmiiHBi c caMofi 
bbicokoh Bxo^3,Hiu,eH CTeneHBio, to TaK»ce nojiym-iM CTeneHHoii 3aK0ir 

indeg r ~ r _1 ~ /3 . 


^eiicTBHTejiBHO, o 6 o 3 HaHHB .zpra KpaTKOCTii indeg r nepe3 x, nojiymiM, hto 
H aM HyHCHO HaHTI-I 3aBI-ICHMOCTB X (r), eCJIII I-I3BeCTHO, HTO 


dr (. x ) 
dx 


—X 1 -f > = —X 


r^e 3 aBHCi-iMOCTB r ( x ) nojiynaeTCH H 3 3 aBHCHMOCTH x (r) KaK pememie 
ypaBHeHHH x (r) = x. 
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3aMenaHHe. ^jih 6ojiee rjiy6oKoro norpyxemra b TeMaTiixy 3a,n,auii 
mo)kho peKOMeH,n,OBaTb cjie^yiomi-ie o63opHBie pa6oTBi Mitzenmacher M. 
A Brief History of Generative Models for Power Law and Lognormal 
Distributions // Internet Mathematics. 2004. V. 1, N 2. P. 226-251; 39. 
no^,jia30B A.B. 3aKOH Ujmcjra ii MO^ejin KOHKypeHTHoro pocTa. HoBoe b 
ciiHepreTiiKe. HejiimeimocTB b coBpeMeHHOM ecTecTB03HaHiii-i. M.: JIHB- 
POKOM, 2009. - C. 229-256; Newman M.E.J. Networks: An Introduction. 
Oxford University Press, 2010 i-i nonynupHyio CTaTBio arXiv:1701.02595. 

53. (06o6ru,eHHaH cxeMa pa3MemeHin"i) 

a) nycTB rjih pejiouiicjieHHBix HeoTpiipaTejiBHBix c.b. rji,..., t]n cyipe- 
CTByiOT He3aBiici-iMBie o^imaKOBO pacnpe,n,ejieHHBie c.b. £i,...,£jv Tam-ie, 
UTO 

P (? 7 i =k 1 ,...,rj N = k N ) = 

= P (£i = ki,... ,£n = k N \£i + • ■ • + £jv = n). (*) 


BBe^eM He3aBi-ici-iMBie o^imaKOBO pacnpe,n,ejieHHBie c.b. 
iyje r - u,ejioe HeoTpnijaTejibHoe hhcjio h 


P(^ } =fc) = P(£i = fc|£i^r), k = 0,1,... ,n 

nycTB p r = P(£i = r) n S N = £i + .. . + £n, S^ = ^ r) + -- ■ + €$■ riycTB 
/. i r (n,N ) - uiicjio c.b. r)i,...,r)N, npiiHHBnmx 3Hauemie r. noKa»aiTe, 
hto c.b. Ti-ma [i r {n, N) mokho ii3yuaTB c noMom,Bio o6o6ui,eHnou cxe.uu 
pa3Mem,eHuu : ajih jno6oro k = 0,..., N 


P (p r (n, N) = k) 


C k n p k r {l~Pr) 


N-k 


V(s% ) -k=n-kr) 

‘ P {S N =n) 


HanoMHiiM, uto b KjiaccHuecKoft cxeMe pa3Meru,emiii n pa3jniuHBix uacTim, 
no N pa3jiriuHBiM auemcaM 6bijio ,n,OKa3aHO, uto pacnpe^ejiemie uncjia 
3anojiHeHHft aueeic HMeeT bh# {Myji'brriuHOMuaji'bHoe pacnpede- 

Aenue ): 

n) 

r^e k\,..., kpf - HeoTpi-in,aTejiBHBie pejiBie uncjia, ]TL hi = n. Ecjih nojio- 
>KHTh ,..., £ Po (A) - He3aBiici-iMBie c.b. (A > 0 - npoii3BOJiBHo), to 

nojiyuiiM (*). 


6) * P, aH cjiyuaiiHBiii rpacjr (mo^cjib 9p,n,ema-PeHBii, cm. 3a^auy 44) 
G (n, p). nycTB p = noKanciiTe, uto npn n —> oo n c > 1 rpacjr 

G (n, p) nouTH HaBepHoe CBH3eH, a npn c > 1 nouTH HaBepHoe He CBH3en. 
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3aMeHamie. Cm. MOHorpacJnno Kojihiih B.O. Cjiynaimbie rpacjDbi. M.: 
®H3MaTjiHT, 2004. 256 c. riyHKT 6) no,npo6HO pa3o6paH b MOHorpacjjini 
AjiOHa-CneHcepa [37]. Mu Taxixe pexoMeH,nyeM CMOTpeTb nonyjnipHbie 
TeKCTbi A.M. Paiiropo^CKoro no TeMaTiixe cjiyHaimux rpac|)OB h hx npn- 
j[0>k6hhh, cm. Taxixe pa3^eji 8. 

54. (BepoHTHOCTHoe ,n,oxa3aTejibCTBO cJjopMyjibi 3ftjiepa [15].) IlycTb X 
- n,ejionncjieHHaH c.b. c pacnpe^ejiemieM 

P(A 

r Ae CO) = E s > 1 - 

ne N 

IlyCTb 1 < pi < P 2 < P3 < ■ 

= {X ^.ejiiiTCH Ha pk}. 

а) HaimiiTe P(Afc) h noxaixiiTe, hto co6uthh A\, A 2 ,... He3aBHCHMbi. 

б) IIOKaJKHTe, HTO 


= n ) = \ s ’ 

C (s)n s 

.. - npocTbie HHCJia, h nycTb Ak - co6biTiie 


OO 

II (! -Pk S ) = ch) (^opMyJia 3ftjiepa). 
k —1 

55.* (CTaTiiCTiiKa TeopeTHKO-HiicjiOBbix cjDyHKpnii.) ^obojibho nacTO Be- 
poHTHOCTHbie coo6pa»ceHiiH (HanpnMep, He3aBiiciiMOCTb) ncnojib3yiOTCJi b 
Teopiiii Hiiceji He coBceM CTporo, ho 3aTO BecbMa nacTO ohii no3BOJunoT 
yra^aTb npaBHjibHbiii otbct. IIohchhm cxaaaHHoe, noncajiyii, Han6ojiee no- 
nyjiapHbiM npiiMepoM (^iipnxjie, 1849) H3 khhfh Kau, M. CTaTiiCTiiHecxaji 
He3aBHCi-iMOCTb b Teopiiii BepoHTHOCTeii, aHajiii3e h Teopiiii nnceji. M.: HJ1, 
1963. 153 c. 

IlycTb A nexoTopoe mhojkbctbo nojioJxiiTejibHbix pejiux Hiiceji. O60- 
3HaHHM nepe3 A (n) xoniinecTBO Tex ero sjieMeHTOB, KOTopbie co,n,ep>KaTCH 
cpe^ii nepBbix n Hiiceji naTypajibHoro psma. Ecjih cyipecTByeT npe^eji 
lim A(n)/n = P(A), to oh HasuBaeTCH hjiothoctbio A. K cojxajieHino, 

n —> 00 

BepoHTHOCTHaa Mepa P (A) ne HBjiHeTCH BnojiHe a^HTiiBHOii (cneTHO- 
a^HTIIBHOH). 

PaccMOTpiiM pejibie Hiicjia, flejiamiieca na npocToe hiicjio p. IIjiot- 
hoctb MHoncecTBa TaKi-ix Hiiceji, oneBii^HO, paBHa 1/p. Bo3bMeM Tenepb 
MHOxecTBO pejibix Hiiceji, KOTopbie ^.ejisiTCH o^,HOBpeMeiiHO na p h q (q - 
.npyroe npocToe hiicjio). ^ejniMOCTb 11 a p h q sxBHBajieHTHa ^ejiiiMOCTii 
Ha pq, ii, cjie^OBaTejibHO, hjiothoctb iioboto MHOixecTBa paBHa l/(pq). 
Tax xax 1 /{pq) = (1/p) • (1 /q), to mu mojxcm iiCTOJixoBaTb 3to Tax: 
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“coShthh”, saRjironaiomiiecH b ^ejiiiMOCTH Ha p h q, h esan hchm at. 9 to, 
KOHenHO, BbinojiHHeTCH PfUSL jiro6oro KOjinnecTBa npocTBix Hnceji. 

riocTaBHM Tenepa 3 a^ 3 ,any nocmiTaTB ^ojikj necoKpaTiiMbix ,a,po 6 eii hjih, 
/'tPyi’HMH CJIOBaMH, “BepOHTHOCTb” HeCOKpaTHMOCTI-I ,Il,po 6 H (cjjIIKCIipyeTCH 
3 HaMeHaTejiB ,a,po 6 ii n, a 3 aTeM cjiynaiiHO c paBHofi BepoHTHOCTbio 1/n 
BBi 6 npaeTCH jiro 6 oe hiicjio ot 1 ,zi,o n b KanecTBe HiicjiiiTejia h no,n,CHHTbi- 
BaeTCH ,hojih cjiynaeB, b kotopbix nojiyneHnaH ,npo 6 b OKa 3 BiBajiacb Heco- 
KpaTHMofi) b cjie,nyiomeM (ne 3 apoBCKOM) CMBicjie ( 3 ^ecB h ,n,ajiee hh^bkc 
p MO»ceT npo 6 eraTB tojibko npocTBie Hiicjia): 


1 N 

lim — 

N-t-oo N — J 

n —1 


# {k < n : 


H.O.fl. (n,fc) 
n 


1 } 


lim — 

N—>oo N 


N 


E 


<t>{n) 

n 


N 


= lim — 
N—>oo N 


En i 


n—l p 


rpp </> (n) - (]i)yHKHHH 9iijiepa, 


Pp (n) ) 
P )' 


Pp (n) 


1, n flejiHTca Ha p, 
0 imane. 


CorjiacHO BBe^,eHHOMy BBime onpe^,ejieHino hjiothocth: 



C yneTOM stoto xoneTCH HanncaTB cjie^yromee: 


lim 

N—>o o 



n—l 


0_(n) 

n 


= E 


</>(«) 


=* n i 


Pp (n) \ 
P ) 


? 





1 _ 6 
C(2) 


Byn,b BBe,a,eHHaH BepoaTHOCTHaa Mepa, no KOTopoii cmiTaeTCH sto MaTeMa- 
TiinecKoe ojKHflaHne, cneTHO-a,a t zi,HTHBHOH> to mohcho 6buio 6bi nocTaBHTb 
TOHKy, nojiymiB otbct. O/prnKO sto He t&k. HecMOTpa Ha npaBi-uibHOCTb 
OTBeTa, iipHBe/teHHoe Bbime paccynyuemie He MonceT cniiTaTbca ,n,0Ka3a- 
TejibCTBOM. BnponeM, nacTO BepoHTHOCTHbie paccynyueHira ya,aeTCH no- 
nojiHHTb, iicnojib3yH hx b KanecTBe ochobbi. Tan, b pa3o6paHHOM HaMH 
npiiMepe Bee cbo^htch k o6ocHOBaHi-no paBeHCTBa 


70 



JlerKO noHHTb, hto nojiyHeHHbiH otbct HeceT onpepejieHHyio imcjrop- 
Maipno o CTaTHCTHnecKHx CBOiiCTBax <J)yHxi],HH 9i"uiepa. 

B Teopiiii Hiiceji Taxoro Tima 3a,n,aHH 3am-iMaiOT xpaime BaixHoe MecTO. 
flocTaTOHHO CKaaaTB, hto rainoTe3a PiiMaHa u Ha mhjijihoh” o pacnpepene- 
Hiiii HeTpiiBiiajiBHBix Hyjieii / p e r ra- <])y hk n h n PiiMaHa £ (z) paBHOCiuibHa 
cjiepyiomeMy CBOiiCTBy <J>yHxii,HH Me6nyca p(n): rjik jno6oro e > 0 


N 

E m(«) 


n —1 


O ( N °' 5+e ) (flat. JlHTjiByfl), 


rpe p ( ri ) onpepejiaeTCH ypaBHemieM 




1 , n = 1 ; 
0 , n > 1 . 


-t=> f. t(n) 


(-l) r , n=pi...p r ; 

0, n mod p 2 = 0. 


Hto b cboio onepepb (X.M. 9 r pBap,a,c) b onpepejieHHOM CMbicjie “3aBH3aHo” 
Ha cjiynaftHOCTH i r oc j r e; to Ba r re j r b h oc t h {p (?r)} ngN . 


HcnojiB3yH yKa3aHHBii"i BBime <J>opMajiH3M, HaftpHTe pojno 'incejr HaTy- 
pajiBHoro pupa, “cbo6o,h,hbix ot xBappaTOB”, T.e. He pejumtiixcH Ha xBappaT 
jno6oro npocToro m-icjia. 

3aMenaHHe. I43BecTHbiii pocchhckhh MaTeMaTiix Bjra/tmviHp HropeBim 
ApHOjibp nocjiepHiie pecsiTb jieT >kh3hh axTiiBHO pa3BiiBaji onucaHHoe 
HanpaBjieHiie, xoTopoe oh Ha3BiBaji 9KcnepuMeHma.at>H0u MameMamuKou 
(noMiiMO nonyjiHpHBix xHiuxex h CTaTeil, ocTajiocb h Hecxojibxo Bimeojiex- 
h,hh Ha 3Ty TeMy Ha mathnet.ru c BbiCTynjieHiiHMii Ha ceMHHape MHAH, 
b jieTHeii mxojie «CoBpeMeiiiiaH MaTeMaTiixa» h na MexMaTe). ITojiyuaH 
cxojkhm odpaaoM “oTBeTBi”, hx pajiee moxcho npoBepuTb, CTaBH uncjieH- 
HBie SKCnepi-IMeHTbl. IIpH COBpeMeHHBIX B03MOIXHOCTJIX BblHIICJIIITejIbHblX 
MaiHIIH MOHCHO OTCJieiXHBaTb J [ O I tip II(])M H '1 6C KH 6 (J)yHKH,HH B aCHMnTOTHKB 
(T.e. npoBepHTb rainoTe3bi c jiorapiKjiMaMii), ho He c noBTopHbiMi-i jiora- 
pmJjMaMH, KOTopbie Tax >xe, xax h b cjiynaimbix npopeccax, BCTpeuaiOTCH 
b TeopHH Hiiceji. TaxiiM o6pa30M, y B.I4. ApHOjibpa nojiyuajiocb pobojih- 
ho mhoto TeopeM (/tecMTXH, a bo3mo>xho, paixe cothii). HacTb TeopeM, 
xoHeuHO, 6buia H3BecTHa paHee (cm., HanpiiMep, xhhth Kapau,y6bi A.A. 
OcHOBbi a h a j r h r r h ' i ec ko h Teopiiii Hiiceji. M.: Hayxa, 1975. 240 c; IlBaHen, X., 
KoBajibcxiiii 9. AHaniiTiiHecxaH TeopiiH unceji. M.: MD,HMO, 2014. 712 
c.), ho yn,aBajiocb nojiynaTb h HOBbie (JjopMyjiiipoBxii. 

Cjre/tyroirtHH npiiMep, B3HTbii“i H3 ppyroii xhiith M. Rapa [24], peMOH- 
CTpupyeT, hto OTMeneHHbiM Bbime cnoco6oM mojxho nojiyniiTb h HeBepHbiii 
pe3yjibTaT. 
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IIpuMep. (II3 ucypHajia Nature, 1940.) H3 H3JioJKeHHoro Bbirne cjie,n,yeT, 
hto KOjiiiuecTBO pejiBix uncejr, He npeBOCxo^,Hm,nx N h ne ^,ejiHm,nxcH 
HII Ha O^HO H3 npOCTBIX HHCejI Pi, P‘2, Pk, paBHO npil6jIH3HTejIBHO 

N J} 11 —— J . PaccMOTpiiM Tenepu kojiiihcctbo pejiBix HHceji, He npeBOC- 
j —1 ^ 3 

xO/pnuHx N h He /tejrsnuHxcH hii Ha o^ho h3 npocTBix uiiceji, mchbihiix y/~N . 
TaKHMii HHCJiaMH MoryT 6bitb tojibko npocTBie Hiicjia, jiexcamiie Mexyny 
Vn H TV, HHCJIO KOTOpBIX 


tt(TV) 



Ho H3 TeOpHH HHCejI I-I3BeCTHO, HTO 7T (TV) ~ TV/lnTV H 

J~| fl—— J ~ exp (—7)^ln VN = 2 exp (—7)/ln TV, 
Pj <VN ' 


r^e 7 - KOHCTaHTa 9iuiepa. Cjie,n,OBaTejiBHO, 2 exp (—7) = 1. npumjin k 
H eBepHOMy cooTHomeHino! 

HHTepecHO b stoii cbh3h otm6thtb Taione BeponTHOCTHBiii cnoco6 no- 
jiyueHHH npaBi-ijiBHOH aciiMnTOTHuecKOH cjiopMyjiBi 7r (TV) ~ TV/lnTV rjih 
KOJiiiuecTBa npocTBix HHceji, He npeB0CX07,Hm,iix TV, npnBe7,eHHBiii b KHiire 
KypaHTa P., Po66imca T. Hto Tanoe MaTeMaTiixa. M.: MIJHMO, 2007. 
568 c., cm. TaKuce [14]. 

B 3aKjnoueHHe 3aMeTiiM, hto npiiMeHem-ie bcpojithocthbix coo6pa»ce- 
hhh b TeopHH Hiiceji npo,n,oji:>KaeT npiiBjieKaTB Be,nyiipix MaTeMaTiiKOB h no 
ceil 7 ,eHB (cm., HanpiiMep, 3a7,aHii 28, 29 pa3,n,ejia 5, CTaTBio C n Haft H.P. 
CTaTi-iCTi-iHecKi-ie CBoiicTBa cJ)yHKH,HH Me6nyca // Abtomht. ii TejieMex. 
2013. N 2 10. C. 6-14, a TaK»ce KHiiry Tao T. CTpyKTypa h cjiynaiiHOCTB. 
M.: MTTHMO, 2013. 360 c.). 

56.* (napa7,OKC BaHaxa-TapcKoro.) C. BaHax noKasaji, hto ecjin npe,n,- 
nojiaraTB tojibko a./rijiTUBHOCTB MepBi, to b o,n,HOMepHOM h ,n,ByMepHOM 
npocTpaHCTBax jno6oe orpaHiiHeHHoe mhojkcctbo CTaHOBiiTCH hsmcpumbim 
(i-iMeeT fljiHHy h njioiu,a7,B). TamiM o6pa30M, b ot,ho- h ,n,ByMepHOM cjiynaax 
paBHOMepHoe pacnpe,n,ejieHHe mohcho 3a,n,aTB Ha jho6om (orpaHiiHeHHOM) 
MHOHCeCTBe, eCJIH OT BepOHTHOCTH Tpe6oBaTB TOJIBKO a,73.HTHBH0CTB. n P H- 
Be7,iiTe npiiMep, noKa3BiBaioiii,HH, hto b TpexMepHOM npocTpaHCTBe sto 
C^ejiaTB HeB03MO>KHO. 
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3aMeHaHHe. Ba3iipyHCB Ha aKCHOMe Bti6opa, map b TpexMepHOM npo- 
CTpaHCTBe ,n,onycKaeT Tanoe pa36iieHiie Ha KOHenHoe hiicjio Henepeceica- 
K>m,iixcH mhoxkbctb, H3 KOTopBix moxkho cocTaBHTB nepe^BHXKemieM (kslk 
TBep,a,bix Teji = nepeHOC + noBopoT) ,a,Ba mapa Toro »ce pa,a,Hyca (cm., 
HanpiiMep, Bocc B. T. 6, 12, 16 [14]). 

57. HaimiiTe bcpohthoctb q n Toro, hto cjiyHaimaH (0, l)-MaTpim,a pa3- 
Mepa nx n hbjihctch HeBBipo>Kyi,eHHOH Ha,n, nojieM GF 2 = {0,1}. ,Z(oKa3aTB, 
hto cym,ecTByeT lim q n — q> 0. 

n—¥ oo 

58. * (3aKOH Biiraepa [15].) IlycTB <!;”• , 1 < i, j < n, n = 1, 2, ... - cobo- 
KynHOCTB o^HHaKOBO pacnpe^ejieHHBix c.b., ya,OBjieTBop5nom,Hx ycjiOBHHM: 


a) npn Kax^OM n c.b. , 1 < * < j < n HesaB hchmbi; 

6) MaTpnpa (A 71 )^. = (££•) CHMMe T pHHHaa, T.e. ££ = 

b) c.b. £”■ HMeeT criMMeTpriHHoe pacnpe^ejiemie, T.e. bchkoto 6o- 
pejieBCKoro MHOJKecTBa B £ B(R) BBinojiHeHO paBeHCTBO P (£() £ B) = 

= P (qj-e-B); 


r) Bee MOMeHTbi c.b. kohchhbi, T.e. E J < npn Bcex k > 1, 

npi-meM ^ncnepciiH paBHa e^HHHue: D [£,"] = 1. 


PaccMOTpiiM ^HCKpeTHyio BepoHTHOCTHyio Mepy fi n co6ctb6hhbix 3Ha- 
HemiH A^, ..., a!"-* cjiynaHHOH MaTpimpi A n : pjisi bchkoto 6opejieBCKoro 
MHOxecTBa B £ B(R): 

M n (5) = ^E” = i^{A! n) eB}. 

5Icho, hto TaxaH Mepa caMa no ce6e cjiynaiiHa, t&k kslk 3aBHCHT ot co 6- 
CTBeHHBix 3HaHeHiiH cjiynaHHOH MarpnnBi. IlycTB LJ) - k - i"i momcht Mepni 
li n MaTpimpi A n , T.e. 

L k = f-oo x k li n {dx) = i Er=! (TaKJKe c.b.). 

^(oKajKHTe, hto lim E [LJJ] = m k , lim D [L?\ = 0, r^e 

n—> oo n—> oo 

m k = | f\ A fc Vl - A 2 dA, 
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to ecTb cjiyuaimbie Mepbi co6cTBeHHbix 3HaueHHH b HeKOTopoM CMbicjie 
cxo^tch k HecjiynailHOH Mepe Ha ^eiicTBHTejibHOH npuMoft c njiOTHOCTbio, 
3a,n,aBaeMOH no./iynpysoeuM 3 cikohom Buenepa: 

^Vl^X^dX, — 1 < A < 1; 

0 imane. 

rtpiiMeHiiB HepaBeHCTBO He6bimeBa, noKaxaiTe, hto A nik, n —> oo. 



3aMenaHHe. Ecjih rj n - nocjie,n,OBaTejibHOCTb Mep, MOMeHTbi KOTopbix 
cxo,ipiTCH k cooTBeTCTByiomiiM MOMemaM Mepbi 77 , to npn .gonojiHiiTejib- 
Hbix ycjiOBHHx Ha pocT MOMeHTOB Mep r] n (cm. 3aflaHy 16) caMH 3 th Mepbi 
cjia6o cxo^htch k Mepe 77. 

Cm. no ,n,aHHOH TeMaTiiKe Tao T. Topics in random matrix theory. V. 
132. American Mathematical Soc., 2012; Tropp J.A. An introduction to 
matrix concentration inequalities // arXiv:1501.01571 (2015) (npiuioiKe- 
hiih); van Handel R. Structured random matrices // arXiv:1610.05200 
(2016), Vershynin R. High Dimensional Probability for Mathematicians 
and Data Scientists. & Four lectures on probabilistic methods for data 
science // arXiv: 1612.06661 (2016). 

YKa3aHHe. (Cm. KopanoB-CiiHaii [15].) noKajKirre, hto 


E[A£] 



n 


n 

X (*!”’) 


k 


1 

n 


E 


tr 


(A n ) 



1 

n 


2 yjn 


E 




•£ n • 
^i k ii 


%i ,... — 1 


r^e - co6cTBeHHbie 3HaHeHiiH MaTpupbi A n h tr 
CTeneHii. C yueTOM ycjiOBiiii 





Jk 


cjieA ee k -11 


Jk = {i,j ■ i < j, ^ ~2p(i,j ) = k }, 

npiiueM b ciuiy ycjiOBiiH b) HeueTHbie MOMeHTbi paBHbi Hyjno: 


E 


fc”) p<< ' i> 


= 0 . 


ecjiii p(i,j) - HeueTHoe. TaxiiM o6pa30M, pjin ueTHbix momchtob k = 2s 
HMeeM 
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1 ” 

E[^] = ^+i E E 

1 n 

= ^-t+t E n E [(fi!) WM> . • 

il r .,i2r=l Jr 

3a/3,any mohcho CBecTii k KOM6iiHaTopHOMy noz/cneTy cooTBeTCTByro- 
irpix nyTeii (conocTaBjieHHbix HeHyjieBbiM cjiaraeMbiM £^j 2 £^j 3 , ■ ■ •, Ci 2r i,) 
Ha MHO»cecTBe {1,2,... ,n}, r/je Ka»c/i,oe pe6po (neTjin npn stom ne 3a- 
npen/aiOTCJi) npoxo/piTcn neTHoe hiicjio pa3 (6e3 yneTa iianpaBjiemDi). 
CoBOKynHOCTb Taxiix nyTeii mojkho pa36iiTb Ha ABa Kjiacca: nyTH, HaKpbi- 
Baron/iie //epeBO H3 r pe6ep, Ka»c/i,oe H3 kotophx npoxo/piTCH ^BajK^bi, h 
ocTajibHbie nyTH, /pm kotophx jih6o ecTb neTjm jiii6o h,hkjim, jih6o ecTb 
pe6pa, nepe3 KOTopbie nyTb npoxo/piT no KpanHeii Mepe neTbipe pa3a. ^jih 
nyTeii BToporo Kjiacca (c yneTOM ycjiOBi-in r)) nojiymiTe opeHKy: 

E E £i a C 3 -"SU < c m r , 

r//e C r - neKOTopan KOHCTaHTa. 

Kan cjie/i,CTBHe, BKjia/i, Taniix nyTeii b ncKOMoe MaTeMaTiinecKoe o>kh- 
//amie CTpeMHTcn k Hyjno npn n —> oo: 



lim 

n—> oo 


l 

2 2r n r+1 


C r n r k r = 0. 


JlfiisL nyTeii nepBoro Kjiacca b cnjiy ycjiOBiisi r) Ha //ncnepcmo nojiymiTe 
EfeeSia-CJ = L noKanaiTe, hto hhcjio nyTeii nepBoro Kjiacca 
paBHO 

n\(2r)\ 

(n — r — l)!r!(r + 1)!' 

/[(jin 3Toro conocTaBbTe TaKiiM nyTJiM HeoTpui/aTejibHbie TpaeKTopini o/i,- 
HOMepHoro cnMMeTpnnHoro cjiynairaoro 6jiy»c/i,aHHH: (w 0 Wi ... u>2r)> r A e 
u >o = id2r — 0, u>i > 0 npn Bcex i = 1,..., 2r. Kanc/jon cjniKCiipoBaHHOii 
TaKoii TpaeKTopini (u >oWi... uj2r) cooTBeTCTByeT n(n — 1) ... (n — r) Aony- 
CTiiMbix nyTeii nepBoro Kjiacca. Hiicjio HeoTpin/aTejibHbix TpaeKTopini c 
HanajibHOii n kohchhoh HyjieBOii tohkoi-i paBHO , r! ^ r . +1 -)i (cm. 3aAany 2 H3 
pa3AeJia 4). IlTaK, 


1 n\(2r)\ (2r)! 

Jim^E [L 2r ] = ^lim, 2 2r n r+i {n- r - 1 ) !r! ( r + \)\ = 2 2r H(r + 1)! = TO2r ‘ 
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YTBep5K,n,eHiie KacaTejibHO .zpicnepcHH L 1 / ^OKa3biBaeTCH aHajioniHHO. 

59. Ha aBTo6ycHBix ocTaHOBKax o6bihho yKa3biBaeTCH HHTepBaji ,n,Bii>Ke- 
hiih aBTo6yca m, T.e. cpe,n,Hee BpeMH Mexyny ^ByMH nocjie,n,OBaTejibHbiMH 
npii6biTHHMH aBTo6ycoB. npe,n,nojio>KiiM, hto sth HHTepBajibi He3aBiiciiMbi 
h o^HHaKOBO pacnpe,n,ejieHbi c MaTeMaTiinecKiiM o>k H/^aH hcm to ii ,n,Hcnep- 
ciieii a 2 . noKajKHTe, hto ecjm nacca»ciip npnxoflHT Ha ocTaHOBKy b cjiy- 
Hai"iHbiii MOMeHT BpeMeHi-i, to MaTeMaTiinecKoe OHd-mamie BpcMeHi-i npe6bi- 
BaHiia Ha ocTaHOBKe ,n,o npHxo,n,a aBTo6yca 6yn,eT paBHO ( m 2 + cr 2 ) /2m. 

Ecjih H3BecTHa cJjyHKHjiH pacnpe,n,ejieHHH c.b., paBHoii HHTepBajiy Me*- 
py nocjie,n,OBaTejibHbiMH npii6biTHHMH aBTo6ycoB, to kslk ctoiit aBTo6ycy 
OnTI-IMajIbHO Bbl6paTb npO,H,O.JI}KHTe.IIbHOCTb OCTaHOBKII? OnTI-IMajIbHOCTb 
Heo6xo,n,HMO nom-iMaTb b CMbicjie MUHUMioapnn cpe,n,Hero BpeMemi o>kii- 
,n,aHH5i aBTo6yca. PemiiTe 3a,n,aHy pnsi cjiynaa noKa3aTejibHoro pacnpe,n,e- 

JI6HIIH. 

3aMenaHHe. Cm. [25], aHajioniHHO pjis cjie^yromeii aa/ta'iH. 

60. npo^aBeu, raaeT 3aKa3biBaeT ence^HeBHO N ra3eT. C Kaac^OH npo- 
^aHHoii ra3eTbi oh nojiynaeT npii6buib b h TepaeT c Ha KajK^on ra3eTe, 
ocTaBHiencH nenpo^aHHoii. KaxiiM Hynmo Bbi6paTb N, hto6m MaKCHMH- 
3iipoBaTb OHci-maeMyio npii6buib, ecxni hhcjio noKynaTejieii 3a ^eHb HMeeT 
pacnpe^ejiemie Po(A)? 
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4. npoHSBO^aiipie h xapaKTepncTHHecKHe 

4>yHKD,HH 

ITomi-imo iictohhiikob jiiiTepaTypti, yKa3aHHBix b TeKCTe 3a,n,aH, peKO- 

MeH,a,yeTCH 03HaKOMiiTBCH co cjieflyromiiMi-i KHiiraMii: 

• Aiiraep M. KoM6iraaTopHaH Teopiia. M.: Mnp, 1982. 561 c. 

• ryjiB^eH 51., ^xeKCOH /I. nepeHiicjiiiTejiBHaji kom6hh a r rop hK a. M.: 

Hayica, 1990. 504 c. 

• CTeHjn-i P. IlepeHiicjiHTejiBHaH kom6 hh a r rop h Ka. M.: Mnp, 1990. 

440 c. 

• Pbi6hiikob K.A. KoM6iiHaTopHBii“i aHajiii3. OnepK hctophh. M.: 

MexMaT, 1996. 125 c. 

• JleoHTBeB B.K. KoM6iiHaTopi-iKa h HHcfiopMaipiM. HacTB 1. Kom6h- 

HaTopHhiH aHajiH3. M.: MOTH, 2015. 174 c. 

1. (CnacTjuiBBie 6iijieTBi.) TpaMBaiiHBie 6njieTBi iiMeiOT HiecTii3HaHHBie 
HOMepa. BujieT Ha3BiBaiOT CHacTjniBBiM, ecjin cyMMa ero nepBBix Tpex 
piicjjp paBHa cyMMe Tpex nocjie^Hiix. BbiHiicjiiiTe npii6jiii3KeiiHO BepoHT- 
hoctb toto, hto BaM ^ocTaHeTCH CHacTjiiiBBiii 6iuieT (npe^nojiaraeTCH, hto 
noHBjieHiie 6iuieTOB paBHOBepoHTHo). 

¥Ka3aHHe. nonanci-iTe, hto hiicjio cnacTjniBBix 6 i-uieTOB C 0 Bna^,aeT c 
hiicjiom 6 iijieTOB, cyMMa pucjjp y kotopbix paBHa 27. 3araimiiTe npou3- 
eod^iyyw $yHKV,wo (IJ0) rjisi nocjie,n,OBaTejiBHOCTH {afc}fe=o’ r A e ak ~ 
hiicjio 6 iuieTOB c cyMMoft pucjjp, paBHOii k. ^jih waxroK^eHHH koscJxJ) 111 ! 1 ' 1- 
eHTa nO 027 BOcnojiB 3 yiiTecB meope.uou Kornu (TOKn). ^jih opeHKii 
nojiyHeHHoro iiHTerpajia npiiMeHiiTe Memod cmayuonapnou <foa,3u. (cm. 
KHi-iry Oe^opiOK M.B. MeTOfl nepeBajia. M.: Hayxa, 1977, a TaK»ce KHiiry 
[28]. nocjie^Hioio KHiiry mohcho TaK»ce peKOMeH^OBaTB h ^jih pemeHiiH 
nocjie^yiomiix ,n,Byx 3a^,aH). 

2. (Hiicjia KaTajiaHa.) nycTB b onepe^ii b ctojioboh MOTH 3a 6yjiOHKa- 
mh no peHe 10 py6jiei"i 50 Koneex ctoht 2 n CTyn,eHTOB. nycTB y n nejiOBeK 
HeT nHTii^ecHTiiKoneeHHoii mohctbi, ho ecTB py6jieBan, ay n nejiOBeK ecTB 
MOHeTa b 50 KoneeK. nycTB ii3HaHajiBHO Kacca nycTa. HaimiiTe BepoHT- 
hoctb co6bithh, hto hiikto h 3 CTyneHTOB b onepe^n He 6y,n,eT xc^aTB cboio 
c^any. CnirraHTe, hto Bee cnoco6bi paccTaHOBKii CTyn,eHTOB b onepe^n 
paBHOBepOHTHBI. 
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VKa3aHHe. 3a,n,aHy mo*ho npoiiHTepnpeTHpoBaTB b TepMimax npaBiuiB- 
hbix cko 6 ohhbix CTpyKTyp, om-iCBiBaeMBix HHCjraMii KaTajiaHa. Ecjiii 060- 
3Ha'tHTb jieByio CKo6Ky 6yKBOi"i a, a npaByio - b , to mohcho nepemicaTB 
npaBiijiBHBie CKo6oHHBie CTpyKTypBi b Bime «cjiob» b ajicjiaBHTe {a, 6} 
(. h 3 uk /I,UKa) . Hecjio>KHO noxasaTB, hto «HeKOMMyTaTi-iBHBii"i npoii3BO,n,5i- 
ih,hh pjm», nepeHucjunommi cjiOBa H3BiKa (stot pH,n, npe,n,CTaBjiJieT co 6 oi“i 
npocTO cjjopMajiBHyio cyMMy Bcex cjiob H3BiKa, BiyipoHaji nycToe cjiobo A, 
BBimicaHHBix b nopH,a,Ke B03pacTaHiia /i,jihhbi): 

D(a, b ) = A + ab + aabb + abab + aaabbb + aababb + ... 

yupBueTBopaeT ypaBHemiio 

D(a , b) = A + aD(a , b)bD(a , b). 

IlepeimiiTe ot HeKOMMyTaTiiBHoro npoii3BOflHm,ero pjma k o6BiHHOMy, 

c^ejiaB no^CTaHOBKy a = x, b = x, A = x° = 1. 

Mojkho ncKaTB nO H3BiKa ^HKa c noMom,Bio meopeMU Jlazpancuca, 
CBH3BiBaiomyK> ee c n<5 no^,T>H3BiKa ero Hepa3Jio»ciiMBix cjiob. 

Onpe,a,ejieHne. Cjiobo w = (3\... f3 m H3BiKa L Ha3BiBaeTCH nepa3.ao- 
chcumum b L, ecjiii HiiKaKoe ero HenycToe no^cjiOBO 

0i0i +1 • • • Pi+i, 1 < i, i + l <m, l > 0 , 


OTjniHHoe ot caMoro cjiOBa w, He npiiHa^i,jie>KHT H3BiKy L. 

B nacTHOCTii, nycToe cjiobo b jiio6om H3BiKe, co^ep>KaHi,eM ero, Hepa3- 

JIOJKHMO. 

Hecjio>KHO npoBepiiTB, hto h3bik ^iiKa ynpBjieTBopsieT HiuKenepeHiic- 
JieHHBIM CBOIICTBaM: 

1) nycToe cjiobo bxo^ht b h3bik L ; 

2) Hanajio bchkoto Hepa3Jio»aiMoro cjiOBa He coBna^,aeT c kohh,om 
^.pyroro hjih toto »ce caMoro Hepa3Jio»aiMoro cjiOBa; 

3) ecjiii Mempy jho6bimh ,n,ByMJi 6yKBaMii jno6oro cjiOBa H3BiKa L BCTa- 

BIITB CJIOBO H3BIKa L, TO nOJiyHHTCH CJIOBO H3BIKa L ; 

4) ecjiii H3 jno6oro cjiOBa H3BiKa L BBiKimyTB no^cjiOBO, Bxo^,Hm,ee b 
H3BIK L, TO nOJiyHHTCH CJIOBO H3BIKa L. 

06o3HaHiiM nepe3 n(y) = no + n\y + n^y 1 + ... nO ^jih nncjia Hepa3- 
JIOJKHMBIX CJIOB H3BIKa L. 

TeopeMa. IIQ l(x) djin .hsuko, L, ydoejiemeopsiwmezo ceoilcmeciM 
l)-4), u 110 n(x ) d.an nodvsi3UKa Hepa 3 .a 03 Ku.uux cjiob e ne.u cesi3aHU 
MeoKdy co6ou ypas h, e .hurm JIazpaHMca: 

l(x) = n (xl(x)). 
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IlpiiBe^eM ypaBHemie k RjiaccimecKOMy Bimy. IIojiojkhm xl(x) = 
= l(x). Tor,n,a ypaBHemie JlarpaHHca npiiMeT bh^ 

l(x) = xn(l(x)). 

Hepa3Jio»ciiMbie cjiOBa b H3biKe JXmka - sto A h ab. OTCK>,a,a HeMefljiemio 
nojiynaeM ypaBHemie l(x) = 1 + ( xl(x )) 2 na IM> .zyia H3biKa JXhka. 

3aMeaaHHe: YpaBHemie JIarpaHHta - (JjyHKpuoHajibHoe ypaBHeHiie, 
CBH3biBaiomee Mexyny co6oi"i II® ,zyia nucjia cjiob b H3biKe h Hiicjia Hepa3- 
JIOJKHMblX CJIOB B HeM. OKa3bIBaeTCH, eCJIH 0,H,Ha H3 (j)yHKHHH H3BeCTHa, TO 
oho Bceiyi,a pa3pemiiMO (cm. yKa3amui k cjie^yiomeH 3a^,ane 06 yTOHHemiii 
npiiBe^eiiHoii 3^ecb TeopeMbi JIarpaHHta). 

3. (OcTOBHbie ^epeBbH b nojiHOM rpac(>e.) IlycTb iiMeeTCH nojiHbiii rpac(> c 
n BepmiiHaMii {1,2,..., n}. Ka:*yi,oe H3 C/ = n(n—1)/2 pe6ep rpac{>a c Be- 
poHTHOCTbio 1/2 y^ajuieTCH. Hafi^HTe BeposiTHOCTb toto, hto nojiyHeHHbiii 
nocjie yn,ajiemi5i pe6ep rpac{> 6yn,eT octobhbim ^epeBOM. 

¥Ka3aHHe. 06o3HaHiiM t n - hiicjio octobhmx ^.epeBbeB Ha npoHyMepo- 
BaHHbix Bepmiinax {1,2,..., n}. Hcho, hto iiCKOMaa b 3a^aHe BeposiTHOCTb 

y~<2 

ecTb t n 2 

Bbi^ejiiiM o^,Hy BepmiiHy h nocMOTpiiM Ha Te CBH3Hbie KOMnoHeHTbi hjih 
6jiokh, Ha KOTopoe pa3o6beTCH octobhoc ^epeBO, ecjin npoiirHopiipoBaTb 
Bee pe6pa, npoxo^Hmiie nepe3 Bbi^ejieHHyio BepmiiHy. Ecjih HeBbi^ejieH- 
Hbie BepmiiHbi o6pa3yiOT to komhohcht pa3MepoB k\, ..., k m , to iix 

mohcho coe^HHHTb c Bbi^ejieHHOii BepmiiHoii fcife • ... • k m cnoco6aMii. 

TaKiie paccyjK^eHiDi npiiBO^HT k pexyppeHTHOMy cooTHomeHiiio 


t 


n 


E 

m> 0 


i 

m! 


E 

J2T=i ki—n-l 


n — 1 

k\ > ^2 j • • • 5 kjyi 


k\k<2 * . . . /t m • ■ • tk m 


npii jiio6om n > 1. 

Tenepb o6o3HaHiiM u n = nt n , Tor^a peKyppeHTHoe cooTHomemie npn- 
MeT cjie^yKmmH bh/c 

u n _ 1 Uk 1 Uk 2 

n! m \ 2.^1 \ ] fc !’ 

m>0 J27Liki=n-1 ' m 

06o3HaHiiM nepe3 U(x) SKcnoHeHyua.a’bHym npouseodsiinym cpyuKyum 
(9110) pjin nocjie^OBaTejibHOCTii {u n } (to ecTb U(x) = t/t 2 '™)’ 

TaKiiM o6pa30M, 
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U(x) = xe u W. 

^JIH IiaX05K73,eHIIH HBHOH cjjOpMyjIbl flflU 3TOH nOCJie^OBaTejIbHOCTII 
mo)kho BOcnojiB30BaTBCH cjieflyKnn,HM yTOHHemieM meope.HU JlazpaHotca. 

TeopeMa. IlycTB (JiyHKHHH ip = ip(x) (y(0) = 0) h ip = ip(z) CBjraaHBi 
MejK,a,y co6oi"i ypaBHem-ieM JlarpaHnca: 

<p(x) = xip (<p(x)). 

Toiyi,a K03cjDcjDim,iieHT npn x n b c})yHKnnii ip paBeH K03(J>4H IL P ieHT y npii 
z n ~ l b pa3Ji0JKeHHH i ip n (z ): [x n \ip{x) = [z n ~ 1 ]^'tp n (z). 

IlHTepecHBiii npiiMep iicnojiB30BaHi-iH annapaTa npoH3BO,zpnii,Hx cjjyHK- 
Hhh 6biji omicaH b jieKujin CTamicjiaBa CMi-ipHOBa “Ckojibko npocTBix 
KpriBBix Ha pemeTKe?”, npouHTaHHOii b JIIIICM-2016 (Bimeo ,n,ocTynHO Ha 
caiiTe mathnet.ru). 

4. (3a^,aua c MapxaMH / coupon collector’s problem [31].) IlycTB Bbi 
xoTHTe co6paTB KOJUieKipno H3 N Mapox. ^jih 3Toro Bbi KajK^Bift ,a,eHB 
noKynaeTe KOHBepT co cjiyuaiiHOH MapKoit (MapKii noaBjunoTca na Kyn- 
JieHHBIX KOHBepTax paBHOBeposiTHo). 

a) BBe^eM ,n,HCKpeTHyio c.b. X, paBHyio HOMepy BnepBBie KynjieHHoii 
BaMH noBTopHoii MapKii. Hail/piTe MaTeMaTiiuecKoe o>KH^aHue c.b. X. 

6) rioKanaiTe, hto pacnpe^eneHiie cjiyuaiiHOH bcjihukhm X HMeeT 
acHMnTOTHuecKii pacnpede.aeHue Pe.ne}i npn n = ty/N (N ^>1): 

P^X > tVrtj ~ e“T ) P (x = t//v) ~ . 

b) Onpe^ejiiiTe MaTeMaTiiuecKoe OKH/taHiie noMepa KynjieHHoii BaMH 
MapKii, KOTopaa CTaHeT He^ocTaiomeii b co6paHHOi"i BaMH KOjuieKpiiii 
Mapox. Pememie stoh 3a^,auH HcnojiB3yeTca b Compressed Sensing (cm. 
HacTB 2). 

¥Ka3aHHe. a) noKaaaiTe, hto 

P {X>n) = ^ n [z n ] (1 + zf = n\ [z n ] (l + ** , 

oo N °f / + \ N 

E^E„!M(l + |) = J e ~\ 1 + N) dt 

n-0 0 
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^ajiee .zyia i i p h 6 j i h >k e h h o ro bbihi-icjichiih HHTerpajia 


0 0 
BOcnojit> 3 yeMca MemodoM Jlaruiaca : 

oo uq "l - <5 

J f{u)e NS ^du » f(u 0 )e NS ^ f e " 3 "^^ dw. 

0 UQ — S 


*, vn f ^±=L . 

y/~NS"(u 0 ) 

pne «o - eflHHCTBeHHaa TOHKa MaKcriMyMa Beni,ecTBeHH03HaHH0H 4>yHKii,HH 
S(u) Ha nojiy 6 ecKOHeHHOM i-iHTepBajie (0, +oo). OcHOBHaa H,a,eH acHMnTO- 
TH'iecKoro npeflCTaBjieHHH HHTerpajia JIanjiaca 3 aKjnoHaeTCH b npe,n,CTaB- 
JieHHH (J)yHKH,HH S(u) B OKpeCTHOCTI-I TO'IKH MaKCI-IMyMa U 0 B BHfle pH,H,a 

Teftjiopa. 

6) CorjiacHO meope.ue Kornu (h3 Kypca TOKII): 


P {X>n) = n\ [z n ] (l+^f 


1 1 r ( z\ N dz 
n\ 27 ri j V + N) z n+1 

\z\=p 


ITepeii^H k nojrapHBiM KOop/pmaTaM, nojiyniiTe, hto 



— 7T 


r^e f(z) = N In (l + -^) — n\nz, z = pe t9 . 

BocnojiB 3 yiiTecB MemodoM nepeea.aa: pa 3 JiOvKHTe b pap, Teiuiopa 
cjiyHKH,HIO / B OKpeCTHOCTI-I CepjIOBOH tohkii: 

f(pe l9 ) = f(p) - \t 3 {p)e 2 + o(d 3 ) 

pjin |#| < 6 (pa3Ji03KeHi-ie Tefijiopa), rpe 


Pip) = P 2 



z=p 
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3aMem-iTe i-iHTerpaji no Been OKpyamocTH \z\ = p na HHTerpaa no ee 
nacTH: 

8 8 
J e /(pe<9) d0 « e f{p) J e~i^ p)e2 de = 

-8 -8 


e f(p) 

Vm 


S V P(p) 


Sy/Mp) 


du 


^(p)->oo 



2 

du = 


\/2n 


e f(p) 

Vm' 


b) IlycTB Y - ,n,HCKpeTHaH c.b., paBHaa noMepy KynjieHHoii BaMH Map- 
kh, KOTopaa CTaHeT He^ocTaiomeii b co6paHHoii BaMH KoaaeKipni Mapon. 
Tor,a,a 


P (Y < n) = ^ [z n ] (e* - 1)* = n! [z n ] (e* - 1)", 
a cjie^OBaTejibHO, 


EF = ^ n! [z n ] (e z - (e* - 1) N ) = / 1 — (1 — e~^) N 


n —0 


dt. 


C,H,eaaB 3aMeHy nepeMeHHBix y = 1 — e », noaymiTe, hto 


EF = N ( 1 + i + • • • + ) . 


3 aMeTHM, hto 3tot nyHKT 3 aflann mo)kho Tanace penniTB c iiomoiii,bio 
cjjopMyjiBi noaHoii BepoaTHOCTi-i, cocTaBHB peKyppeHTHbie cjjopMyabi ,a,aa 
Xk - cpe^Hero nncjia KynaeHHBix Mapox, ecjin ,a,o noayneHiia noaHoii 
KOJUieKipia Mapox He xBaTaeT pobho k Mapon. 

5. (YpHOBaa cxeMa [31].) PaccMOTpi-iM caynanHoe pa3Meir,eHiie n pa3JiiiH- 
hbix mapoB no m p83jihhhbim ypHaM. IlycTB caynanHBie Beanm-mBi MIN, 
MAX - pa3Mep HaiiMeHee nan nan6oaee 3anoaHeHHoii ypHbi b caynail- 
hom pa3Mem,eniiH. IIoayHHTe {JjyHKpnn pacnpe/jeaemia stiix caynafraBix 
BeanHHH, a HMeHHo: 


P (MAX < l) 


n! [ z n ] ei{z) m 
m n 
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P (MIN >l) = n\ [z n ] (e™ - e i (^) ) m > 
r«e e t (z) = 1 + z + ^ + -f f|. 

6. (3a^aHa o HjiKjiax b cjiynaHHOH nepecTaHOBKe [31].) 

a) HaimiiTe MaTeMaTiinecKoe ona-mamie nucjia u,hkjiob ,h,jiiihbi r b 
cjiynaHHOH nepecTaHOBKe ,h,jihhbi n. 

6) HaimiiTe MaTeMaTiinecKoe asci-mamie nucjia h,hkjiob b cjiynaHHOH 
nepecTaHOBKe ,h,jihhbi n. 

b) (Cto 3aKjiK>neHHBix.) B Kopimope Haxo^HTCH 100 nejiOBeK, y Ka»c- 
,a,oro cboh noMep (ot 1 ,n,o 100). Iix no o^,HOMy 3aBO^HT b KOMHaTy, b 
KOT opon naxo/piTca komoa co 100 bbi,h,bh:/khbimh hiuhkemh. B hihhkh 
cjiynaftHBiM o6pa30M pa3Jio»ceHBi KapTOHKH c HOMepaMn (ot 1 ,n,o 100). 
Ka>K,n,OMy paspemaeTca 3ar jiaHy tb b ne 6ojiee neM 50 hiuhkob. Il,ejiB 
Ka>K,n,oro - onpe^ejniTb, b KaKOM HiipiKe Haxo^HTCH ero noMep. 06m,aTb- 
ch n nepe^aBaTB APy r APyry nncjjopMapHio 3anpem,aeTca. IlpefljionaiTe 
CTpaTen-no, KOTopaa c BepoaTHOCTBio, He MeHbmefi 0.3 (b npe/piojioJKeHini, 
hto Bee 100! cnoco6oB pacnpe^eneHiia KapToneK no aiunKaM paBHOBepoaT- 
hbi), npiiBe^eT k BBinrpBimy Been KOMaH/pa. KoMaH,n,a BBiurpniBaeT, ecjin 
KaaygBiii H3 100 ynacTHHKOB BepHO onpe^ejinji amyiK c KapTOHKoft CBoero 
HOMepa. 


¥Ka3aHHe. 9IKP .zyia nocjie^,OBaTejiBHOCTeii: 
- nncjia h,iikjiob ,h,jihhbi n: 


C(z) = X 


(n — 1)! 


n\ 


z n = log 


71=0 

- nncjia mhookhctb Ha n sjieMeHTax: 

i 


1 -z’ 




71 = 0 


nncjia nepecTaHOBOK Ha n ajieMeHTax: 


00 i i 

P{z) = E ~r n = T 1 - 

' n\ 1 — 


71=0 


llepecTaHOBKa ecTB He hto imoe, KaK coBOKynHOCTB h,hkjiob: 
P(z) = S (C(z)). 
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Ecjii-i b TaKoft (]jyHKHHH CTaBiiTb MeTKy (nepeMeHHyio u ) rjik h,hkjiob 
AJii-ihbi r, nojiyniiM, hto “^BOiiHaa” 9110 , nepeHiicjiniomaH hi-icjio hjikjiob 
AJihhbi r b nepecTaHOBKe ^jiiihbi n, paBHa 


exp 


(u 



log 


1-z 


exp{(M~ 1)^} 
1 - 0 


3aMeTHM, HTO \z n 


JL 

du 


exp{(u-l)^} 

EAz 


- cpe^Hee (MaTeMaTi-inecKoe 


\ / \u—l 

ona-mam-ie) hi-icjio h,iikjiob ajihhbi r b nepecTaHOBKe ajihhbi n. 

CTpaTerna rjisi CTa aaKJiiOHCHHHix. Ka>K;i,[,iii nejiOBeK BHanajie 
OTKpBiBaeT HipiiK noA HOMepoM, paBHBiM ero co6cTBeriHOMy HOMepy, 3aTeM 
- noA HOMepoM, KOTopBiii yKa3aH Ha KapTOHKe, jiencameii b HipiiKe, i-i t.a- 
Cpe,H,Hee hi-icjio ijjikjiob ^jii-ihbi r b cjiynaHHoft nepecTaHOBKe - l/r. Tor^a 


n 


cpe^Hee hi-icjio ujikjiob ,h,jii-ihbi, 6ojiBmeii n/2, ecTB Y2 (1/A:). 9to ii 

k—n/2 

ecTB BepoHTHOCTB cym,ecTBOBaHi«i piiKjia ajihhbi, 6ojiBmeii n/2. IIosTOMy 

100 

BepoHTHOCTB ycnexa KOMaHAti ecTB 1 — (1/A:) « 0, 31 (ajih cpaBHe- 

k= 51 

HHH, eCJII-I npOI-I3BOJIBHO OTKpBIBaTB HIHHKH, TO BepOHTHOCTB yCnexa 6yAeT 
2 ~ 100 ss 1CT 30 ). B cjiynae, koiaa KapTOHKii pa3Jio»ceHBi He cjiynaimBiM 
o6pa30M, to cjieAyeT CAejiaTB cjiyHaimoii HyMepapi-iio 5 hii,hkob, ii A^-nee 
cjieAOBaTB om-icaHHOH BBirne CTpaTeraii-i. 


7. (3aAana o 6ecnopHA K a x [28].) Fpynna 1-13 n cjjiaHaTOB BBii-irpniBaiomeH 
4)yT6ojiBHOH KOMaHAti Ha paAOCTHx noA6pacMBaiOT b B03Ayx cboi-i mjuinBi. 
IIIjianBi B03Bpam,aiOTCJi b cjiynaiiHOM nopnAKe - no oahoh k KancAOMy 
6ojiejiBiii,HKy. KaKOBa BepoHTHOCTB toto, hto HiiKOMy 1-13 cjmHaTOB He Bep- 
HeTCH cboh mjijina? HaiiAiiTe MaTeMaTi-inecKoe ona-mamie h AHcnepcino 
Hi-icjia Hijuin, BepHyBHii-ixcsi k cboi-im xo3neBaM. 


¥Ka3aHHe. OopMajiBHO 3aAana cboahtch k noAcneTy m-icjia 6ecnopHA K OB 
d n Ha MHoncecTBe 1-13 n ajieMeHTOB (nepecTaHOBKa 7r ajieMeHTOB MHoncecTBa 
{1,2,..., n} Ha3BiBaeTCH SecnopsidKOM, ecjn-i n(k) yl k hii npn Kara-ix 
k = 1 ,.., ,n). 

IlojiyHi-iTe 9nO A-nn m-icjia 6ecnopHAKOB: 


n —0 


IlycTB d n ,k - hi-icjio nepecTaHOBOK Ha MHoncecTBe 1-13 n 3jicmchtob, 
ocTaBjimoiAi-ix Ha MecTe pobho k 3jieMeHTOB (to ecTB hi-icjio HenoABi-raoiBix 
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Tonex paBHO k ), TOiyja d n $ = d n . Bojiee Toro, d n ^ = C^d n -k. H3 npaBnjia 
CyMMBI HeCJIO^KHO nojiynnTB 


n! = £ d„, fe = CZdn- k = 53 C™~ k d n - k = 53 C£d fc . 

fc—0 fc—0 /c—0 k— 0 

To ecTb nojiyHHjiacb 6 h h o mh a ji bh a m CBepTKa ,n,Byx ph,h,ob: 


V — r n : V C -^T n V _T n 

2 ^ „! n\ ' 


n—0 


„ n! z —' n\ 

n —0 n —0 


^jih HaxojK^eHiiH cpe^Hero h ^ncnepcHH nncjia nijum, BepHyBimixcn k 
cbohm xo3aeBaM, yn,o6HO BOcnojib30BaTbcn yxa3amieM k npe^bmymeii 3a- 
,n,aHe o no^cneTe cpe,a,Hero h ^ncnepcHH u,hxjiob ^jnmbi 1 b cjiynanHon 
nepecTaHOBKe ,a,jiiiHbi n. 

CpaBHriTe no.ipco.n, c noMOipbio npoHaBO/ooUHx cjjyHKHHH pjm stoh 3a- 
^ann c BaniHMH peirreHiiHMH 3a,n,aH 17 n 79 H3 pa3,n,ejia CTaH,a,apTHbix 3aflaH 
(pa3^eji 2). 

8. (0>KepejibH.) HaiypiTe BeposiTHOCTb Toro, hto cjiyHaimaH pacKpaoxa 
ojKepejibH H3 n 6yciiH b k pa3jniHHbix npeTOB iiMeeT pobho to < n 6yciiH 
nepBoro n,BeTa. Ovxepejiba, nojiynaiomiiecH o,h,ho H3 ^pyroro c noMOipbio 
njiocKoro noBopoTa, CHHTaiOTCH sxBHBajieHTHbiMH. nojioxiiTe n = 7, 
/c = 2, to = 3. 


3aMeHamie. 03HaxoMHTbCH c k jtacc h t iec khmh pa6oTaMH no Teopim ne- 
penncjieHHH (yD^x. Ilona, flxc.-K. PoTa) mo>kho no xmire: 

nepenncjiHTejibHbie 3a,n,aHH xoM6iiHaTopHoro aHajni3a: c6. nepeBO,n,OB 
/ nofl pe,n,. PIT. raBpnjiOBa. M.: Mnp, 1979. 362 c. 

IlonyjiHpHoe H3Jio»ceHHe HMeeTca, HanpiiMep, b yne6HOM noco6nn: 
KpacHOB M.JI. n ^p. Ben Bbicmaa MaTeMaTiixa: yne6miK. T. 7. M.: 
KoMKraira, 2006. 208 c. 


¥Ka3aHHe. ConocTamiM xajx^oii pacKpaoxe cjjyHxnyno f xax OTo6pa>xe- 
nne H3 MHOJxecTBa npoHyMepoBaHHbix 6yci-m b nepacKpameHHOM oncepe- 
jine b MHoncecTBO npoHyMepoBaHHbix 6ycnH b pacKpameHHOM oxepejibe. 
Ochobhoh moaHC b pemeHnn KOM6nnaTopHbix 3a^an Taxoro Tima 3axjno- 
naeTcn b tom, hto HexoTopbie <J>yHxn,HH (pacxpacxn) OKa3biBaiOTcn skbii- 
BajieHTHbiMH, Tax xax nojiynaiOTCH o^,Ha H3 .npyroii c noMom,bio HexoTopon 
no^CTaHOBxn (b ^aHHOM cjiynae sa^aiomeii noBopoT b njiocxocTn): /i ~ /2, 
ecjin Haii^eTCH no^CTaHOBxa g £ G, hto f\(g) = /2, T.e. V* = 1 
h (9 ( di )) = f 2 ( di ). 
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JX,jia pemeHHH 3 toi"i salami BOcnojiB3yeMCH no^xo^OM Iloiia. IjuK.aoeuM 
undeKCOM nodcmanoeKU Ha3BiBaiOT o,n,HOHjieH 


r^e (fei, /c2, . k n ) - Tim no,a,CTaHOBKii, T.e. no^CTaHOBKa npe,a,CTaBiiMa 
b Bime k\ piiKjia /yn-nmi 1, &2 d,iikjiob ^jiiihbi 2 h t.,h,. 

I^ukaobum undeKCOM zpynnu nodcmanoeoK G Ha3BiBaiOT cpe/piee 
ap h(}:>M e r r h 'tec koc hjikjiobbix mmeKCOB ee 3jieMeHTOB: 

P G {x 1 ,X 2 ,...,X n ) = 7^7 ^2 x l lx 2 2 ■■■ x n n - 
' g&G 

IIoKa>KiiTe, hto piiKjiOBoii iiH^eKC rpynnBi noBopoTOB C n paBen 

/ , lr^/ \{n,o) 

P G {X 1 ,X 2 ,...,X n ) = - 

i=i 

r^e (n,j) - Haii6ojiBiinn“i o6in,in"i ^ejiiiTejiB n h j. KajK/ipMy iipeTy ri 
i = 1 ,,k npH^a^HM neKOTopbiii eec w(ri). BecoM cpynKyuu f HasoBeM 
npoi-i3BefleHHH BecoB nojiyHeHHoii pacKpacKii: 

n 

w)=n™(/K))- 

i=l 

5Icho, hto OKBHBajieHTHbie 4>yHKu;nn nMeiOT o^nHaKOBBiii Bee: 


BecoM Kjiacca SKBiiBajieHTHOCTii Ha3BiBaeTCH Bee jiio 6 oi"i cjjyHKniiH H3 sto- 
ro Kjiacca; eejm F - Kjiacc SKBi-iBajieHTHOCTi-i h f £ F, to W(F) = 
= W(f). 3aMeTiiM, hto h y HesKBi-iBajieHTHBix cJiyhkhhh MoryT coBna^aTB 
Beca. 

TeopeMa EEoiia (1937). CyMMa eecoe K.aaccoe OKeuea.tienmHocmu 
paena 

( k k k k 

J2 w ( r i), ^2 w2 (n), ^2 w3 (n), ...,^2 wn (n) 

i— 1 i=1 i —1 i —1 

zde P G - yuK.aoeou undenc zpynnu nodcmanoeoK G. 

Cjie,a,CTBHe. Hi-icjio KjiaccoB SKBiiBajieHTHOCTii paBHO 



P G (k, k, k, k). 
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CorjiacHO cjie/jCTBHio TeopeMbi Ilona hhcjio paajinnHbix oncepejinn paB- 


1 1 

p G (k, k,...,k) = ~j2 k (n ’ j) = - E (-) - 

n z -—' n Vs/ 

j=l s|n 


r,n,e <j> ( l ) - hhcjio B3aiiMHO npocTBix ^ejiHTejieii Hiicjia l, He npeBOCxo^,Hm,iix 
l {cpyHKVjUsi dujiepa), o6o3HaHemie s|n - s HBjraeTCH ^ejiHTejieM n. 

JJynsi no,a,CHeTa Hiicjia o/Kepejiiiii c pobho m 6yciiHaMH nepBoro npeTa 
nojiojKiiTe Bee stoto npeTa w(r\) = x, Beca ocTajiBHBix n,BeTOB - e^HHHueH. 
B nO (nojiyHeHHoii corjiacHO TeopeMe noiia) B03BMiiTe K03(jx}.)Hii,HeHT npn 


9. (H30MepBi opraHiinecKiix MOJieKyji.) PaccMOTpi-iM MaTeMaTiiHecxyio 
MO,a,ejiB opramiHecKOH MOjieKyjiBi: b peHTpe TeTpa3,npa noMecTiiM aTOM 
yrjiepo/ja C, b Bepmimax TeTpa3,npa paBHOBepoHTHO noMemaiOTCH mcthji 
(CH 3 ), 3THJI (C 2 H 5 ), BO^OpO,!!, (H) H XJIOp (Cl). HaftflHTe BepOHTHOCTB 
Toro, hto cjiynaiiHaH MOJieKyjia 3a^aHHOi"i CTpyKTypni OKa»ceTCH MeTaHOM 

CH 4 . 

¥Ka3aHHe. BocnojiB3yiiTecB no^xo^OM nolia, onricaHHBiM b yKasamiax 
k npe^Bmymeii 3a^aHe. noKa/KHTe, hto h,iikjioboh iiH,a,eKC rpynnbi Bpaipe- 
hhh TeTpas^pa 

Pg{x 1, £2,2:3, £4) = (8^1X3 + 2 >x\ + x\) . 

3aMenaHHe. pemeHira nocjie^3,yK>m,iix Tpex 3a,n,aH pexoMeH^yeT- 

CH 03HaKOMIITBCH C nO,ZptO,n,OM ErOpBIHeBa BBIHHCJieHIIH KOM 6 lIHaTOpHBIX 
cyMMj H3Jio»ceHHBiM b cjie,n,yK)iii,Hx KHiirax: 

.JleoHTBeB B.K. H36paHHBie 3 a,n,aHH KOM 6 iraaTopHoro aHajiii3a. M.: 
MITY, 2001. 184 c. 

EropBineB T.n. HHTerpajiBHoe npe^CTaBjiemie h BBiHi-icjieHi-ie kom 6 h- 
HaTopHBix cyMM. Hobocii 6 hpck: Hayxa, 1977. 284 c. 

10. 06o3HaHiiM nepe3 E n MHOxecTBO 6iiHapHBix nocjie^OBaTejiBHOCTeii 
,ii,jihhbi n, hjih MHO»cecTBO BepmiiH e^HHHHHoro n-MepHoro Ky6a, a nepe3 
E% - k-ft cjioii xy6a E n , to ecTB no^MHOHcecTBO Tonex E n , HMeiom,iix pobho 
k e,a,HHHHHBix xoop/piHaT. nycTB X = ( x, y) - cjiyHaimaH BejiHHHHa, r^e 
x £ Ep , y £ E ™ - BexTopbi, He3aBiiciiMBie h paBHOMepHO pacnpe^ejieHHBie 
Ha E ^ h E cooTBeTCTBeHHO. 06o3HaHHM nepe3 a Pjq (k) = P(X = k). 
flpKB3a,Ti> cjie^yromne yTBepjK^eHiiH: 


a) 


n 

E a P ,q( k ) zk 


k—0 


1 

2ni 


cp 


$ 

M=P 


{\+zuY(i+uT- p J... 

ti! + l UU > 
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6) a p , q (k) = p c | p ; 

b) EX = 

0 -(!> + «))• 

11. IlycTb £ - c.b., paBHOMepHO pacnpe^eaeHHaa Ha MHoacecTBe Bcex nap 
BeKTopoB (x,y) £ {0,1}" ® {0,1}", paBHaa CKaaapHOMy npoH3Be,n,eHHio 

n 

(x,y) = 12 XkVk- HaftflHTe 
fe=l 

P(£ = *0> EC, Be. 

12. IlycTb e - c.b. , paBHOMepHO pacnpe^eaemiaa Ha MHoacecTBe 6h- 
HapHbix MaTprin, ({0, l} mx ") nopa^Ka to x n h paBHaa nncay HyaeBbix 
ctoji 6 h,ob MaTpHH,bi. }l,OKa3aTb, hto 

a) P k (m,n ) = P(£ = fc) = C£(2 m - 
6 ) E£ = n2~ m ; 

b) ecan 2 m — 1 = an, rpp a He 3aBi-ici-iT ot n, to 

yk 

lim P k (m,n) = e~ x —, iyje A = a -1 ; 

n—>• oo /c! 


r) Hto mo*ho CKa 3 aTb 06 stom npe^eabHOM pacnpe^eaemni? 


13. Mojkbt an cjDyHKpiia ip(t) = 


6biTb xapaKmepu- 


1, ie[-T,T] 
v 0, t <£ [~T,T\ 

cmuuecKOu (pyHKyueu (x.cjx) neKOTopoii c.b.? H3MeHHTca an otbct, ecan 
«HyTb-nyTb» pa3Ma3aTb (craa,a,HTb) pa3pbiBbi 4>yHKH,HH ip(t) b TOHKax 

t = ±T? 


14. By^yT an <J>yHKH,HH cos(i 2 ), exp(— t 4 ), arcsin((cosi)/2)/arcsin(l/2) 
xapaKTepncTHHecKHMH fljia KaKHx-Hii6yn,b caynaHHbix bcjih'ihh? 

15. }}oKa>KHTe, hto BbinyKaaa aiiHeiiHaa kom6hH anna x.cjx ecTb x.(}). 
“cmcch” caaraeMbix. To ecTb ecan (j>k(t) = E [exp(i£fc£)], a k = 1, a k > 0, 
to J2k a kMt) ecTb x.<J). caynaHHOH BeaiiHHHbi 

C = ^[C = 

k 


r^e C, - He 3aBHcam,aa ot {£*,} c.b. c pacnpe^eaemieM P(£ = k) = a*,. 3,n,ecb 
[£ = fc] ecTb HH^HKaTopHaa <})yHKHHa co6biTiia Q = k. 



16. CjiyHafiHbie BejiH'iHHBi Xi,X2 h 03 ub h c hmbi ii HMeiOT pacnpe^,ejiemie 
Komii (Cauchy) Ca(xi,di), Ca,(x2,d,2), r^e njiOTHOCTb pacnpe,a,ejieHiiH 
Ca(a;i,(ii) onpe^ejiaeTCH KaK 


f{x) 


di 

7 T(dl + {x — Xi) 2 ) 


lei 1 


/loKajKH're, hto pacnpe,a,ejieHiieM X\ + X2 HBjiaeTCH Ca(:ri + X2, d± + d 2 ). 

¥Ka3aHHe. y6e^,iiTecb, hto xapaKTepiiCTiiuecKaa cjayHKpiiH X\ HMeeT 

bha ip(t) = e * Xlt-dl l t l. 

17. (KBaApaTiiuHbie (JjopMbi.) IlycTb A - ciiMMeTpiiuHaa (n x n)-MaT- 
piipa, a X - n-MepHbrii HopMajibHO pacnpeAejieHHbiii bcktop, X £ A/”( 0 , S). 
IIoKajKiiTe, hto p,jm cjiyuaiiHoii KBaApaTiiHHOii cjaopMbi Q = X T AX cnpa- 
BeAJuiBbi paBeHCTBa 


Ee tQ =det{I -2tAS)~ 1/2 , 

EQ = tr(AS’), DQ = 2tr((AS') 2 ), 

E [{WX + m) T A(WX + to)] = m T Am + tr (W T AWS), 
r^e W h to - HecjiyuaiiHbie MaTpiipbi. 

18 . IlycTb - x.cjx a6cojiK>THO HenpepbiBHoii cjiyuaiiHoii BejiHHHHM £ 
c njiOTHOCTbio p^. PaccMOTpiiM fi = Re(i^j) h / 2 = Im(i^). CymecTByiOT 
jih cjiyuaiiHbie BejniHiiHbi 771, 772, ajih kotophx /1, / 2 hbjijhotch hx x.cJd.? 

19 . Peajui 3 yeM m pa 3 cxeMy H 3 n HCiiBrraHHH BepHyjijui c BepouTHOCTbio 
ycnexa p. CniiTaeM, hto Bee peajiH 3 au,HH cxeM B 3 aiiMHO HeaaBHCHMBi. Ha 
BbixoAe nojiyuiiM m cjiyuaiiHbix BeKTopoB X\, x m c KOopAiiHaTaMH 
0 ii 1. HexoTopbie H3 stiix BeKTopoB MoryT coBna^aTb. CKaxceM, hto bck- 
Topbi x^ Xj, Xk o 6 pa 3 yK>T npaMoii yroji c BepmuHoft b x^, ecjui CKajiapHoe 
npoii 3 BeAeHiie (.Xi — Xk, Xj — Xk) = 0 (iiomhmo o6biHHbix npsnvibix yrjiOB, 
noA 9 to onpeAejieHiie nonaAaiOT h «Bbipo>KAeHHbie», t. e. o 6 pa 30 BaHHbie 
coBnaAaiomiiMH BeKTopaMii). HaimiiTe MaTeMaTiinecKoe oxa-mamie ui-icjia 
npuMbix yrjiOB bo MHOxcecTBe {x\, ..., x m }. 

20. HaftAHTe BepoHTHOCTb Toro, hto napa cjiyuaiiHO Bbi6paHHbix H3 
{0, 1}" BGKTOpOB HBJIHeTCH OpTOTOHajIbHOH 

а) HaA nojieM F 2 = {0,1}; 

б) HaA nojieM AeiicTBHTejibHbix unceji. 
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21. (06 opeHxe xboctob.) IlycTB X - HeoTpupaTejiBHaji H,ejiOHiicjieHHaji 
c.b., a ’I'(z) = Ez- Y - ee n®. /JpxaacHTe, hto 

P(X <x)< x~ r ^(x) rjix 0 < x < 1; 

¥(X > x) < x~ r ^(x) rjisi x > 1. 

3aMeHaHHe. /pm pemeHira stoh ii nocjie^yromux mecTii 3a^,an mojkho 
peKOMeH,n,OBaTB KHi-iry [27]. 

22. (Hrpa Y. IleHini, 1969.) Ab^otbh h EBjiaMmiH i-irpaiOT b iirpy: ohii 
6pocaiOT MOHeTy ,n,o Tex nop, noxa He BCTpeTi-iTCH PPO hjih POO. Ecjih 
nepBOii noHBHTca nocjie^OBaTejiBHOCTB PPO, BBiiirpBiBaeT Ab^otbh, ecjin 
POO - EBjiaMnnit. Byn,eT jih mpa necTHon (o^imaKOBBi jih BeposiTHOCTii 
BBinrpBima y o6oi-ix iirpoxoB)? 

¥Ka3aHHe. CnpaBe^jniBBi cjie^,yiom,iie paBeHCTBa: 

1+N(P+0)=N+A+B, 

NPPO=A, 

NPOO=B+AO, 

r^e A — xompiirypapiiH, BBiiirpBiiHHBie .zyui Ab^otbii, B KOHcjwrypanHH, 
BBirirpBiniHBie pflSL EBjiaMmia, N - xompurypapiiH nocjieflOBaTejiBHOCTeii, 
flJIH KOTOpBIX HI 0^,1'IH H3 IITpOKOB He BBiiirpaji. 3aMeHHH P H O Ha 
1/2, HaimiiTe 3HaneHHH A n B - BepoaTHOCTeii BBiurpBima Ab^otbii h 
EB jiaMraiH. 

23. Tenepn Tpoe iirpoxoB: Ab^otbh, EBjiaMmiii h KoMnBiOTep. HrpaiOT 
noxa lie BBina^eT o^pa 113 cjie^yromux nocjie^,OBaTejiBHOCTeii: A = PPOP, 
B = POPP, C = OPPP. KaxoBBi rnaHCBi xa>xyi,oro BBiurpaTB? 

24. PaccMOTpiiM cjie^yiomyio iirpy: nepBBiii nrpox na3BiBaeT o^Hy h3 
bocbmi-i KOMOnna.rniii 000, OOP, OPO, POO, OPP, POP, PPO, PPP, 
BTopoii i-irpox Ha3BiBaeT ^pyryio, noTOM ohii 6pocaiOT ciiMMeTpiiHHyio 
MOHeTy ,n,o Tex nop, noxa b nocjie,n,OBaTejiBHOCTH opjiOB (O) h pemex (P) 
- pe3yjiBTaTOB 6pocaHiiH ne noHBiiTCH o^Ha H3 BBi6paHHBix xoM6imaii,Hii. 
Tot, hbh xoM6iiHaii,HH noHBHTCH, BBiiirpaji. Byn,eT jih nrpa necTHoii? Haii- 
^HTe ^jih xa>xyi,oii HOM6iiriaii,iiii, BBi6paHH0i"i nepBBiM nrpoxoM, BBiro^HBie 
xoM6iiHaii,HH BToporo nrpoxa. 

¥Ka3aHHe. /pi h pemeHira stoii salami, cm. Taxixe [25]. Hanpi-mep, ecjin 
nepBBiii nrpox BBi6paji OPO, to BBi6npaio OOP, BTopoii nrpox BBiiirpBi- 
BaeT c BeposiTHOCTBio 2/3. /JeiicTBiiTejiBHO, nycTB poo> Pop , PpOi Ppp ~ 
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BepoHTHOCTi-i Bbii-irpbima nepBoro nrpoKa npn nocjie^Hiix 3HaneHH5ix 00, 
OP, PO, PP (b npeflnojioJKeHHH, hto paHBine hiikto He Bbiiirpaji). Hx 
mojkho Haft™ H3 ciiCTeMBi ypaBHeHHft: 


Poo = \poo + \ ■ 0, 

POP = \ ■ 1 + \ppp , 

< 

Ppo = \poo + \pop, 
Ppp =\ppo + \ppp- 

OTKy^a nojiynaeM 


2 1 1 

Poo = 0, Pop — Ppo = g> Ppp = 

To ecTB o6m,aH BeposiTHOCTb Bbiurpbima nepBoro iirpoxa paBHa 1/3. 


25. B BepmiiHe nHTiiyrojibHHKa ABCDE HaxoAHTCH h6jioko, a Ha paccTO- 
hhhh AByx pe6ep, b Bepmime C , iiaxoAHTCJi nepBsiK. Kax^Biii ^eHb HepBHK 
nepenoji3aeT b OAHy H3 ,n,Byx coce^HHx Bepmuii c paBHoii BeposiTHOCTbio. 
Tax, nepe3 oahh ,n,eHb HepBHK OKanceTCH b BepmiiHe B hjih D c BepoaTHO- 
ctbio 1/2. no npomecTBiiii ,n,Byx A hb h HepBHK MOxceT CHOBa OKa3aTbCH b C , 
nocKOJiBKy oh He 3anoMHHaeT cboiix npe^Bi^ymux nojioxceHHH. /UpcTiirHyB 
BepmiiHbi A, HepBHHOK ocTaHaBjniBaeTCH noo6e^aTB. 


a) HeMy paBHBi MaTeMaTiinecKoe ona-mamie h ^iicnepciiH nucjia ,n,HeH, 
npome^mux ,n,o o6e,n,a? 

6) Kaxyio opeHKy ,n,aeT HepaBeHCTBO He6bimeBa ,h,jih BeposiTHOCTii to- 
ro, hto 3to hhcjio ^,Hei"i 6yn,eT 100 hjih 6ojitme? 

b) Hto mojkho CKaaaTb o BejiiiHime p-opeHiai H3 3aAami “06 opeHKe 
xboctob”. 


26. nsiTB nejiOBeK ctoht b Bepimmax nHTiiyrojiBHHKa ABCDE h 6po- 
caiOT APyr APyry Ahckh t].)pnc6n. Y hiix iiMeeTCH ppa, ^HCKa, KOTopbie b 
HaHajibHbiii momcht HaxoAHTCH b coceAmix BepmiiHax. B onepeAHOii mo- 
MeHT BpeMeiiii ,h,hckh 6pocaiOT jih6o HajieBO, jih6o HanpaBO c OAiiHaKOBOii 
BepoHTHOCTbio. npopecc npoAOJincaeTCsi ,n,o Tex nop, nona o6e TapejiKii He 
OKantyTCH b pynax oahoto h3 nrpoKOB. 

a) HaiiAiiTe MaTeMaTiinecKoe ona-mam-ie h ^iicnepciiio micjia nap 6poc- 

KOB. 
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6) HaitflHTe u 3aMKHyToe” BBipajKeiine nepe3 Hiicjia OnOoHa'iHH rjisi 
BepoHTHOCTi-i Toro, hto iirpa npo,a,jii'iTCH 6ojiee 100 maroB. 


27. 06o6iu,iiTe npe^Bmymyro 3a,n,aHy Ha cjiynaii ra-yrojiBHHKa h HaiypiTe 
MaTeMaTH aecKoe ona-mamie h /picnepcnio Hiicjia nap OpocxoB ,a,o ctojik- 
HOBeHim ,ii,hckob. ,U,OKa>KHTe, hto ecjiii in neneTHO, to IIO cjiyHaiiHoii 
BejiiiHHHBi, paBHOH HHCJiy 6pocamiH, npe^CTaBHMa b cjie,nyiomeM Bi-me: 1 


G m {z) 


(m— l)/2 

n 


k =1 


PkZ 

1 ~ Qkz' 


rfle 

. 2 (2k — 1)7r 2 (2k — 1 )tt 

Pk = sin ---, q k = cos ---. 

2m 2m 

28. (3ara,a,OHHBiii cjiyHailHBiii cyn [19].) CiyueHT, pemiiBHiiiH OTo6e,a,aTB b 
ctojioboh, mojkbt o6Hapy>KHTB b CBoeii TapejiKe c cynoM cjiynailHoe hiicjio 
N HHOpOflHBIX HaCTHH, CO Cpe^HIIM /I H KOHCHHOIl .nHcnepcneft. C Bepo- 
hthoctbk) p BBi6paHHaa nacTiipa HBjraeTCH Myxoft, imane sto TapaxaH; 
Tiinni pa3HBix HacTi-iu, HesaBMCHMbL IlycTB X - KOJiiinecTBO Myx h Y - 
KOJiHnecTBO TapaxaHOB. 

а) rioKa>KHTe, hto IIO c.b. X ya,OBjieTBopjieT paBeHCTBy 

ipx(s) = ipwips + 1 -p). 

б) IIpe,ii,nojio>KHM, hto c.b. N HMeeT nyaccoHOBCKoe pacnpe^ejiemie 
c napaMeTpoM p: N £ Po(/i)). rioKanaiTe, hto X HMeeT nyaccoHOBCKoe 
pacnpe^ejieiHie c napaMeTpoM p/i, a c.b. X h Y HesaBHCHMBt. IIoKa>KHTe, 

HTO 

i’N(s) = + «))• 

29. Ha KaHynpH ynaxoBKe obchhki-i nenaTaeTCH Kynon o^hoto H3 k pa3- 
jihhhbix u,BeTOB. Cni-iTas, hto npn OT^ejiBHoii noKynxe xynoH xaiK/ipro 
H,BeTa mojkbt bctpcthtbch c paBHoii BeposiTHOCTBio h pa3Jii-iHHBie noxynKH 
h e3aBHc h m hi , Tpe6yeTCH HaflTH npoii3BO,ii,Hmyio cjDyHKHjno pacnpe^ejieHira 
BeposiTHOCTH, MaTeMaTHHecKoe OKH^aHne h ^iicnepciiio MHHHMajiBHoro 
Hiicjia ynaxoBOK, KOTopnie npi-meTCH KymiTB ^jih toto, hto6bi co6paTB 
KynoHBi Bcex k npeTOB. 

1 Bocnojib3yHTeci> noflCTaHOBKOH z = l/cos 2 0. 
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VKa3aHHe. Bocnojib3yiiTecb BcnoMoraTejiBHbiMii BeposiTHOCTHMii: p ( n ) - 
BepoHTHOCTb pa3,n,ejii'iTb n o^imaKOBbix o6T>eKTOB na k rpynn Tax, hto 
b Kanyupii rpynne 6yn,eT He MeHee o,a,Horo o6T>eKTa, /(m) - BepoHTHOCTb 
Toro, hto MiiHi-iMajibHoe hiicjio KynjieHHbix ynaKOBOK paBHO m . 

n 

pip) = /( m )> 

m—k 

oo oo n oo oo 

p(z) = £>(«)*" = E E fi m > n = E E f(m)z m z n - m = 

n—k n—k m—k n—m m—k 

= F{z)—— . 

1 — z 

3aMenaHHe. Cm. TaioKe [2] h 3a^aHy 4 H3 3Toro paa^ejia h yKaaaHiie k 
Heft. 


30.** (3a^aHa o npe,n,ejibHoft cjjopMe ^,iiarpaMM lOHra.) Pa36uenueM A Ha- 
TypajiBHoro nucjia n Ha3biBaeTCH na6op HaTypajiBHbix nuceji (Ai,..., Ajv), 
pjm KOToporo Ai > ... > Ajv > 0 n Ai + ... + \n = n. /fuazpaMMOu 
lOnza pa36iieHHH A = (Ai,.,.., Ajv) Haabmaerci-i no^MHoncecTBO nepBoro 
KBa^paHTa njiocKOCTii, cocTOHiu,ee H3 e^iiHiiHHbix KBa/ypaTiiKOB. KBa^pa- 
thkh pa3Mem,aiOTCH no CTpoKaM, BbipoBHeHHbiM no jieBOMy npaio, npnneM 
nncjio KBa^paTHKOB b i-ii CTpone paBHO Aj. MHoncecTBO Bcex ^narpaMM 
lOHra, cooTBeTCTByiomiix naTypajiBHOMy nncjiy n (hjih iraane MHoncecTBO 
Bcex pa36neHHH HaTypajiBHoro nncjia n) o6o3HannM nepe3 V n . BBe^eM 
paBHOMepHyio Mepy p n Ha V n , to ecTb 

Mn(A) = y 

p{n) 

pjm Bcex A £ V n , rp/e p{n) = \P n \ - hhcjio paaftiieHHH HaTypajiBHoro n 
(hhcjio yynarpaMM lOHra, cooTBeTCTByionyrix HaTypajibHOMy n). 

IlycTb rfc(A) - hhcjio cjiaraeMbix b pa36neHHH A, paBHbix k (imane 
roBopa, BbinojiHeHO paBeHCTBO n = Hhcjio cjiaraeMbix b 

pa36HeHHii A, 6ojibmiix hjih paBHbix |"i] (r,a,e t - iieoTpupaTejibHoe ,n,eft- 

CTBiiTejiBHoe hhcjio), o6o3HaHiiM nepe3 <f>\(t) = Y) f’fc(A). 3aMeTHM, hto 

k>t 

t > 0 - CTyneHnaTaa (JiyHKiyiiH, HenpepbiBHaa cnpaBa, 3aMbiKaHiie 
BHyTpeHHOCTii no,n,rpa4)HKa KOTopoft h ecTb yynarpaMMa lOHra, cootbct- 
CTByiomaH pa36iieHiiio A. CyyejiaeM HiKajinpoBaHiie (ciceftjiHHr) (JjyHKHHH 
( p\(t ) c MHOHciiTejieM a > 0: 


( t ) = -'52 o-O) = -‘MO- 

n z ' n 


k~>at 
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3aMeTHM, hto nocjie HiKajiiipoBaHiiH 


J V\(t)dt = 1 . 

o 

TeopeMa (A.M. BepniHK). Ilycmb a n = y/n, moeda d.an ,aw6ux 
£ > 0 u 6 > 0 cyiu,ecmeyem n e j, umo d.asi .aw6oeo n > n e j 


f-^n 



sup 

t 


4>i n (t) - c(t) 





^ = J = -^ ln (! - 

^pyrHMH cjiOBaMH, THnaiHaa (b CMBicjie paBHOMepHoii Mepbi) ^iia- 
rpaMMa lOHra nocjie niKajuipoBaHiiH (t) = -^= ^ fk (A) c poctom n 

k>y/nt 

HMeeT npedeji’bHyw cjjopMy ( limit shape), 3a,n,aHHyio c noMom,Bio C(t), hjih 
b 6ojiee CHMMeTpHHHoft (JjopMe: e >® x + e = 1. 

HHTepnpeTapiiH stoh 3 a^,aHii c to'ikh 3 pemiH CTaTHCTiraecKOH (})M3hkh 
cjie^yiomaH. V n - MHOxcecTBO Bcex coctohhiiii ciiCTeMBi ( 6 o 3 e-HacTim,) 
c iioctohhhoh SHepraieii n, icanc/ipe cocTOHHiie A £ V n 0 ,n,H 03 HaHH 0 xa- 
paKTepii 3 yeTCH Ha 6 opoM 3 HaHeHim r^(A) (nnceji 3 anojiHeHi-n”i k -ro ypoBHH 
3 Hepi HHj. 3 aMeTi-iM, hto y 6 o 3 e-HacTim, HeT orpaHii'ieHHH na 3 HaHemiH 
rfc(A), b OTjiHHne ot (jjepMH-'iaci’Hn, r^e rfc(A) < 1 . V n b CTaTiicTiiHe- 
CKofi <J)H 3 HKe Ha 3 BiBaeTca KaHOHH'iecKHM aHcaM 6 jieM (paBHOMepHaa Mepa 
pL n cooTBeTCTByeT TOMy, hto Bee coctohhiih paBHOBepoHTHBi). TeopeMa 
yTBepHc^aeT, hto HiKajii-ipoBaHHaH (JjyHKpiiH njiOTHOCTii pacnpe^ejieHiiH no 
ypoBHHM 3 HeprHH y ci-iCTeMBi 6 o 3 e-HacTim, (c nojmoii SHepmieii n) HMeeT 
b npe,n,ejie Bim (jiyHKHHH C[t) (iiHane TeopeMa yTBepnyuaeT, hto cyipe- 
CTByeT npe,n,ejiBHoe pacnpe^eneHiie SHepnm HacTHip no 3 BOjiHiOHi,ee ,n,ejiaTB 
3 aKjnoHeHiie Tima: KaxaH npe^ejiBHaH ,zi,ojih o 6 in,ei"i 3 h ep ihh npiixo^iiTCH 
Ha HaCTHH,BI C flaHHBIMII SHepTHHMH). 

3aMenaHHe. C ,n,eTajiBHBiM ,n,OKa3aTejiBCTBOM TeopeMBi mojkho 03HaK0- 
mhtbch no CTaTne: BepmiiK A.M. CTaTiiCTiiHecKaH MexamiKa KOM6imaTop- 
hbix pa36neHHH h iix npe^ejiBHBie KOHcj)itrypanHH // OyHKiiyiOHajiBHBiH 
aHajiii3 h ero npiuionceHiiH. 1996. T. 30, BBin. 2. C. 19-39. 

CorjiacHO npiiBe^eimoH BBime CTaTne, ^.ajiee omicaHBi tojibko ochob- 
HBie mam h imen ^OKa3aTejiBCTBa. Hi-iTaTejno Tpe6yeTCH c yneTOM npiiBe- 
^.eHHBix HHJKe yKa3aHHH KanecTBeHHO o6ocHOBaTB pe3yjiBTaT o npe,n,e.jiBHOH 
4>opMe ^.iiarpaMM lOHra. 
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VKa3aHHe. 3aMeTi-iM, hto ,zyiH o6ocHOBaHHH cymecTBOBam-ia npe^ejiBHOii 
(JjopMBi niKajuipoBaHHBix ,n,HarpaMM lOHra Heo6xo,n,HMO .zyia Hana.na npo- 
BepiiTB BBinojiHiiMOCTB cjie^iyiomHx npe,n,ejiOB: 

lim E = 


lim E„ 

n-s-oo 



= 0 , 


hto Ha caMOMO ^ejie He Tax npocTO. 

OcHOBHaa i-mea o6ocHOBamia yTBepjK^eHiia TeopeMBi 3aKjnoHaeTca, bo- 

nepBBix, b nepexo,n,e k npocTpaHCTBy Bcex .nyiarpaMM lOHra v = uv n c 

n 

ceMeitcTBOM (no x € (0,1)) Mep p x : 




EA, 
X ‘ 


F(x) 


x n{\) ~ 

r Ae F(x) = ^2p(n)x n , 


KOTopbie b cbok) onepe^B HH^ypripyiOT na npocTpaHCTBe V n iicxo,n,HyK) 
paBHOMepHyio Mepy p n (cm. yTBepjK^eHiie 1 mince), bo-btopbix, b o6oc- 
HOBaHHH yTBepncfleHHH yKa3aHHOi"i TeopeMBi .zyia ceMeiicTBa BBe^eHHBix 
Mep npn x, CTpeMsmi,eMCH k e/timiine cjieBa, to ecTB x —> 1 — 0 (hto 
cymecTBeHHO npoipe, cm. ^ajiee). npe^CTaBjienne MepBi p x icaic BBinyKjioii 
KOM6HHaH,HH Mep /i n (cm. yTBepncyi,eHHe 3 mince) no3BOJiaiOT ^.ejiaTB 3a- 
KjnoHemie, hto tot nee npe^en (HaimeHHBiii ,h,jih Mep n x npn x —> 1 — 0) 
6yzi,eT h .zyia Mep p n npn n — > oo. 

C TOHKI-I 3peHIia CTaTI-ICTHHeCKOH (J)H 3 HKH V COOTBeTCTByeT (6 ojib- 
moMy) KaHOHiinecKOMy aHcaM6jno c Mepoii rn66ca p x (\) = r R e 


v A. 

F(x) = £.r * 


OO 

£ p(n)x n ^ - CTaTHCTHHecicaa cyMMa. nonanci-iTe, 


A n—0 

HTO ,H,JIH CTaTI-ICTHHeCKOH CyMMBI F(x) (i-IJII-I I-IHaHe IipOIISBO/prilieH cjiyHK- 
h,hh nocae^OBaTeaBHOCTi-i p(n)) cnpaBe^,jii-iBa cjjopMyjia 3iuiepa: 


F{ X ) = Y J p{n)x n = na-^r 1 - 

n —0 fc=1 


ITepexofl ot Majioro k 6ojiBmoMy KaHOHiinecKOMy aHcaM6jno ynpoipaeT 
pemem-ie salami b cmiy MyjiBTi-injiHKaTi-iBHOCTi-i Mep p x (cm. yTBepnc^e- 
HHe 2 Hi-ince). 

ripoBepBTe cnpaBe^aiiBOCTB cne^yiomi-ix yTBepnc,a,eHHH: 

1) fi x {\)\ v = = Hn{X), to ecTB Mepa Ha V n , i-ra^ypi-ipoBaHHaa 

Mepoii fi x , coBna^aeT c paBHOMepHoii Mepoii p n . 
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2) 7*i(A), 7 * 2 (A),... KaK cjiyHaiiHbie BejniHHHBi Ha V nesaBiiciiMbi otho- 
ci-iTejibHO Mep (j, x . 

¥Ka3aHHe: IIpoBepBTe, hto /i x {A : r/ c (A) = s} = x ks (\ — x k ), a cob- 
MecTHoe pacnpe/tejiCHne HBjineTCH nponaBe/ieHiieM m ap thh a jibhbi x. 

3) Mepa fj, x jrajineTcn BBinyxjioii KOMfmHanHeil Mep /i n . 

YKasaHHe: /i x = £ 

n=0 

CorjiacHO onncaHHon BBinie cxeMe (n^ee) ^,OKa3aTejit>CTBa, npoBepnM 

BBinOJIHHMMOCTB 


lim li x 

a-H-(T 



sup 

£ 



(i)-C(i) 



= 1 . 


3Toro HyiKHO, BO-nepBBix, 


lim 



(t) = C(t), 


BO-BTOpBIX, 


lim Ej; 

3-71-0 




= 0 . 


3aMeTiiM, hto b OTjiHHHe ot cjiynan, xor^a ycpe^Hemie 6epeTcn no Mepe 
fi n , n( A) - cjiynaiiHaH BejinHima, h nojiB30BaTBcn jiimenHOCTBio MaTeMa- 
Ti-inecKoro ona-mamin, HanpiiMep, npn BBiHHCJiemiH 




1 

\A(a) 


rfc ( A ) 

fc>t-\/ n( A) 


HejiB3H. rtpeo^ojieHiie stoh Tpyn,HOCTH aHajioniHHO BBi6opy nepeBajiBHoro 
KOHTypa b MeTO,a,e JIanjiaca: bmccto npe,a,ejia a:-) 1-0 BBi6epeM nocjie^o- 
BaTejiBHOCTB x n Taxyro, hto, c o,h,hoh ctopohbi, x n — > 1 — 0 npn n —► oo, c 
flpyroii ctopohbi, pjisi xanynpro n Mepa /j, Xn xoHpeHTpnpyeTCH na V n . 
3toto 6yn,eM onTHMionpoBaTB (no x) BeponTHOCTB toto, hto cjiynanHoe 
(no Mepe ^ x ) pa36neniie ,a,aeT cjmxcnpoBaHHoe ncxo,n,Hoe 3HaHemie n: 


Hx \ V' kr k { A) = n > = p(n)-—^ max, 

\k J 

Tax hto x = x n HBjineTCH xopHeM ypaBHemiH x4- [In F(x)\ = n (noxanti-iTe 
3 to). ITocjie^Hee ypaBHemie mojxho iiHTepnpeTiipoBaTB HeMHoro imane, 
a HMeHHO BBi6npaTB 3HaHeHne x = x n H3 coBna^eHiin MaTeMaTiinecxoro 
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OKH/taHHi-r (no Mepe /i x ) cjiynaHHoft bcjii-ihi-ihbi n(A) c iicxo^hbim 3HaneHii- 
eM n: 




^kr k (X) 

_ fc 


= n. 


06ocHyiiTe (BOcnojiB30BaBnmcB npe,n,CTBajieHiieM CTaTiiCTiinecKon cyMMBi 
F{x) corjiacHO cjjopMyjie 9i"uiepa h TeM, hto r k (X) HMeiOT reoMeTpnnecKoe 
pacnpe^ejiemie (yTBepxynem-ie 2 BBime)), hto nocjie,n,Hee TaioKe SKBima- 
jieHTHO x4- [lni^cc)] = n. IIoKa>KH r re, hto sto ypaBHemie HMeeT e,n,HH- 
CTBeHHoe pememie x n G (0,1), no^CTaBjuiH KOTopoe o6paTHO b ypaBHemie 
iiMeeM HopMiipoBKy: 


n 


i = E 

k=l 


k (x^) k/ ' /f ™ 1 

yfn. ! _ ( X ^)k/Vn Vn 


OO 



0 


- ; du 

1 _ g-\A( 2 )« 


n npn 3 tom 


lim Ex. 



= 0 . 


TaniiM o6pa30M, nojiynaeM 


e x Jr(t) 



'y ' E Xn^k - 

k~>ty/n 


Y' ( x ^ i 

ft 1 - v/ " 


= -\A(2)m 


1 — e 


-du. 


— \A(2 


HTO H HBJIHeTCH HOpMIipOBaHHOH KpHBOH C(t). 

BBipoHynpimocTB npe,n,ejiBHoii cjjopMBi o6ocHOBMBaeTCH cooTHomeHiieM 


lim E r 

n—voo 


\/n 


W-C'W 


= o. 


TaKHM o6pa3QM, HMeeT MecTO 


lim fi x , 

n—to o 



sup 


- C(t) 



= l. 


Ctoiit OTMeTiiTB, hto ”,n,ora,ii,aTBCH” flo OTBeTa o npe,n,ejiBHoii cjjopMe 
^, 1 -iarpaMM lOHra mojkho c noMom,Bio cjie^,yK>m,nx ’’HecTpornx” paccyayn.e- 
hhh. (Cm. BH^eoTeKy jieTHeii hikojibi ’’CoBpeMeHHaa MaTeMaTHKa”, fly6- 
Ha, 2013 r., B.A. Knenupm ” Ac hm ii tot h r r ec k h e 3a,n,aHH KOM 6 iiHaTopiiKii”). 
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IlycTb b nepBOM KBa,n,paHTe na pejiOHiicjieHHoii pemeTKe OTMeneHBi napBi 
Tonex ( Xi,yi ), TaK hto 

0 = xi < x 2 < ■ ■ ■ < x k , yi < U 2 < ■ ■ ■ < Vk = 0. 

Hi-icjio bo3mo>khbix ,n,iiarpaMM lOHra (6e3 (JmxcaipiH n), npo,a,oji5KeHHaH 
rpaHi-ipa kotopbix npoxo,n,HT nepe3 3a,a,aHHBie napbi Tonex, npii6jiii>KeHHO 
BBipaxaeTCH Tax: 


exp 



(A iX + A iy) H 


Ajcc \ 

A i.x + A iy J 


rfle A iX = x i+1 - ar», A t y = y i+1 - y u H(p) = -plnp- (1 - p) ln(l - p). 
IIpoBepBTe 3 to, BOcnojiB 30 BaBmiiCB TeM, hto C^ N \ rpp p £ (0,1), 6 e 3 
yneTa xoHCTaHToro MHO»ci-iTejiH npii6jiii>xeHHO paBHO e NHIj> ' 1 pjm 6ojibiiii-ix 
N. (CniiTaiiTe, hto A^a; h A,j/ 6 ojiBmne, cm. Hi-race.) 

CoeflHHHTe yxa3aHHBie tohxh jiOMaHoii, npo^,jniB ee ochmh 3a xoHpe- 
BBie tohxh. IIpoHSBe^HTe cjxaTne no xanynpii H3 oceii b sjn pa3, Tax hto6bi 
njioma^B nofl jiOMaHoft (npii6jiH>xeHHo) paBHHjiacB e^iiHiipe. IlepeimiiTe 
b HOByio ci-iCTeMy xoop^,iiHaT noBopoTOM CTapofi npoTHB nacoBOH CTpejixn 
Ha 45°, c^ejiaB pacTioxemie b \J2 pa3a. JIoMaHaa Tenepx 3a,n,aeTCH xax 
rpa<J)Hx (J)yHxu,HH u = f(t). HaxoHen,, c poctom Hiicjia Tonex 


exp 



(A iX + A iy) H 


\x \ 
A t x + A ^ J 


—> 


JJjisl HaxojK^eHHH npe^ejiBHOH cjaopMBi Hy>xHO HafiTH MaxcriMyM cjayHxpH- 
OHajia (c SHTporaiHHBiM jiarpaHHHiaHOM) npn orpaHHHemiHx f(t ) > |t|, 
|/'| < 1, f — 111) = 1. 3aTeM BepHyTBCH b iicxo^Hyro cucTeMy 
XOOpflHHaT. 

31.** (CTaTHCTiixa BBinyxjiBix jiOMaHBix [15].) PaccMOTpiiM Ha njiocxo- 
cth BBinyxjiyro jiOMaHyro T, BBixo^amyro H3 Hyjia, y xoTopoii BepmiiHBi 
hbjijhotch pejiBiMH TOHxaMH h yroji naxjiOHa xanynpro 3BeHa HeoTpupa- 
Tejien h He npeBoexo^HT n/2 (r - rpacjanx xycoHHO-jiHHeimoH (JjyHxpiiH 
X2 = r(xi)). BbinyxjiocTB noHHMaeTca b tom CMBicjie, hto HaxjiOH nocjie- 
^OBaTejiBHBix 3BeHBeB JiOMaHoii CTporo B03pacTaeT. IlpocTpaHCTBO Bcex 
TaxHx JiOMaHBix o6o3HaHHM nepe3 II, a nepe3 II (mi, m 2 ) — mhohccctbo 

JIOMaHBIX, OXaHHHBaK>m,IIXCH B TOHXe (mi, m 2 ). 
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Phc. 5. K 3a,a,aHe «CTaTHCTHKa BBinyKjiBix jiOMaHBix» (c = 3) 


BBe^,eM paBHOMepHyio Mepy Ha npocTpaHCTBe II ( 7711 , 7712 ): 

PaccMOTpi-iM ^eTepMHHupoBaHHyio KpiiByro t 2 = L c (t\), t\ £ [0,1], 
3a^,aHHyK) ypaBHem-ieM (ct±+t 2 ) = 4 ct 2 (cm. pi-ic. 5). 3aMeTHM, hto 

tohkii (0; 0) h (1; c) hbjiphotch cootbctctbchho jicbbim ii npaBBiM KOHpaMii 
KpilBOH, TaKJKe ^JIH 3TOII KpiIBOIl cnpaBe,n,jiHBO 

{dt 2 /dt 1 )\ tl=0 = 0, (dt 2 /dii)| fi=1 = 00 
h KpiiBaa HHBapnaHTHa othochtcjibho npeo6pa30BaHi«i 


[ti,t 2 ) (1 - t 2 /c, c( 1 - ti)). 


IIoKajKiiTe cnpaBe^jiiiBOCTB 3aKOHa 6 ojibhiiix Hiiceji ^jia BBinyKjiBix 
JIOMaHBIX r £ n( 777 l, 7772 ): 

TeopeMa (51.T. CHHafi). jiw6oeo 5 > 0 cnpaeedjmeo 


lim 

m l ,1712—>00,~ 


P, 


m 1,777.2 


max 

tiG[0;l] 


1 

m\ 


r(777ili) - L c (ti) 



= 1 . 


Hhumu uioeaMU, e peayAtmame MacmmaSnogo npeo6pa3oeaHUA (cKeu- 
jiuma) 1 1 = Xi/nii u t 2 = x 2 /mi (f>opMa cjiyHaunux aomcihux cmano- 
eumcfi npu m\,m 2 —> 00 , m 2 /mi — ► c demepMunupoeamou. 

¥Ka3aHHe. CorjiacHO pa6oTe: Ciraafl 51.F. BepoHTHOCTHBiii ncypcpn, k 
aHajiii3y CTaTiiCTHKii BBinyKjiBix jiOMaHBix // OyHKpiiOHajiBHBiii aHajnra 
h ero npiuiOTKemiH. 1994. T. 28, BBin. 2. C. 41-48 (cm. Tax:*® KHiiry [15]), 
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paccMOTpi-iM ncyptofl k iiccjie^OBaHiiio aciiMnTOTHHecKHx BeposiTHOCTHBix 
CBOIICTB BBinyKJIBIX JIOMaHBIX, OCHOBaHHBIH Ha nOHHTIIHX CTaTIiCTI'IHeCKOH 
cj)ii3HKH - MHKpoKaHOHiiHecKoro h 6ojiBmoro KaHOHiinecKoro aHcaM6jieii 
(cm. npe^BmymyK) 3a,n,aHy). C TaKofi tohkh 3peHiisi, pacnpe^,ejieHiie Bepo- 
HTHOCTeii Pm 1 ,m 2 Ha n(mi,TO2) bbo^htch Kax ycjiOBHoe pacnpe^ejiemie, 
HH^ypiipoBaHHoe no^xo^Hmeii Mepoii Q (cm. mince), 3a,n,aHHOH na npo- 
CTpaHCTBe n. ripil 3TOM Te HJIH IIHBie CBOHCTBa JIOMaHBIX (b HaCTHOCTH, 
3aKOH 6ojiBmiix niiceji) ycTaHaBjniBaiOTCJi CHanajia no OTHomeHino k Q , 
a 3aTeM nepeHOCHTCH Ha cjiynaii P mi ,m 2 c noMom,Bio cooTBeTCTByiomeii 
jiOKajiBHoii npe^,ejiBHoii TeopeMBi. 

CHanajia paccMOTpi-iM MHoncecTBO X Bcex nap B3ai-iMHO npocTBix n,e- 
jibix niiceji, h nycTB Cq{X) - npocTpaHCTBO (Jhihi-ithbix cjjyHKiiyiH Ha X c 
HeoTpim,aTejiBHBiMH pejihiMH 3 h a'ie hhmmh. IIoKancHTe, hto Kanc^oii TaKoii 
cjjyHKHHii ecTecTBemibiM o6pa30M OTBenaeT HeKOTopaa BBinyKjiaH (KOHen- 
H03BeHHan) jiOMaHan, h nao6opoT. BBe^eM Ha Cq(X) MyjiBTiinjiHKaTHBHyio 
CTaTHCTHKy Q = Q Zl ,z 2 (napaMeTpni z\ h Z 2 , 0 < z\, Zi < 1, onpe^ejniM 
mince) - pacnpe^ejieniie cjiynaimoro nojin v = v(-) Ha X c He3aBHCHMBiMH 
3Ha'ieHHHMH npn pa3HBix x = (xi,X 2 ) G X h pacnpe^,ejieHiieM: 


Qzi ,Z 2 (0 


n 

X=(xi,X2)£X 



= n i *?) v(x) n a-« 2 )- 

X=(xi,X2)£X X=(xi>X2)€.X 

3to 03HaHaeT, hto Kaxc^asi c.b. is(x) hmcct reoMeTpHnecKoe pacnpe^ejie- 
Hne c napaMeTpaMH z^z^ 2 . 

npoBepbTe, hto Ha npocTpaHCTBO P mi , m2 BBe/jeHHaa BBime Mepa Q Zl ,z 2 
HH^yi^npyeT pacnpe^ejiemie, He 3aBHcaiH,ee ot napaMeTpoB z\ h z%, b 
^hhom cjiynae paBHOMepHoe: 

Qz u z 2 ( v\n(m 1 ,m 2 )) = jy( m | m2 ) = p mum 2 (y). 

C tohkh 3pemiH CTaTHCTHHecKOH <J)H3 hkh, pacnpe,n,ejieHHe Q ZuZ2 ht- 
paeT pojiB SojiBinoro KaHOHiinecKoro pacnpe^ejieHHH rn66ca, a pacnpe^e- 
jieHiie Pmi ,m 2 ~ MHKpoKaHOHiiHecKoro pacnpe^ejieHHH. Ecjiii KaKoe-jm6o 
co6BiTiie no OTHomemno k pacnpe^ejieHiiio Q Zl ,z 2 iiMeeT Majiyio BepoHT- 
hoctb, ropa3^o MeHBinyio, neM BepoHTHOCTB Q ZllZ2 (II(mi, m 2 )), to oho 
iiMeeT h Majiyio BepoaTHOCTB no OTHomemno k pacnpe^ejieHino P mi ,m 2 - 
OcHOBHaa iiflfisi 3aKjnoHaeTCH b tom, hto6bi no,n,o6paTB TaKiie 3HaneHHJi 
napaMeTpoB Z\,Z 2 € [0,1], npn kotopbix BepoaTHOCTB Q Zl , Z2 (n(?ni, m 2 )) 
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npi-iHHjia 6 bi bo3mo>kho 6ojibmee 3HaHeHiie, to ecTB hto6bi pacnpe,n,ejieHiie 
Q Zl Z2 koh pe Hip h poBajioc: b Ha npocTpaHCTBe II(mi,TO2): 

Q Zl , Z2 (n(mi,m 2 )) = Q Zu22 < ^2 = ™-i, ^ v ^ x ) x ^ = m 2 

vxG-X" xEX 



N(mi, 


IL= 


(xi,X2)€X 


(1- 


^1 ^2\-l 


max 

«1,-^2 G [0,1] 


IIoKaxcHTe, hto Taxon BBi6op corjiacyeTcn c HHTynTHBHBiM bbi6opom H3 
(J)nKcau;nn u b cpe^HeM” no Mepe Q Zl ,z 2 npaBoro KOHija cjiynanHOH jiOMa- 
hoh: 


E ^2 (E* e x v{x)x\) = Exex f 

e =i,*2 ('E x€ x v ( x ) x 2) = Exex f 


= »Tli, 

= m 2 . 


9to b cbok> OHepe,n,b SKBiiBajieHTHO cucTeMe ypaBHeHHH (cm. npe^Bmymyio 
3aAany): 


2 iafr ln frix=(x 1 ,x 2 )ex( 1 -^ 1 ^2 2 ) ^ =«!. 
^2^ In (rU^exU - s? 1 *?)" 1 ) = ma- 


fleTajiii Haxo5Kyi,eHiiH 2:1 h z 2 cm. b yKa3aHHOi"i BBirne jiiiTepaType. 3,n,ecB 
npiIBO^HTCH TOJIBKO pe3yjIBTaT, HTO Z\ H Z2 paBHBI COOTBeTCTBeilHO 


1 - 


( C(3)c y 
VC(2)mJ 


(l + o(l)), 1 


f c(3) y 

\C(2)c 2 mi/ 


( 1 + 0 ( 1 )). 


^seTa-cjDyHKpiiH PiiMaHa noHBjraeTCH b cbh3i-i c tcm, hto paccMaTpimaiOTCJi 
TOJiBKO napbi B3ai-iMHO npocTBix Hiiceji - npocTpaHCTBO X (cm. 3a^,any 55 

H3 pa3^ejia 3). 

3a4»iKCiipyeM nocjie^OBaTejiBHOCTB 0 < T\ < r 2 < • • • < tjv- Bnocjie,n,- 

ctbhh n —> 0, tn —> 00 , max(r, + i — tj ) —> 0. BBe^,eM c.b. 

3 

C k\ v ) = x k v{x), k = 1,2. 

xeX: Tj<M S T j+1 

h C 2 ^ (y) ecTB npiipameHiie no ochm X \, a; 2 cootbctctbchho toh 
nacTii jiOMaHoii, r,n,e TaHreHC yrjia HaKjiOHa 3BeHBeB 3aKjnoneH Menc^y Tj 
h Tj_|_i. ITo OTHomemiio k pacnpe^ejieHiiio BeponTHOCTeii Q Zl , Z2 cjiynaiiHBie 
BejiiiHHHBi ((E (u) B3ai-iMHO HesaBHCHMhr npii pa3HBix j. Hx MaTeMaTiine- 
CKiie ojKHflaHHH: 
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E 


Ai) 

Zl,Z2Sfc 


M= E 


Xk 


^<7 


1 - ^ 


C yneTOM nojiyneHHBix BBime napaMeTpoB z \, z 2 h 3aMeHOi"i nepeMeH- 

1/3, ' 1/3, . , -1/3 

hbix X\ = Wj ci , X 2 = TO-,/ t 2 > r AG ti h t 2 mchhiotch c maroM 77i 1 , 

H3 3thx cooTHomeHiiii mo)kho nojiyniiTB ^iKjx^epeHpiiajiBHoe ypaBHemie 

BToporo nopH,a,Ka (cm. yicasaHHyio BBime jiiiTepaTypy), pememieM kotopo- 

ro (c yneTOM rpam-iHHBix Tonex) ii HBjiaeTCH ^eTepMHHiipoBaHHaa KpiiBaa 

(cm. puc. 5): 


{ct 1 + t 2 f = 4:Ct 2 - 

J\a,jiee Hy>KHO BOcnojiB30BaTBCH 3aKOHOM 6ojiBiimx niiceji no OTHome- 
HiiK) k pacnpe^ejiemiHM Q ZltZ2 n P mi ,m 2 - 

3aMenaHHe. rioMi-iMO y»ce yKa3aHHBix BBime HCTonmiKOB cm. CTaTBio 
BepnniK A.M. IIpe^ejiBHaH cjjopMa BBinyKjiBix pejioniicjieHHBix MHoro- 
yrojiBHiiKOB h 6jiii3Kiie Bonpocni // OyHKipiOHajiBHBiii aHajni3 h ero npii- 
jioxemiH. 1994. T. 28, BBin. 1. C. 16-25. 
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5. IlpeflejibHbie TeopeMbi 

1. IlycTb ,zyiH jik>6oii / € C£° (R) (Kjiacc 6ecKOHenHO rjia,n,Kiix orpaHii- 
neHHbix cjDyHKpilii Ha R) BBinojiHeHO cooTHomemie: 

J f{x)dF n (x) J f(x)dF(x), n-> oo, 

r,n,e F n , F - (JjyHKpiiii pacnpe^ejieHiisi c.b. X n h X cooTBeTCTBetiHO. ,11,0- 
Ka>KH r re, hto b TaxoM cjiynae HMeeT MecTO cxo,h,hmoctb no pacnpe^ejieHino 
X n k X, to ecTB BBinojiHeHO cjie^yromee: 

F n (x) —> F(x ) b jiio6oh Tonne HenpepniBHOCTH F(x) npn n —» 00. 

3aMenaHHe. IIoHHTiie cxo,h,hmocth no pacnpe^enemno o6o6nj,aeTcn na 
cjiynaii, nor^a cjiynafranie BejiiiHHHBi hbjishotch Bem,ecTBeiino3HanHBiMH 
cJ)yHKn,HHMn Ha nenoTopoM MeTpnnecKOM npocTpaHCTBe S (T.e. ecjin X - 
c.b. , to X = X(s), s£ S). B TanoM cjiynae Bnojme ^ocTaTOHHO paccMaT- 
piiBaTB BBinojiHHMOCTB cooTHomeHHH, npiiBe^eHHoro BBime, ,h,jih Kjiacca 
Cb{S ) (HenpepniBHBix orpaHnneHHBix cjiyHKuyiH). 

IlHOiyi.a Tanyro cxo^hmoctb Ha3BiBaiOTC cjia6oii cxo^hmoctbio Mep. 

Cm. BnjijiHHrcjin II. Cxo^hmoctb BeposiTHOCTHBix Mep. M.: Hayna, 

1977. 352 c. 

2. IlycTB {£n}$£Li nocjie^OBaTejiBHOCTB c.b ii BBinojiHeHO cjie^yiom,ee 
paBeHCTBo: 

P(£« = - n ) = P(Cn = n) = i. 

IIoKancHTe, hto ^aHHan nocjie^OBaTejiBHOCTB ne cxo^htch no pacnpe- 
flejieHHio. 

IlMeeT jih MecTO cxo^iimoctb cooTBeTCTByiomeH nocjie^OBaTejiBHOCTn 
(jjyHKHHH pacnpe^ejieHiiii? Ecjih otbct nojioncnTejiBHBin, to 6yn,eT jih 
cjjyHKpneH pacnpe^ejieHHH npe^ejiBHaa <J)yHKH,HH? Byn,eT jih noTonenHO 
cxo^htbch cooTBeTCTByiomaH nocjie^OBaTejiBHOCTB xapaKTepncTHnecKiix 
(jiyHKHHH? IIpHBe^HTe npiiMep, Kor,n,a HMeeT MecTO noTonenHaa cxo^h- 
moctb xapaKTepncTHnecnx cJiyHKHHH, ho HeT cjia6oi“i cxo^hmoctii (cxo^h- 
moctii no pacnpe^ejieHino) cooTBeTCTByiomiix cjiynairanix BejinniiH. 

3. * (TeopeMa JleBii-KpaMepa.) IlycTb {£„} ngN - nocjie^OBaTejiBHOCTB 
c.b., a {F n (a;)} n6N h {(/>„ (i)} ngN - cooTBeTCTByiomne nocjie^OBaTejiBHO- 
cth <J>yHKH,HH pacnpe,n,ejieHHH h xapaK r rep 11 c r r h ' 1 ec k h x cjiy hkh,hh . noKaaai- 
Te, hto BepHBi cjie^yiomHe yTBepaynpHiia. 
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а) Ecjiii cymecTByeT c.b. £ c xapaK r repncTH'iecKOH cjiyHKiijieH <f> (t) h 
TaKoii (jjyHKUHen pacnpe,n,ejieHiiH F (x), hto F n (x) — > F{x), n — > oo b 
TOHKax HenpepBiBHOCTi-i E (x), to 4> n (t) —> <j) (t), n oo paBHOMepHO Ha 
Ka>K,n,OM KOHeHHOM riHTepB ajie. 

б) Ecjiii cymecTByeT Tanaa HenpepbiBHan b Hyjie cjiyHKHHH hto 

(j) n (t) —> (j) (t) npii n oo, to cymecTByeT c.b. £ c xapaKTep hcth' rec koh 
(}.) yHKpHCH (f>(t) h cjiyHKHHeH pacnpe^ejieHHH F{x), TaKoii hto (npii n —> 

—> oo) F n ( x ) — > F (x) b TOHKax HenpepBiBHOCTi-i F (x), to ecTb £„ £. 

Bojiee toto, F n (x) —► E 1 (x), n —> oo paBHOMepHO Ha jiio6om kohchhom 
hjih 6ecKOHeHHOM MHO»cecTBe tohck HenpepbiBHOCTii cJiyhkhhh F (x), a 
TaK»ce <f> n ( t ) —► 0 (t) paBHOMepHO Ha Ka>K,n,OM kohchhom iiHTepBajie. 

3aMenaHHe. Cm. KHiiry CanKOB B.H. BeposiTHOCTHbie MeTO^bi b kom6h- 
HaTopHOM aHajni3e. M.: Hayxa, 1978, a TaK»ce [30, 12, 26]. 

4. IlycTb c.b. Xk HopMajibHO pacnpe^ejieHbi h cymecTByeT TaKan c.b. X, 
hto X n —^ X b L 2 , T.e. E [|X„ — X| 2 ] —> 0 npii n 00 . IloKaHCHTe, hto 
c.b. X HopMajibHO pacnpe^ejieHa. 

5. (TeopeMa JlHH,n,6epra.) IlycTb ^,... ,£ n , n € N, - He3aBHCHMbie c.b., 
npHHeM E(£j) = 0 h B(£j) = af < 00 . BBe^eM o6o3HaHeHiBi: 


S n — 1 + • • • + £nj 


2 2 , 

= CT ,+...- 


IIoKa>KHTe, ncnojib3yH MeTO^, r rejiec koi[h' rec khx cyMM (cm. yKasaHiie), hto 
ecjiii V e > 0 


1 n 


x 2 dF^ k {x) —> 0, n —> oo, 


L k =1 


x>es n 


(i) 


to npn n —> 00 




Z , r,n,e Z G A/”(0,1) 


lIoKa>KHTe TaK»ce, hto h 3 ycjiOBiiH (1) cjie^yeT cjie^yiomee ycjiOBiie na 
HacTiiHHyio ,a,HcnepcHio (ycjiOBiie npeHe6peraeMOCTii): 


u 7 

max —> 0, n —> 00 . 

i<n s 2 


¥Ka3aHHe. Iicnojib3ysi pe3yjibTaT salami 1, neo6xo,n,nMO ^OKa3aTb, hto 
npn n —> 00 


E 


/ 



->E(/(iV)), 
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r A e AT~AA(0,1), /eC 6 »(l). 

MeTO,n, TejiecKoraiHecKiix cyMM coctoiit b nocjie,n,OBaTejibHoii 3aMeHe £/ c 
b cyMMe Ha cjiynaimBie BejiiiHiiHBi r]k G -/V(0,ct^.). B pe3yjiBTaTe nero 
nponcxo/piT CTyneHnaTBiii nepexqn, Bima 


E 


Sn, 


E 


(£1 + • • ■ + Cfc-i) + (Vk + • • • + r] n ) 


, E[/(iV)]. 


Mo.ny.jib pa3HOCTii nepBoro h nocjie^Hero HjieHOB ,a,aHHOi"i nocjie^OBaTejiB- 
hocth mojkho opemiTb CBepxy cyMMofi MO^yjieii pa3HOCTii nap nocjie,n,OBa- 
TejIBHO H/tyiHHX 3JieMeHTOB 


E 

3 = 1 


E 


J ., • ■ ■ + o + Vj+1 + ■ ■ • \ _ jf ■■■ + €j- 1 +Vj + ■■■ 


HcnojiB3yH cjjopMyjiy Teiuiopa, noKanaiTe, hto 


f(x + h 1 )-f{x + h 2 )~ 


f'(x){h 1 -h 2 ) + ^f"(x)(h 2 1 -hl) < gih^+gfa), 

( 2 ) 


r^e 

g(h) = sup 


f(x + h)~ f(x) - f'(x)h - -f\x)h 2 < 0(mm{h 2 , |/i| 3 }). 


Cm-ITaH, HTO C.B. {^fc}fe = l H {Vk}k=l H63aBHCHMh[ B COBOKynHOCTII, ,H,OKa- 

}kht 6 cjie,nyiomee HepaBeHCTBo: 


E 


/i* 

Sn 


-E(/(AT)) 


<E e 


k =1 L 




E E 

fc =1 


/ Vk 

g\ — 

\S n 


TaxiiM o6pa30M, 3a,n,aHa cbo,h,htch k opeHKe ocTaTOHHBix HjieHOB cjjopMyjiBi 
Teiuiopa (2), r^e h neo6xo,a,i'iMO BOcnojiB30BaTBCH ycjiOBiieM JlHH,n,e6epra 
(1). Pa36iiB Kanyiipe MaTeMaTiinecKoe o>Kii^aHiie Ha MHoncecTBax (£ n < 
< es n ) h (x n > es n ), flOKanciiTe, hto npn n —> oo 


E E 

k =1 
n 

E e 

k=l 



->> 0. 
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3aMeHamie. KjiaccHnecKHH BapnaHT IIJIT mojkbt 6bitb nojiyneH KaK 
cjie,n,CTBiie TeopeMBi JIi-nm6epra [5]: nycTB i = 1,2,...,- HeaaBHCHMwe 
h o^imaKOBO pacnpe,n,ejieHHBie cjiyHaimbie BejiiiHHHBi c HyjieBBiM MaTeMa- 
TH'iecKHM ona-mamieM h kohchhoii ^HcnepcHeft, Tor^,a npn n —> oo 


1 

CTy/n 




fc=1 


Z, pge Z G A/"(0,1). 


Otmctiim TaK»ce, hto c noMom,Bio oniicaHHoii cxeMBi mohcho opemiTB h 
CKO pOCTB CXO,H,HMOCTH b DJIT. 

Moxcho noxasaTB, hto ecjin 

lim max E [£?] = 0 hjih lim max P(|^| > e) = 0, 

n—>oo l<k<n L J n-^oo l<Kn 


to ycjiOBi-ie (1) HBjiaeTCH He tojibko ^ocTaTOHHBiM, ho ii Heo6xoflHMBiM pjm 
BBinojiHeHHH U,ITT. Hecjio>KHO npoBepiiTB, hto ycjiOBiie (1) BjieneT nepBoe 
h3 3thx ycjiOBiiii, H3 KOToporo, b CBOio OHepe,n,B, cjie,n,yeT BTOpOe. 

Cm. Bhjijihhtcjih II. Cxo^iimoctb BeposiTHOCTHBix Mep. M.: Hayna, 
1977. 352 c. 


6. IlycTB , ^2,.• • - He3aBiicriMBie o^imaKOBO pacnpe^ejieHHBie c.b. c 

KOHeHHOH HeHyjieBoii ^Hcnepciieii. 06o3HaHiiM S n = Bbihchiitb, 

npn KaKiix 3HaHeHHHx c HMeeT hjih He HMeeT MecTO cxo^hmoctb: 

P < cj —> I (E£i < c), n —> oo. 

3aMenaHHe. Cm. Cherny A.S. The Kolmogorov student’s competitions 
on probability theory. MSU. 

7. IlycTB HMeiOTCH ne3aBHCHMBie oflimaKOBO pacnpe^ejieHHBie c.b. X,;, 
i = 1,..., n: 


Xi = 


1, P 

- 1 , q = l-p. 


IIoKa>KHTe, hto BepHa AonaAbnaA npedeAbnasi meope.ua (cm. [4]) ^jih 
cyMMBi He3aBiiCHMBix c.b. Xp. paBHOMepHO no BceM x = O ( s/n. ) TamiM, hto 
(p — q)n + x - pejioe HeoTpupaTejiBHoe hiicjio, npn 6 ojibihiix n BBinojiHeHO 




Xi = (p - q)n + x 


y/2 ^ 6XP 



106 



yKa3aHHe. IIoKa>KiiTe, Hcnojib3yn meope.uy Kornu H3 Kypca TOKII, hto 


P (S n = [an\) = 


(pz + qz 1 ) n 

2tt iJ\z\= P 2 [anJ+1 


-dz = 


_ ^ .X n[\n(pz+qz 1 ) — a In z] [an— [an] — 1] l n z 


2tt i 


dz. 


N —P 


ripiiMeHiiTe Memod nepeea.ua ppsi a i i i i p okchm a hh h nojiyneHHoro iih- 
Terpajia. Bbi 6 epiiTe pa^nyc OKpyjKHOCTH p tslk, hto6m TOHKa nepeBa- 
jia naxo^Hjiacb Ha nepeceneHim 3toi"i OKpyjKHOCTH c nojionaiTejibHon 
BemecTBennoii ocbio: z = p~, pjin 3 Toro HaimiiTe MaKcriMyM cJnyHKHHH 
In (pz + qz~ l ) — a In z. 3 aMemiTe HHTerpaji no Been OKpyjKHOCTn na hhto- 
rpaji no 6-pyre, co^epncameii Tonny nepeBajia [ 10 ]. 

8 .* (KopajiOB-Cnnan [ 15 ].) IlycTb 3a/3,aHO rnjib6epTOBO npocTpaHCTBO 
H = L 2 (R, B,/xg)j r^e pc ~ rayccoBCKan Mepa co CKairapHbiM npon3Be- 
flenneM 

+oo 


{f,9)= J f{x)g(x)dp G (x). 


IlycTb i = 1,... ,n, - He3aBHCHMbie c.b. c HyjieBbiM MaTeMaTHHCCKHM 
o^cn^aHneM n njiOTHOCTbio pacnpe/jejieHHH 

Ph = - 7 = (1 + h(x)) e - ^-, x G K 1 
V 2ir 

rpe h - TaKoii ajieMeHT H, hto 

a) BejinHHHa ||/i|| .nocTaTOHHO Majia, r^e 

+ OO 

h 2 (x)e~^~ dx, 


1 




6 ) (h(x), 1 ) = 0 , 
b) (. h(x ), x) = 0. 

IIoKa^KHTe, hto nocjie^OBaTejibHOCTb c.b. 

2 n 

c„ = 2-t 53 & 


107 



cxo^htch no pacnpe^ejieHnio k HopMajiBHon c.b. c HyjieBbiM MaTeMaTnne- 
ckhm oncn^aHneM n ^ncnepcnen 


+oo 

cr 2 (Ph) = ^== J x 2 p h (x)dx. 


3aMenaHHe. fljisi pemeHira 3a,n,aHH mohcho BOcnojib30BaTbCH MemodoM 
penopMapyunu. 3aMeTi-iM, hto 

Cn+l = (Cn + Cn) > 


c = 2 ‘X- C = 2-5 X! & 

2—1 i=2 Tl + l 

- He3aBncnMBie o^nHaKOBO pacnpe^ejieHHBie c.b., nosTOMy 

Pn+ l{x) = Tp n (x), 

rpp p n (x) - njiOTHOCTb pacnpe,a,ejieHiiH Cm a T - HejiiiHei"iHbiii onepaTop 
(^eiicTByiomiiii b npocTpaHCTBe njiOTHOCTeii), Taxon hto 

+oo 

Tp(x ) = V% J p(V2x — u)p(u)du, lEl 1 


B 3THX TepMiinax b 3a,n,aHe Hynmo noxasaTb, hto npii n —> 00 


T n p h {x) —-e 2 ^(ph). 

V27 Tcr(ph) 

PaccMOTpiiTe HejiiiHei"iHbiii onepaTop L Ha npocTpaHCTBe H, CBH3aHHbii“i 
c onepaTopoM T cjie^yromiiM o6pa30M: 


Tph{x) = ~^= (l + L (fc(ar))) e“ 


,HiiHeapH3yiiTe onepaTop L, noxasaB, hto Lh = Lh + O 


+ OO 

L(h){x) = —j= [ e ( 2 '^ xu+u ) h(u)du. 

J 
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/^ajiee noKajKHTe, hto j i h h e h h bi h onepaTop L i-iMeeT nojiHoe mhotkcctbo 
C 06 CTBCHHbIX BeKTOpOB 


*2 

hk(x) = e ^ 



k > 0, 


1 fc 

C C 06 CTBCHHbIMH 3Ha'I6HHHMH \ k = 2 i_ 2, fc > 0. 

IlycTb Hfc - o,a,HOMepHoe no^npocTpaHCTBO, HaTHHyToe Ha h k {x). Tor^a 
L - OKHMaroiHHH onepaTop Ha H \ (Ho © Hi © H 2 ). 

noKa»aiTe, hto L - OKHMaromHH onepaTop Ha H\(Ho © Hi), hmcioiuhh 
e,a,HHCTBeHHyio Heno,n,BH:>KHyio TOHKy: 


fh(x) 



t 2 

2©PhT _ \ 


9. B iirpe b pyjieTKy KOJieco pa3,a,ejieHO na 38 paBHbix ceKTopoB: 18 
KpacHbix, 18 6ejibix h ,a,Ba ceKTopa (0 h 00) 3ejieHoro npeTa. 06o3HanHM 
nepe3 X z BbiiirpbiHi b i- it iirpe. Tor^a Xi, X 2 , X 3 , ... ne3aBiiCHMbie c.b., 
HMeiomiie pacnpe/jejieHiie 


f +1, p= 18/38, 

\ -1, l-p = 20/38. 


nycTb cbirpaHO n = 19 2 = 361 nap™© C noMOipbio UJIT h HepaBeH- 
CTBa Beppn-3cceeHa opemiTe BepoaTHOCTb toto, hto b yuacTCH o6birpaTb 
K 33 HH 0 . 


3aMeaaHHe. npiiBe,a,eM cjjopMyjiiipoBKy TeopeMbi Beppn ©cceeHa [11], 
[12] T. 1. nycTb £ 1 , £2 ■ • • He3aBHCHMbie o^pmaKOBO pacnpepejieHHbie c.b., 
npuneM E£; = m, p .3 = E|£j — E £;| 3 < 00 , a 2 = Bjih30ctb c.b. 


nm k CTaH,a,apTHOH HopMajibHO pacnpe^ejieHHoii c.b. (corjiacHO 
UJIT) b CMbicjie 6jih30cth iix cjyyHKHHH paciipe/tejieHHH onpepejraeTCH 
HepaBeHCTBOM Beppn- ©cceeHa: 


sup 

te k 



E?=i & - nm 

(Ty/n 




0)^3 

a 3 y/n. 7 


rpe (27r) 1/2 < C 0 < 0.7056, ®(t) = e dr, t G K. 

HepaBeHTCBO Beppn- 3 cceeHa b o 6 m,eM cjiynae neyjiyHmaeMO (cm., 
HanpiiMep, CeHaTOB B.B. UpHTpajibHaa npepejibHaa TeopeMa: Tohhoctb 
annpoKCHMapHH h acHMnTOTHHecKiie pa 3 Jio»ceHHH. M.: Khiijkhbih /JpM 
“JIHBPOKOM”, 2009) . /JencTBiiTejibHO, ecjin coxpaHHTb Bonpoc b sapane 


109 



(06 on,eHKe BeposiTHOCTii o6birpaTb Ka3iino), ho H3MeHHTb BeposiTHOCTb 
ycnexa na p = 0.5, to jierKO noKa3aTB, hto nepaBeHCTBO Beppii -OcceeHa 
npeBpaTHTCH b paBeHCTBO c Co ~ (2n) ' (cm., HanpiiMep, [12] T. 1). 

O^HaKO, b cjiynae Kor^,a pacMaTpimaiOTCJi MajiOBeponTbie co6bitiih 
(6ojiBmne yKjiOHeHiia) HepaBeHCTBO Beppu-OcceeHa momt 6bitb pobojib- 
ho rpy6biM. B nacTHOCTii, b paHHOM npiiMepe iiMeeT cmhcji TaK»ce no- 
CMOTpeTB, hto paeT iicnojib30BaHiie HepaBeHTCB KOHpeHTpapiiii Mepbi, cm., 
HanpiiMep, Boucheron S., Lugosi G., Massart P. Concentration inequalities: 
A nonasymptotic theory of independence. - Oxford University Press, 2013. 
noppo6Hee 06 stom dypeT HaraicaHO b HacTii 2. JX&jiee Ha 4»i3HHecKOM 
ypoBHe CTporocTii 6yn,eT noKa3aHO, hto ecjin He HanaraTb 6ojibiue HHKaKHx 
ycjiOBHii Ha MOMeHTbi c.b., to c tohhoctbio po jiorapiicjrMHHecKoro mhojkii- 
Tejia nopppoK opeHKii b nepaBeHCTBe Beppu-OcceeHa onTHMajibHbiii h c 
yneTOM opeHOK BeponTHOCTeii 6ojibmiix yKjiOHeHiiii, T.e. sto HepaBeHTCBO 
paBHOMepHO onTHMajibHO no t € M. 

IlycTb He3aBHCHMbie opimaKOBO pacnpepejieHHbie c.b. ypoBjie- 

TBOpHIOT yCJIOBHIO (pjia npOCTOTbl nOJIOJKHM ?7l = 0) 

P (& > x) = V ( x ) = O ( x~ a ) , a > 2. 

Torpa (cm. 3apany 59 pa3pejia 5) 



e,>x)^i 1 -$(^)+nU(a; ) . 


X 



—oo 


Ilcnojib3yH 

0.2e _2a;2/7r < 1 - $ (a;) < e~ x2/2 , x > 1, 
OTCIOpa MOHCHO nOJiyHHTb, HTO B peJKHMe UJIT 


f n \ 

< y/Ja — 2) a 2 n In 7 


b penciiMe TJHKejibix xboctob 


P — X J ^ n V ( x ) ’ x > V( a ~ 2) cr 2 nlnn. 

HepaBeHCTBO Beppii -OcceeHa mojkbt 6 biTb o6T>HCHeHO iicxopn H3 npepno- 
jionceHiiH /i3 < oo. 3 to cooTHOineiuie 03HanaeT (TOHHee roBopa, pjra Toro, 
hto6h oho HMejio MecTO pocTaTOHHo), hto 3 — (a + 1) < —1, T.e. a > 3. 
n P H TaxoM a HMeeM 

nV ^ y/ (a — 2) cr 2 nInn) = nO (n~ 3 ^ 2 ^j = O ( n_1 ^ 2 ) > 
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hto noHCHHeT 3 aBi-icriMOCTb ~ n l ^ 2 b npaBoli nacTii HepaBeHTCBa Beppii 
9cceHa. 


10. (IleTep6yprcKiiii napa^OKC [11], [25].) PaccMOTpi-iM cjie^yromyio iirpy 
(Tpa^,iiD,iiOHHoe Ha3BaHHe nrpbi - ”opjiHHKa“): 

HrpoK ^.ejiaeT CTaBKy h no^Ki-mbiBaeT ciiMMeTpiiHHyio MOHeTy. Ecjiii 
B bina^aeT «opeji», to iirpoK 3 a 6 npaeT y^BoeHHyio CTaBKy, imane TepaeT 
BCe CBOI-I fleHbTH. BpOCKI-I nOBTOpHIOTCH He 3 aBHCHMO B Ka»p 3 ,Ol"l HrpOBOit 
cepim. Il 3 HaHajibHO iirpoK iiMeeT b 6 aHKe cyMMy, ycjiOBHO paBHyro 1 h b 
K a>Kfloi"i cepim pasbirpbiBaeT Bee ^eHbrii, KOTopbie y nero ecTb. 

IlycTb Xi, X2, X3,... He 3 aBHCHMBie c.b., o 6 o 3 HanaiOT coctohhhc cne- 
Ta i-irpoKa nocjie 1, 2, 3 ... iirp cooTBeTCTBermo. HeTpynpo 3 aMeTiiTb, hto 
pacnpe^,ejierine X, BbirjiH,n,HT cjie,nyioiii,iiM o 6 pa 30 M: 

P (Xi = 2 k ) = 2~ k , keN U {0}, k < i. 


IlHane roBopa, ecjiii b iirpe b opjiaHKy k pa3 no^pa^ Bbinaji «opeji», 
to Bbiiirpbiin 6yn,eT 2 k . 

CnpaBe^jiiiBoii peHoii 3 a iirpy Ha3biBaiOT MaTeMaTiinecKoe ona-mamie 
Bbiiirpbima npii 6ecKOHeHHOi“i iirpe. HeTpynpo npoBepiiTb, hto EA'oo = 
+ 00 . TeM He MeHee, noKaaaiTe, hto BbinojiHeHO cjie^yromee: 

S n p . 

—^- > 1 npii n —> 00 , 

n Iog 2 n 

r,ne S n = X^fe=i Xk- IIpoHHTepnpeTHpyHTe stot pe3yjibTaT, BBe,n,a peHy 3 a 
n iirp. 

3aMenaHHe. BBe^,eM c.b. X n k 1 < k < n Tara-ie, hto .zyia Ka»p3,oro 
cjjiiKCiipoBaHHoro n c.b. X n k, 1 < k < n - He3aBHCHMbi. Onpe^ejniM 
TaioKe BejiiiHHbi b n Tax, hto b n > 0, b n —3 00 npii n —> 00 . Bbc^cm 
^ onojiHHTejibHO BejiiiHHHbi X n k = X n kl {X n k < b n } h npe^,nojio>KHM, hto 
npii n —» 00 BbinojiHeHbi cjie^,yK>in,iie ycjiOBiia: 

а ) 1 P (I X n k | > bn) —> 0; 

б) ^ELiDW^O. 

u n 

Tor^a BepHO cjie,n,yK)Hi,ee: 


, ( XI Xnk XX ® (' Xnk ) 


\k=l 


k —1 


npii n —> 00. 


Ill 



Jljisi pememiH 3a^aHii nojioJKHTe X n k = Xk . B KanecTBe b n > 0 B03bMiiTe 
b n = 2 m ( n \ r,n,e m(n) - pejioe hiicjio, KOTopoe mo*ho npe,n,CTaBiiTb b 
BH,a,e m(n) = log 2 n + K(n), K (n) —> oo npii n —> oo. Hanpimep, ecjin 
K(n) < log 2 (log 2 n), to 


S n p 

— 5 - > 1 npii n —> oo. 

n Iog 2 n 

11. IlycTB b HeKOTopoii iirpe pa3Mep Bbiiirpbima ecTB c.b., KOTopaa 
npHHHMaeT 3HaHemie 2 fc — 1 c BepoHTHOCTbio 

Pt= 2 W+l) 

h 3HaHeHiie — 1 c bcpohthoctbio 

OO 

Po = 1 - Pk ■ 

k =1 


IIpoBepBTe, hto MaTeMaTiinecKoe OKH^aHi-ie Bbiiirpbima paBHO Hyjno. IlpH- 
mchiib TeopeMy H3 npe^Bi^ymeii 3a; tan h, noKaxiiTe, hto npii n —> oo pjin 
cyMMapHoro pa3Mepa Bbiiirpbima 3a n napTHH (S n ) cnpaBe^,jiiiBO 

———-1. 

n log 2 n 

3aMeMaHHe. B saMeaaHUH k 3a^aHe 10 nojioxiiTe b n = 2 m ( n \ r^e 

mG N : 2 ~ m —^= < n" 1 
v in 3 

Cjie^yeT TaK»ce o6paTiiTbCH k KHiire [11]. 

12 . (max-ycTOi"iHiiBBie pacnpe^ejiemisi: ryM6ejm, Opeme, Bei"i6yjuia.) 
Pacnpe^,ejierine G (a:), x £ R 1 na3BiBaeTCH max-ycToiiHiiBbiM, ecjin 
jiro6oro n = 1,2,... cyipecTByiOT a n > 0 h b n £ K, Ta- 

Kne hto G n (a n x + b n ) = G ( x ). IlycTB ecTb He3aBiiciiMbie o/pmaKOBO 
pacnpepejiemibie c.b. Xi,...,X n c pacnpepejiemieM F (x). 06o3HaHiiM 
= max {Xi, ..., X n }. JlerKO BiipeTb, hto pacnpepejiemie c.b. X ( n ) ecTb 
Fx ( . n) ( x ) = [.F (a;)] . 06o3HaHiiM TaK»ce nepe3 X( n ) pemeime ypaBHcmm 

P(X > x (n )) = 1 - F(X( n )) = l/n 

(Tax Ha3biBaeMoe xapaKTepncTiiHecKoe Hai-i6ojibinee 3HaHemie). 
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a) IlycTb npii x —> oo (JjyHKpiiH pacnpe,a,ejieHiiH X, iiMeeT bh/i, 
F(x) = 1 — Ax ~ a , a > 0. IIoKa>KiiTe, hto (JjyHKpiia pacnpe/jejieHiia 
Y = X( n )/x( n ) noTonenHO CTpeMiiTca k npe/jejiy Fy{y ) = e~ v npii 
y > 0, Fy(y) = 0 npii y < 0 (pacnpe^,ejiemie Opeme). 

6) IlycTb c.b. Xj orpaHHHeHBi CBepxy {Xi < 0) h b OKpecTHOCTi-i Hyjia 
npii x —> 0— (JjyHKpiiH pacnpe,a,ejieHiia Xi iiMeeT bh/i, F(x) = 1 — Alx’l 0 , 
a > 0, F(x) = 1 npii x > 0. IIoKaaaiTe, hto c^ymci/iia pacnpe,a,ejieHiiH 
c.b. Y = X( n )/x( n ) CTpeMiiTca k npe/jejiy Fy(y) = e~^ npii y < 0, 
Fy(y) = 1 npii y > 0 (pacnpe^ejieHiie Bei"i6yjuia). 

b) IlycTb npii x — > oo (JjyHKpiiH pacnpe^ejieHiia Xi i-iMeeT bh/i, F{x) = 
= l — e~ Xx . IloKaaaiTe, hto cjDyHKpiia pacnpe^ejieHiia c.b. Y = X( n ) — x< n ) 
CTpeMiiTca k npe/jejiy Fy{y) = e -e v (pacnpe^ejieHiie ryM6ejia). 

r) rioKaaaiTe, hto pacnpe^ejieHiia Beii6yjijia, ryM6ejia, Opeme, hbjih- 

IOTCH maX-yCTOHHHBbIMH. 

/],) rioKaaaiTe, hto ecjin Xi, i = 1,2,... He3aBHCHMbie o/pmaKOBO 
pacnpe^ejieHHbie CTaHpapTHbie 

1) rayccoBCKiie (T.e. nopMajibHbie) c.b., to BepHO 

lim P ( 2 m n [ max Xi — m n ] < z ) = exp(— exp(— z)), z G R 1 
n—too \ J 


rpe 


2 log ■ 


n + 1 


11/2 


V / 87rlog(?z +1). 

2) jiamiacoBCKi-ie c.b. (c.b. c njiOTHOCTbio exp(—|ar|/2), x € R), to Bep- 


HO 


lim P ( max X t — log(n/2) < z ) = exp(— exp(— z)), z € R 1 . 
n—too \ i=l,...,n J 

3aMeHaHne. PaccMOTpiiM cjiepyiomiiH npiiMep (cm. JlaryTi-m M.B. Ha- 
rjiapHaa MaTeMaTiiHecKaa CTaTi-iCTi-iKa. M.: BHHOM. JlaSopaTopiia 3Ha- 
hhh, 2007). IlycTb X \,..., X n - He3aBiiciiMbie o/pmaKOBO pacnpepejieHHbie 
c.b. c pacnpepejiemieM 

F{x) = ^1- I{x>e). 
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06o3Ha x niM A'(„) = max{Xi,..., X n }. OpemiM 7 = P(X^ > 10 7 ) npii 
n = 4. H 3 He3aBi-ici-iM0CTi-i h o^imaKOBOH pacnpe,n,ejieHHOCTii Xi 

P{X {n) < x) = [F(x)] n . 

IIocKOJiBKy In 10 ss 2.3, a (1 — e) n ss 1 — en npii MajiBix e, nojiyuaeM 



TaKHM o6pa30M, npiiMepHO b Kas^OM ueTBepTOM cjiyuae 3Haneniie X^ 
6 yn,eT npeBBimaTB 10 7 . OKa3BiBaeTCH, hto H3-3a Toro, hto cjryHKpHH F(x ) 
HMeeT «CBepxTH»cejiBiii» npaBBiri «xboct», pacnpe^,ejiemie c.b. X („) upe3- 
BBinafrao 6bictpo c poctom n yxqzpiT Ha 6ecKOHeHHOCTB i-i HHKaKHM jii-meii- 
hbim npeo6pa30BaHiieM He yn,aeTCH «BepHyTB» ero b KOHeuHyio o6jiacTB. 
ToHHee, HeB03MO>KHO no,n,o6paTB Taxiie KOHCTaHTBi a n h b n > 0, hto6bi 
nocjie^OBaTejiBHOCTB ( X („) — a n )/b n cxcypuiacn 6bi no pacnpe^,ejieHiiio k 

HeBBipo»p3,eHHOMy 3aKOHy. 

Cm. jieKipiH A.H. Co6ojieBCKoro b HMY http://www.mccme.ru/ium/ 
s09/probability.html, a TaKuce JIi-m6eTTep M., JIiiH^rpeH P, PoTceH X. 
9KCTpeMyMBi cjiyuaiiHBix nocjie^OBaTejiBHOCTeii h npopeccoB. M.: Mnp, 
1989. 

Otmcthm TaKuce, hto pacnpe,n,e.jieHHH PyMbejiH, ® peine, Beii 6 yjijia hc- 
uepnBiBaiOT Bee B03MO>KHBie Tiinni npe^ejiBHBix pacnpe^eueHiiii b Kjiacce 
max-ycTOHHHBBix pacnpe^,ejieHHii. IIpHjio»ceHHH pacnpe^eneHiia ryM 6 ejm 

OTpauceHO b 3a^3,auax 25, 26 pa3^ejia 3 h 3a^,aue 15 pa3^ejia 6. 

13. IlycTB Xi,...,X n - He3aBHCHMBie o^imaKOBO pacnpe^ejieHHBie c.b. 
co CTaH^apTHBiM pacnpe^ejieHiieM Komii. Pacnpe^enemie Komi-i 3a^aeTCH 
cjieflyromeii <J)yHKH,Hefi hjiothocth: 

f( x ) = - 77 2 , x G K 1 . 

7T 1 + X Z 

BocnojiB30BaBiHHCB npe^,bi^,ym,eii 3a^,aueii, HaimiiTe npe^ejiBHoe pacnpe- 
^enernie rjis ^.ojijkhbim o6pa30M HopMi-ipoBaHHBix c.b. Xi n \ = max(Xj). 

3aMeuaHHe. Ha TeMy cbohctb pacnpe^ejieHHH Komu peKOMeH^yeTCH 
TaKuce nocMOTpeTB 3a^,auy 125 pa3^ejia 2 h 3a^,auy 29 pa3^ejia 5. 

14. nycTB X n G R m , n = 1,2,... ne3aBHCHMBie o^imaKOBO pacnpe^e- 
jieHHBie cjiyuaiiHBie BeKTopni, npi-iueM 

= 0, E(X n XZ) = R 
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(i? neoTpi-m,aTejibHO onpe,n,ejieHHaH MaTpiipa (no onpe^enemno, cm. 3a- 
^any 101 pa3^ejia 2), o^HaKO pjm Harjin^HOCTii ^,onojiHiiTejibHO 6yn,eM 
C'lHTa'rb, hto R nojioxa-iTejibHO onpe^ejiennaH MaTpiipa). C noMOin,bio 
annapaTa xapaKTepucTiinecKiix (JjyHKHHH ^,OKa»ciiTe, hto ^jih jno6oro 6o- 
pejieBCKoro MHO»cecTBa B C BepHO 

n™oo ¥ (vf GB ) = (27r) m / 2 det(R) 1 / 2 J B 6 ^ " >dC ' 

IlepecjDopMyjiHpyHTe ii penniTe 3a^any rjisi cjiynaa, Kor^,a MaTpupa R 
nojioJKHTejiBHaH nojiyonpe^ejiennaH. 

3aMenaHHe. AnnapaT xapaKTepucTiinecKiix cJryHKpHH - Mompas koh- 
CTpyKpiiH rjih H3yneHiiH cbohctb pacnpe^eneHiiii cjiynafrabix bcjih'ihh, 
t.k. H3BGCTHO, hto ecTb B3aiiMHO o^,H03HaHHoe cooTBeTCTBiie Me:*yiy Be- 
POhthoctoh Mepofi h ee (J)ypbe-o6pa30M. HiiTaTejiro mohcho nopeKOMe^o- 
BaTb KHiiry BopoBKOBa A.A. [3] .zyra 6ojiee no,npo6Horo H3yHeHira cbohctb 
xapaKTepncTHHecKHx <J)yHKn,HH. TaK»ce 6ojibmoe kojiiihcctbo noKaaaTejib- 
Hbix ynpanareHiiH Ha xapaKTepiiCTHHecKiie cjryHKHjiH mojkho Harm-i b khii- 
re ninpaeBa A.H. T. 1 [12]. 

Pa3BHBaa ncTopiiHecKyio nacTb ,n,OKa3aTejibCTBa UJIT, ctoiit Tax- 
>xe ynoMHHyTb, hto KjiacciiHecKH cyrpecTByeT ,n,Ba no^xo^a ,n,0Ka3aTejib- 
CTBa yKa3aHHOH Bbirne TeopeMbi. IlepBbiii cnoco6 - Memod JIuHdenSepza 
(cm. 3a^,any 5 h3 stoto paa^ejia) h BTopoii 6ojiee pacnpocTpaHeHHbifi - 
MeTO^, xapaKTepncTHHecKHx cjjyHKHHH (juemod Jlsmynoea), c KOTopbiM 
mojxho 03HaK0MHTbCH, nanpiiMep, no xmire [8]. Bo3HiixaeT Bonpoc: xaxoii 
H3 cnoco6oB ^,OKa3aTejibCTBa 6ojiee o6ih,hh? Oxa3biBaeTCH, hto nepBbiil, 
T.e. MeTo^i, JlHH,n,e6epra. 

15. IlycTb X\,... ,X n - HG3aBHCHMbie OflimaxoBO pacnpe^ejieHHbie c.b. 
IlycTb Taxzxe xapaxTeptiCTHHecxan cJryHxpHH c.b. X/- npe^CTaBjiaeTCH b 
OKpeCTHOCTI-I t = 0 B BH^e 

<px k ( t ) = E(e ltXk ) = 1 + imt + o(t). 

BepHO jih, hto npn n —> oo 


- V I, A ml 
n z -—' 

i—1 

3aMenaHHe. Cm. Cherny A.S. The Kolmogorov student’s competitions 
on probability theory. MSU. 
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16. IlycTb npii Ka>K,n,OM n ^ 1 He3aBHCHMt>ie c.b. Xi n , X 2 n , ..., X nn 
TaKOBBi, hto X kn G Be(p fcn ), r,n,e 

n 

lim max p kn = 0 h lim N p kn = X. 

n —>oo n—to o ^ 

fc=l 


Tor,a,a npii n —► oo 

P(5 n = to) —3 e _A 


A m 

to ! ’ 


TO = 0,1,2,..., 


S n — ^ X kn . 
k —1 

3aMeHaHne. Ecjih p = A/n, to 

C™p m (l-p) n - m = ^e" A (l + o ( - 2 + A2 )) . 

KpoMe toto, HMeeT MecTO cne^yromaa opeHKa cxo,h,hmocth no Bapiiapi-n-i 
(IIpoxopoBa-.fle KaMa): 


E 

771—0 


ns n 



fc=i 


B KanecTBe ochobhbix ccbijiok pjm stoh 3a^,ann otmctiim [11], T. 1 [12]. 

17. B Tenem-ie ^hh iirpox b Ka3i-mo ynacTByeT b N = 100 h e3aenc hm hix 
po3Birpbimax. B Kanc^OM po3BirpBime oh BBiurpniBaeT c BeposiTHOCTBio 
p = 0.01. Opemrre bopohthoctb co6bithh: 

a) iirpox he pa3y He BBiurpaeT, 

6) BBiurpaeT pobho o^iih pa3, 

b) BBiurpaeT pobho Tpn pasa. 

ripe^i,nojio>KHM, hto omicaHHaH BBime nrpa H3 N po3BirpBimei"i noBTO- 
paeTCJi b TeneHHH n = 100 ^Heii. Opemrre BepoHTHOCTB Toro, hto 3a stii 
100 /pieii b o6in,eft cjiojkhoctii peajni3yeTCH: He MeHee 100 BBiurpnimeii; He 
MeHee 300 BBiiirpBimeii. 

18. (^ejiBTa MeTO^i,.) IlycTB T n noejie^OBaTejiBHOCTB c.b., Tanaa, hto 
npii n —> oo 


\/n{T n - 6)Az , r A e 2 ~ AA(0, a 2 (d)), a{6 ) > 0. 


IlycTB OTo6pa>Keiiiie g : K. —> K. ^HcjMjjepeHpupyeMO b 6 h g'{0) ^ 0. 
IIoKajKHTe, hto npii n — > oo 

Vn ( g(T n ) - g(9)) 4 Z, r^e Z ~ Af(0, [g 1 (6)} 2 a 2 (d)). 
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3aMeHaHHe. IlycTB g'(0) = 0, b TaKOM cjiynae pacnpe,n,eJieHi'ie g(T n ) 
onpe,n,ejiHeTCH TpeTtiiM HjieHOM pa3Jio»ceHiiH Teiijiopa, to ecTt 


g{T n ) = g(0) + (T " g 9)2 g" (6) + o (( T n - Of) , 


rge b ^aHHoii 3a,n,aHe o(l) - BejiiiHima, cxo^HipaHCH c BepoaTHOCTwo 1 k 0. 
IIosTOMy npii n —> oo 


Vn(g( T n) - g{0)) = n 


(T n - Of 


g"(0) + o( i) 


d g"(0)a\6) 


x 2 (i), 


r,n,e x 2 (l) - cjiynaHHaa BejiHHHHa c pacnpe^ejiemieM \ 2 c o,h,hoi"i CTeneHBio 
cbo6o,ii,bi. 

fljia pemeHHH 3a,n,aHH peKOMeimyeTCH 03HaK0MiiTBCH c jniTepaTypon 
no 1 n,ejiBTa-MeTO,n,y [30]. 

19. riycTB {Tn} - nocjie,a,OBaTejiBHOCTB fc-MepHBix cjiynaiiHBix BeKTopoB, 
TaKHx, hto npn n —> oo 


y/n(T n - 0) 4 Z, r A e Z ~ Af(0, S(0)). 
IlycTB g : K fe — » K m ^iKjK^epeHpiipyeMO b 0 c Vg(0). 
a) IIoKEUKHTe, hto npn n —► oo 


(s(T„) - ff (0)) 4 Z, r A e Z ~ A^(0, V. 9 (0) T E(0)V 5 (0)), 
ecjin V g(0) T Y,(0)Xg(6) nojioxaiTejiBHO onpe^ejieHa. 

6) PaccMOTpi-iTe npiiMep, KOiyja Ai,..., X n He3aBiiciiMBie o^iraaKOBO 
pacnpe,n,ejieHHBie cjiynaiiHBie BejniHiiHBi c MaTeMaTiinecKiiM OKH^amieM g 
h flHcnepcneft a 2 , a = ~ A„. rioKanaiTe, hto TOiyja npn n — > oo 

Vn(T 2 - g 2 ) -4 Z, iyje Z ~ A7(0, Ag 2 a 2 ). 


3aMenaHHe. Cm. TaK»ce KHiiry: Bopobkob A.A. MaTeMaTiinecKaH CTaTii- 
CTHKa. CII6.: JlaHB, 2010. 

20. (UJIT gjisi CTapriOHapHBix nocjie^OBaTejiBHOCTen.) IlycTB A,, i = 
= 1,2,... - CTapiiOHapHaa nocne^OBaTejiBHOCTB c E(Aj) = g n B(A,;) = 
= a 2 < oo, o6jia^aiomaH cjie^,yK>m,HM cbohctbom: gjin HeKOToporo (Jdhkch- 
poBaHHoro m BBinojmeHO, hto (Ai, ..., A,) i-i (X :] . X j +1 ..., ) h esan h c hmbi 
npn j — i > m. IIoKajKHTe, hto n —> oo 
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-J2 x i~v 
n i=1 d 


m,r 2 ), 


m+1 

rpe r 2 = a 2 + 2 cov(X 1 ,X i ). 

i =2 

3aMeMaHHe. B rjiaBax 9 h 10 khhi h [30] copepnaiTCH 6ojiBinoe kojiii- 
necTBO BapwanHH LfllT pjra cjiynaHHBix nocjiepoBaTejiBHOCTeii c 3aBii- 
chmmmh ajieMeHTaMH (HanpiiMep, CTapnoHapHBix nocjiepoBaTejiBHOCTeii, 
MapKOBCKrix nocjie^OBaTejiBHOCTeii h pp.). 


21. llycTB Xi, X2,- ■ . HeaaBHCHMwe opimaKOBO pacnpepejieHHBie c.b. c 
E lXj 4 < oo. IlycTB E(A'i) = /i h D(Xi) = a 2 h X = ^(X 1 + • • • + X n ). 
IlycTB g - (JjyHKpiiH c paBHOMepHO orpaHHHeHHon neTBepTon npoii3BO^- 
HOH. Il0Ka>KIITe, HTO 

а) E[ff(X)] = g(n) + + 0{n~ 2 ), 

б) D [ g (X)] = is^ + 0{n- 2 ). 

3aMenaHHe. Ochobhbig ccbijikii no yKa3aHHMM pe3yjiBTaTaM copepncaTca 
b [30], 

22. IloKa3aTB, hto npn 6pocaHHH chmmctphhhoh mohgtbi n pa3 OTHOine- 
Hne nncjia BBinapemiH rep6a k nncjiy BBinapemiH peniKii noHTH HaBepHoe 
CTpeMiiTCH k 1 npn n — 3 oo, a bcpohthoctb Toro, hto nncjio BBinapemiH 
rep6a b tohhocti-i paBHaeTCH nncjiy BBinapemiH peniKH, npn neTHOM nncjie 
6pocaHiin CTpeMiiTCH k 0 npn n —> oo. 

23. IlycTB npn jik>6om A > 0 c.b. HMeeT pacnpepejienne Po(A). flpKa,- 
>KHTe, HTO (Vxy'iHx-x) no pacnpepejiemno cxophtch k CTappapTHOMy 
HopMajiBHOMy pacnpepejieHino npn A —3 oo. 


24. IlycTB c.b. X n £ r(A,n), T.e. HeoTpiipaTejiBHaa cjiynanHaa BejniHima 
c njiOTHOCTBio pacnpepejiemiH npn x > 0 


p(x) = 


( x/\) n 1 e X ! x 

fw 


HanoMHiiM, hto flflu pejiBix n i a mm a- (}) y h k p h h npimiiMaeT 3 HaHeHiiH 
r(n) = (n — 1)!. IIoKaacHTe, hto h 3 U,I1T cnepyeT 


X n - m( A) • n d „ „ 

-> Z, rpe Z ' 


<t(\) • 


/n 


- A/"(0,1) npn n —> oo. 


HanpiiTe m( A), <r(A). 
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3aMeHaHne. Cm. 3aMenaHHe k 3a,n,aHe 55 pa3^ejia 2. 

25. IlycTb X n - nocjie^OBaTejibHOCTb He3aBiiciiMbix c.b., cxo^amaacH no 
BepoHTHOCTi-i k c.b. X: X n A X npn n —> oo. ^OKajKHTe, hto c.b. X 
Bbipo»c^i,eHa, T.e. X = c, rpp c - neKOTopoe hhcjio. 

3aMeaaHHe. CnpaBe^jiiiBbi cjie^,yiomiie yTBep>Kyi,eHiiH: 

а) Ife jiio6oi"i cxo^3,jnn,eiicH no Mepe (b nacTHOCTii, no BepoHTHOCTHon) 
nocjie^OBaTejiBHOCTH H3MepHMbix <J)yHKn,HH (b nacTHOCTii, c.b.) mojkho 
B bi^ejiiiTb no^nocjie^OBaTejiBHOCTb, cxo^Hmyrocn nonTi-i Bcro^y (n.n.). 

б) H 3 3aKOHa Hyjin n e^HHiipbi KojiMoropoBa cne^yeT, hto pjin BCHKoro 
pa36neHnn npjiMoft M Ha 6opejieBCKiie MHO»cecTBa {B m } m ^ 1 pobho rjih 
o^Horo to = Too : P(As mo ) = 1, ^,jih ocTajibHbix to. : P ( A Bm ) = 0, r,n,e 

A Bm = {w : X = lim X nk G B m }. 

k—to o 

Cm. Cherny A.S. The Kolmogorov student’s competitions on probability 
theory. MSU, a TaioKe [22], [23]. 

26. B iiexoTopoM ropo^e npomeji BTopoii Typ Bbi6opoB. Bbi6op 6 biji Menc- 
,n,y ^ByMH KaH/y-maTaMH A n B (rpacjrbi «npoTHB Bcex» Ha stiix Bbibopax 
He 6 bijio). Ckojibko nejiOBeK Ha^,o onpociiTb Ha Bbixo^e c H36npaTejibHbix 
ynacTKOB, HTo6bi hcxo^h 113 otbctob moxcho 6bijio onpe^ejniTb ^,ojik> npo- 
rojiocoBaBinnx 3 a KaH^n^aTa A c tohhoctmo 3% n c BepoHTHOCTbio, ne 
MeHbinen 0.99? 

27. (AcHMnTOTnnecKoe pacnpe^ejienne nncjia HHBepcnii b cjiynaiiHoii 
nepecTaHOBKe.) Ha MHOxecTBe ?i! nepecTaHOBOK n pa3jinnHbix sjieMeHTOB 
3a^aHO paBHOMepHoe pacnpe^enemie. 06o3HannM nepe3 cjiynanHyro 
BejiHHHHy, paBHyio nncjiy HHBepcnii, o6pa30BaHHbix bjicmchtom c HOMepoM 
k, T.e. paBHyio Hiicjiy ajieMeHTOB c HOMepaMii, MeHbmiiMH, neM k, KOTopbie 
ctoht b nepecTaHOBKe npaBee ajieMeHTa c HOMepoM k. noKanaiTe, hto 

n 

EA« 2 /4 

fc ~ 1 3/2/r -4 a/"( 0, 1) npun-MX). 

n 6 ' z / 6 

3aMeaaHHe. ^jih pememiH stoii ii cjie^yromeii salami nojie3HO 03Ha- 
KOMIITbCH C KHHrOH CaHKOB B.H. KoM6lIHaTOpHbie MeTO^bl ^HCKpeTHOH 

MaTeMaTHKii. M.: MH,HMO, 2004. 
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a) BBe^eM c.b. 


£k,i = I{«k HaxoAHTca jieBee micna i»), 


H 0603HaHIIM 

= £fc,l + £fc, 2 + • • • + Cfc.fc-1- 

riOKa>KIITe, HTO 

E& = (fc-l)/2, 

+ • • • + ®£aU_i + 2 ^2 ^(£k,itik,j) = 

i<j<k 

k — 1 o (k — l)(fc — 2) 1 2fc 2 — 3fc + 1 
2 + 2 3 = 6 ' 

Bojiee Toro, c.b. £*> h neKoppejii-ipoBaHBi, k yb m. 

6) A- 1151 Kanyupro k xapaKTepncTHHecKaa (JjyHKpiiH c.b. ^ — E£/ c 

HMeeT BHfl 

. . „ t 2 D$fc . 2 , 

ip Xk (t) = 1---b o(t ), npi-i MajiBix t. 

28. (AciiMnTOTiiHecKoe pacnpe^ejieHiie Hiicjia hjikjiob b cjiynaHHOH 
nepecTaHOBKe.) IlepecTaHOBKa f Ha n ajieMeHTax 3a,n,aeTCH nomaroBO 
cjie^yromiiM o6pa30M: 7r(fc) BbiOiipaeTCH cjiynaiiHO paBHOBeposiTHO H3 
{1, ... ,n} \ {7T - (1),..., 7r (k — 1)}. 5Icho, hto bcpohthoctb nojiyHemiH 4 »ik- 
cupoBaHHOii nepecTaHOBKii 6yn,eT (?z!) _1 . IlycTb c.b. ^ ra , 1 < k < n, paBHa 
1, ecjiii b KanecTBe ir{k) BBi6paH sjicmcht, 3aMbiKaK>in,HH KaKOH-jni6o hjikji 
b nepecTaHOBKe, h paBHa 0 b npoTHBHOM cjiynae (hccjiohcho 3aMeTHTb, 

n 

HTO X n = £kn paBHHeTCH KOJIIIHeCTBy H,HKJIOB B CJiyHaHHO Bbl6paHHOH 
fe=1 

nepecTaHOBKe). 

а) IIoKa>KHTe, hto BejiriHtiHbi hbjijhotch nonapHO h e3a bh c hmb[mh, 
T.e. ecjiii Ak - MHO»cecTBO nepecTaHOBOK, y KOTopbix Ha k-M mare 3aKaHHH- 
BaeTCH h,hkji (cm. Bbime), to Ai h Aj - ne3aBHCHMbi rjih i < j. IIoKa>KHTe 
TaK»ce, hto P {Ak) = (n — k + 1) 1 . 

б) Bocnojib30BaBmiicb UJIT b cjjopMe JlanyHOBa, noKancHTe, hto npn 
n —* oo hhcjio pi-iKjiOB b cjiyHaiiHOH nepecTaHOBKe 

n , 2 \ 

= ^ kn ~ ^ ( ln ( n ) + 7> ln(n) + 7 - y J , 

fc =i ' ' 

r^e 7 = 0.57721... - KOHCTaHTa 9ftjiepa. 
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3aMeHamie. HanoMHHM, KaK BbirjiaflHT DJIT b cjjopMe JIanyHOBa. IlycTB 
BBinojiHeHBi ycjiOBi-iH ,HiiH,n,eH6epra (cm. 3a^,any 5) h .zyia c.b. {X,}” =1 
BBinojiHeHO E|Xi| 3 < +oo. Tor^,a onpe^ejieHa nocjie^OBaTejiBHOCTB 

n 

r 3 n =Yl Ed^-E^l 3 ). 

i =1 

I* 

Ecjih npe^eji lim — =0 (ycjiOBHe JlanyHOBa), to 

n—)-oo S n 

S n TYln d r , \ 

->• Z, iyje Z ~ A/(0,1), n —> oo, 


n n 

Sn = y, Xj, TO„ = EX,;, 

i=l i=l 

n 

Sn = Z > CT i = D ( X ») • 

i=l 

IlHTepecHBie pe3yjiBTaTBi 06 acHMnTOTHnecxiix CBOiiCTBax rpynnni 
nepecTaHOBOK co,n,ep:>xaTca b pa6oTax A.M. Bepnnixa, A.A. Ill mu; era 
(cm. ccbijixh ^,ajiee). B xanecTBe MO^ejin nepecTaHOBxn g ^jiiihbi n mojkho 
ricnojiB30BaTB nocjie^OBaTejiBHOCTB micea i\ = l,i2, ■■■,i n , crpynmipo- 
BaHHBix b piiKjiBi, npnneM xa:>x,n,MH piiKji HaniraaeTca c HaiiMeHbmero 
B HeM HHCJia, H KOHU.BI U.IIKJIOB yxa3aHBI. YnOpH^OHIIM pi-IKJIBI no B03pac- 
TaHino HaiiMeHBinnx nnceji. IIpiiMep MHoacecTB A .zyia nepecTaHOBxn g = 
= ((1, 5), (2, 3, 8, 6), (4, 7)), g € A 2 f) A 6 H A 8 (cm. npe3eHTan,Hio BepnniKa 
A.M. http://www.mathnet.ru:8080/PresentFiles/231/v231.pdf). 

Onpe^ejniM OTo6paaceHiie g —> (xi(g ),..., x n (g)), r^e Xi{g) - ^.jiima 
*-ro nyixjia, HopMripoBaHHan na n, xoTopaa nepeBO^HT Mepy, 3a,n,aHHyio Ha 
nepecTaHOBKax (no ycjiOBi-no BepoaTHOCTB nojiynemia cJaixcnpoBaHHon ne- 
pecTaHOBKii 6yn,eT (n!)^ 1 ), b ^ncxpeTHyio Mepy Ha e^HHiinHOM ciiMnnexce. 
Oxa3BiBaeTca, y Taxon nocjie^OBaTejiBHOCTn Mep npn n, CTpeMaipeMca k 
6 ecKOHenHOCTH, cyipecTByeT cjia6Biii npe^eji. IIpe^ejiBHaH Mepa noponc^a- 
eTca cjiynanHBiM pa^OM r)i, i = 1,2,... ,c HeoTpim,aTejiBHBiMH 3 h a T i e h h a m h 
n cyMMoii 1, npuneM 3HaneHna r/k/iVk + Vk+i + • • •) h esa bh c hm p> r n paB- 
HOMepHO pacnpe^eaeHBi Ha OTpe3xe [0,1]. 

HjijiKJCTpanjien k npnBe^eHHOMy pe3yjiBTaTy aBjiaeTca 3a^ana o “jio- 
MaHnn naaoHKn” (cm. Taxace HacTB 2). OTpe30x ,n,e.JiHTca c paBHOMepHoii 
BepoaTHOCTBK) (TOHxa .nenemia, pacnpe^enemiaa paBHOMepHO na [0,1]). 
JleBBin 0Tpe30x cjaixcnpyeTca n 3aTeM aoMaeTca npaBBin OTpe30x. Tonxn 
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pa3JiOMa Bbi6npaiOTCH nocjie^OBaTejiBHO c noMornpio nocjie^OBaTejiBHOCTi-i 
He3aBricriMBix paBHOMepHO pacnpe,a,ejieHHBix Ha [0,1] cjiynaftHBix BejiH'iHH 
B pa6oTax A.M. BepimiKa noKa3aHO, hto Tanoe cjiynaimoe pa36iieHiie 
OTpe3Ka 3a^aeT pacnpe^ejiem-ie ^jihh OTpe3KOB, coBna,n,aioiii,ee c pacnpe- 
^ejieHHeM ^jihh h,iikjiob b paccMOTpeHHoii MO,n,ejiH nepecTaHOBOK. 

^OKasaTejiBCTBO 3Toro cjmKTa TexHnnecKn HeTpiiBiiajiBHO, HanpiiMep, 
iicnojiB3yeTCH npimpim HHBapiiaHTHOCTii ^OHCKepa-IIpoxopoBa. IIo,iipo6- 
HBie ,n,OKa3aTejiBCTBa iiMeiOTCsi b CTaTBax: BepmiiK A.M., IIImh^t A.A. 
ITpe^ejiBHBie Mepbi, B03HHKaiom,He b acHMnTOTimecKOH Teopiiii criMMeT- 
piinecKiix rpynn. I // TBII. 1977. T. 22:1. C. 72—88; BepmiiK A.M., 
IIlMi-mT A.A. lIpe^ejiBHBie Mepni, B03HHKaK>mi-ie b acHMnTOTHHecKofi Teo- 
piiii criMMeTpi-iHecKi-ix rpynn. II // TBII. 1978. T. 23:1. C. 42—54. 

29 . (IIpeflejiBHBie Mepni, A.M. BepmiiK n ,np.) B KanecTBe MHoncecTBa 
sjieMeHTapHBix hcxo^ob paccMaTpiiBaeTcn rpynna bc6bo3mo>khbix no^CTa- 
hobok (nepecTaHOBOK) S n ( c hmm e r rp h ' i ec kem rpynna), n 1. B 3toi"i 
rpynne n! ajieMeHTOB. IIpnnnmeM Kanc^oii no^CTaHOBKe pnymaKOByio Be- 
pOHTHOCTB 1 jn\. 

a) IIoKancHTe, hto MaTeMaTimecKoe ona-mamie m-icjia ii,hkjiob ecTB 
« Inn (cm. TaKsce 3a^any 28). 

6)* B KaKOM CMBicjie HopMiipoBaHHBie fljiiiHBi nyiKjiOB cjiynaiiHon npn,- 
CTaHOBKii y6niBaiOT co ckopoctbio reoMeTpnnecKoii nporpeccnn co 3HaMe- 
HaTejieM e _1 ? 

b) * riojionaiM 


Pn (a) = \{g G S„ : n max ( g ) < an}\/n\, 

rpp n max ( g ) - ^.jiima MaKCiiMajiBHoro piiKjia b no^CTaHOBKe g. lIoKancHTe, 
hto p n (a) ya,OBjieTBopsieT ypaeneHum fluKMaHa-roHHapoea (40-e to^bi 
XX Bena): 

a 

Pn (a) = J Pn dt ■ 

0 

r)** IIoKanaiTe, hto Hanimaji c HeKOToporo 6ojinmoro nncjia N 99% 
HaTypajiBHBix nnceji n, 6ojiBimix, neM N, o6jia^aiOT cboiictbom 

n°•" < pi •... -pu, 

rpp pi,... ,pn nepBBie Han6ojiBmne 11 npocTBix ^ejiHTejien n. Han6ojiB- 
mne npocTBie flejniTejin {pi]y=i nncjia n onpe^ejunoTcn e^HHCTBeHHBiM 
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o6pa30M nepe3 pa3Ji0JKemie na npocTBie mhokhtcjih 


n = pi • P2---Pk , me Pi >P2--->Pk, 


npn ycjiOBiiii, hto pi , P2 , ■ • • , Pk ~ npocTbie nncjia (IIpiiMep: 36 = 3 • 3 • 2 • 2, 
TOiyja no onpe,a,ejieHiiio pi = 3, P2 = 3, p% = 2, p 3 =2). 

YKa3aHHe. Pemeniie 3a,a,an Bcex nyHKTOB cbo^htch k 3a^ane o “jiOMaHiin 
najionKi-i” (cm. 3aMenaHiie k npe^Bi^ymeii 3a^ane). B nyHKTe (r) ycjiOBiie 
mojkho nepecjDopMyjinpoBaTB cjie,nyiOHj,HM o6pa30M: y (99%) HaTypajiBHBix 
miceji ocHOBHaa nacTB (99%) nncjia ecTB npoii3Be^,eHiie nepBBix 11-th 
Hai-i6ojiBnnix npocTBix ^ejniTeneii. Bonpoc 3Toro jKe nyHKTa mojkho CBecTii 
k cjiynaio c hmm e r rp h'i ec koh rpynnni, ecjni 3aMeTiiTB, hto pa3Ji0JKeniie 
Ha Ha6ojiBHiiie npocTBie .gejiiiTejni 3KBi-iBajieHTHO pasjiojKemno nepecTa- 
hobkh Ha ynopa^OHeHHoe npoii3Be^i,eHHe h,iikjiob. Hto6bi CBe^em-ie 6bijio 
KoppeKTHBiM, na^o npaBi-uiBHO onpe^ejiiiTB noHHTiie ^jiiihbi “n,HKjia” b 
TaKOM pa3Jio»ceHHH nncjia. 9to .gojiJKHa 6bitb neKOTopaa a^uHTHBHaa 
MOHOTOHHaa, HeoTpiipaTejiBHaa cjjyHKip-iH h,hkjiob { pi }\ S =1 (HanpiiMep: 
log n = log(pi) +-h log(p fc )). 

3aMenaHHe. Cm. BepmiiK A.M., IIImh^t A.A. lIpe^ejiBHBie Mepni, bo3- 
HHKaiOHi.rie b aciiMnTOTHHecKOH Teopiiii ciiMMeTpiiHecKiix rpynn. I // TB1I. 
1977. T. 22:1. C. 72—88; BepmiiK A.M., IIImh^t A.A. Ilpe^ejiBHBie Mepni, 
B03HHKaioiii,He b aciiMnTOTHHecKoii Teopiiii ciiMMeTpiiHecKiix rpynn. II // 
TBII. 1978. T. 23:1. C. 42-54; BepmiiK A.M. AciiMnTOTHHecKoe pacnpe^e- 
jieHiie pa3Jio»ceHHH HaTypajiBHBix miceji Ha npocTBie ^ejiiiTejin / / ,11, AH. 
1986. T. 289:2. C. 269-272; Tenenbaum G. Introduction to analytic and 
probabilistic number theory. Cambridge Univ. Press, 1995; Arratia R., 
Barbour A.D., Tavare S. Logarithmic combinatorial structures: A proba¬ 
bilistic approach. Series “EMS Monographs in Mathematics”. Zurich: Eur. 
Math. Soc., 2003. 

Mojkho 6ojiee tohho ccjjopMyjinpoBaTB pe3yjiBTaTBi stoii salami h 
npe^Bi^ymeii. fljm 3Toro onpe^ejiiiM pacnpe^enemie nyaccoHa-^npnxjie 
(cm. TaKJKe 3a^,auy 42) na MHOJKecTBe hiicjiobbix ph^ob (,h,jih Harjia^HOCTii 
mojkho ciiHTaTB, hto hjichbi KajKyi,oro pn,n,a OTCopiiTpoBaHBi no y6niBa- 
hhio) c HeoTpHu.aTejiBHBiMii sjieMeHTaMH, cyMMa hjichob kotopbix paBHa 1. 
,HpyrMH cjiOBaMii paccMaTpiiBaeTCH 6ecKOHeHHOMepHBii"i e^HHHHHBiii chm- 
njieKC. Ha ci-iMnjieKce b pa3MepHOCTii n mojkho 3a,n,aTB pacnpe^eneniie 
R,iipnxjie Dir(A/n,..., A/n) (cm. sa^any 55 pa3^ejia 2). nofl pacnpedejie- 
HueM IJyaccoHa-/(upux.ae PD(X) c napaMeTpoM A Ha 6ecKOHeHHOMep- 
hom efliiHHHOM ciiMnjieKce noHHMaeTCH (cjia6Bii"i) npe^eji pacnpe^ejieHHii 
Dir(A/n,..., A /n) npn n —► oo. 
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PaccMOTpi-iM pa3Jio»ceHiie HaTypajiBHoro Hiicjia n Ha npocTBie mhojkii- 
Tejii-i 

n=pi-p2.. • Pk(n) ; r^e Pi > p 2 ■ ■ ■ > 

Bbi6epeM cjiynaimo n b cooTBeTCTBini c paBHOMepHBiM pacnpe^ejieHiieM 
Ha MHO»cceTBe HaTypajiBHBix Hiiceji ot 1 ,n,o TV h paccMOTpiiM cjiynaimBiH 
BeKTOp 

In Pi lnp fc (n) 

In n ’ ’ Inn 

OKa3BiBaeTCH, stot BeKTOp cjia6o cxopjitch npn TV —> oo k pacnpep,ejieHino 

pD (l). 

AHajioniHHO, Ha mhojkcctbc Bcex nepecTaHOBOK H3 TV ajieMeHTOB BBe- 
,a,eM paBHOMepHyio Mepy, 3aTeM BBi6npeM cjiynaimyio nepecTaHOBKy n 
(1 < n < -/V!) ii paccMOTpiiM cooTBeTCByiomnii eii cjiynaHBiH BeKTOp (3p,ecB 
li - p,jiiiHa i-ro no BejiiiHime piiKjia b BBi6paHHOi"i nepecTaHOBKe, a k(n) - 
hhcjio piiKjioB b BBi6paHHOi"i nepecTaHOBKe) 



Tor^a v n cjia6o cxo,h,htch npn TV —> oo k pacnpe,a,ejieHino PD{ 1). 

OniicaHHBiii b npe^Bi^ymeii 3a,n,aHe m ap kobckhh npopecc “jiOMaHiiH 
najiOHKii” HMeeT cbohm cjia6biM npe,n,ejiOM Tax:*® PD( 1) h no3BOjiaeT 
noHHTB CBOHCTBa pacnpe,a,ejieHH5i PD( 1) (cm., HanpiiMep, pacnpep,ejieHiie 
MaKCiiMajiBHoro ajieMeHTa - ^iiKMaHa-roHnapoBa, y6biBaHHe pjisi thiih'i- 
hbix npe^CTaBHTejie PD( 1) ajieMeHTOB psipa, co CKopocTBio reoMeTpune- 
CKofi nporpecciiii co 3HaMeHTajiGM e _1 ). 

30. (3aKOii noBTopHoro jiorapiicjiMa.) IlycTB X n - He3aBiiciiMBie opp- 
HaKOBO pacnpep,ejieHHbie c.b. c HyjieBBiM MaTeMaTiinecKHM oxa-mamieM h 
e^HHHHHOH flHcnepcHefi. IlycTB S n = Xi+.. , + X n . ^OKaiKHTe, hto nonTii 
HaBepHoe 

lim — . n = V2, 

n ^°° v n log 2 (log 2 n) 

= -V2. 

3aMeaaHHe. Xoth BejiiiniiHa —=- - •• — 6yn,eT MeHBine, neM jno6oe 3a- 

V n 1o 82 1o S2 n 

^,aHHoe £ c BepoHTHOCTBK), CTpeMHmeiicH k ep,HHHH,e (sto cjiep,yeT H3 LIJIT), 
OHa 6ya,eT 6ecKOHenHoe hiicjio pa3 npii6jiH>KaTBCJi ckojib yrop,HO 6 jih3ko k 
jiio6oh TOHKe OTpe3Ka [—\/2, x/2] nonTii HaBepHoe [12] T. 2. 
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IIpHBe,n,eM Taxixe nexoTopBie cmoxhbic pe 3 yjiBTaTBi H 3 [30]. IlycTB X\, 
X 2 , ■■■- HesaBHCHMbte o^iraaKOBO pacnpe^ejieHHbie c.b. c o 6 mei"i <i>y HK_ 
ipieH pacnpe^ejieHiia F h nycTB y n - pacxo^,Hiu,aHCH HiicjiOBaH nocjie^o- 
BaTejiBHOCTB (k +oo). IlycTB Z n ^ = n > 1, h B(F, 7 ) - mhoixcctbo 
Bcex npe^ejiBHBix Tonex Z nrr Tor,ga cyipecTByeT HecjiyHaimoe mhojkb- 
ctbo A(F, 7 ), Taxoe, hto c bcpohthoctbio 1 B(F,'y) coBna^,aeT c A(F,j). 
B nacTHOCTii: 


• Ecjiii j n = n a , 0 < a < 1/2, Tor^,a ^jih Bcex E 1 , He BBipoxc^eHHBix 
b 0, A(F,'y) paBHO Bceii pacmupeHHOH BemecTBeiiiioii och, ecjin oho 
coflepjKHT xoth 6bi o^ho KOHeHHoe BemecTBeHHoe hiicjio. 

• Ecjiii 7 n = n h ecjin A(F, 7) co/tep>KH r r xoth 6bi ,n,Ba xohchhbix 
Bem,ecTBeHHBix nucjia, to Tor,n,a oho .zjojijxho co7,ep»caTB ±00. 


• Ecjiii j n = 1, Tor,n,a A(F, 7 ) € {± 00 } Topga h tojibko TOgga, xopga 
pjm HexoToporo a > 0, /“ Re{l/(1 — ip(t))} dt < 00 , r^e tp(t) - 
xapaxTepiiCTHHecxaH cjiyHxpHH E 1 . 

• IlycTB E(Xi) = 0, OXi = a 2 < 00. Tor,n,a npii 7 n = 
= y / 2nlog 2 (log 2 n), A{F, , y) = [—cr, <j], a ecjin E(Xi) = 0, OXi = 00, 
h BBi6paTB 7 „ = log 2 (log 2 n), to A(F, 7 ) co,n,ep>xHT no xpairaeii 
Mepe o^Hy H 3 ±00. 


IlycTB m n TaxoBBi, hto P(S n < m n ) > 1/2 h F(S n > m n ) > 1/2. Tor,n,a 
flflu toto, hto6bi cymecTByeT Taxan nojioixHTejiBHaH nocjie,n,OBaTejiBHOCTB 
7 n , y7,OBjieTBop5iioiii,aji nonTii naBepHoe coothohichiijim 


00 < 


lim 

n—>o o 


S n lTi n 


S n m, 

< lim - 

n->oo 7 „ 


< OO 


Heo6xo7,iiMO h ,n,ocTaTOHHO, hto6bi 7,jih Bcex c > 1 


P(|Xi| > cx) 

PdXxl >*) 


< c 


-2 


31. PaccMOTpiiM c.b. c jior-HopMajiBHBiM pacnpe7,ejieHneM (cm. 3a7,any 50 
h 3 pa37,ejia 3) 

X e LogA/”(m, cr 2 ) log(X) € A/"(m, cr 2 ). 


ITpii xaxiix 3 HaHeHiiHx a jior-HopMajiBHoe pacnpe7,ejieHiie noxoixe Ha CTe- 
neHHoe (npii xaxiix 3 HaHeHHnx x)7 IloxajxHTe, hto ,zyia npon3Be7,eHii5i c.b. 
xapaxTepHa cxo,h,hmoctb x jior-HopMajiBHOMy pacnpe7,ejieHino. /HoxaixiiTe 
3 to >xe cbohctbo t,jihh OTpe 3 xoB, nojiyHaiomiixcH b pe 3 yjiBTaTe 7,ejie- 
HIIH e7,HHHHHOrO OTpe 3 Xa C paBHOMepHBIM MHOTOXpaTHBIM BBl6opOM Tonex 

pa 37 ,ejia (cm. sa^any 28 h 29 ). 
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32. (IlyaccoHOBCKiiH npopecc [2].) IlycTB Heo6xo,n,HMO opemiTB, ckojibko 
6iijieTOB Ha MeTpo o,n,Horo Bima K(T ) npo,a,aeTCH 3a o,a,Hy pa6oHyro CMeHy 
^jiHTejiBHOCTBio T. IlMeeT MecTO cjjopMyjia 

n 

K(T) = maxjn : J2 Xk < T }> 
fc=l 

r^e Xi, X- 2 , X 3 ,... h esa bh c h m bi e o^iiHaKOBO pacnpe,a,ejieHHBie no 3aKOHy 
Exp(A) c.b. (X k HHTepnpeTiipyeTCH kslk BpeMH Mexyny k — 1 h k c^,ejiKOi"i 
(npo,a,a>Keii)). rioKanaiTe, hto 

a) BepoHTHOCTB P (K(T +1) — K(T) = k), r^e t ^ 0 h fc = 0,1,2,..,, 
He 3aBHCi-iT ot T ^ 0; 

6) Vn ^ 1, 0 < ti < t 2 < ... < t n c.b. {K(t k ) - K(t k - 1 )}^ =1 

HesaBHCHMBi; 

b) P (K(t) > 1) = o(t), t > 0; 

r) Mn > 1, 0 < t\ V t '2 < ... < t n , 0 < k\ < k 2 < ... < k n , 
k u ...,k n G N U {0} 

= h, ■ ■ •, K(t n ) = k n ) = 

= -Ati ( A ^i) fcl -A(t 2 -ti) ( A (^ ~ ^i)) fc2 ~ fcl 

/•'|! (>2 /■-,)! 

. ( A (^ra ~ tn-l)) kn fc ”~ 1 

( k n k n -i)\ 

b nacTHOCTH, K(T) € Po(AT). 

3aMenaHHe. OGpaTiiTe BHriMamie Ha 3a^3,any 51 h 3 paa^ejia 2. 

33. (Cjiojkhbih nyaccoHOBCKiiii npopecc [2], [6].) B Tenemie pa6onero ,h,hh 
cjjupMa ocymecTBjiaeT K(T ) G Po(AT) c^ejiOK (iv(T) - c.b., HMeiom,aH 
pacnpeflejiemie IlyaccoHa c napaMeTpoM AT, r,n,e A = 100 [c,n,ejiOK/Hac]). 
Kansan c^ejiKa npimociiT ^oxo^ V n G R[a,b] (V n - c.b., HMeiomaH 
paBHOMepHoe pacnpe^ejiemie na OTpe3Ke [a, b\ = [10,100], n - HOMep 
c^eniai). CmiTaa, hto K, Vi, V 2 , ... - HeaaBHCHMBie b coBOKynHOCTii 
c.b., Haii^HTe MaTeMaTiinecKoe ona-mamie h ^iicnepci-no BBipynKH 3a ,n,eHB 

K(T) 

Q(T) = Vfc. AIoKa>KHTe cjie,nyiomee cooTHomeHiie .zyui xapaKTepi-iCTH- 
fc=l 

necKOH <J>yHKH,HH Q(T): 

<PQ(T)(s) = exp{AT(v?y fc (s) - 1)} = exp |aT e lsx dF Vk (x) - lj j. 
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HaftflHTe (cm. [5]) Tam-ie m(T) h u(T), hto npii T —> oo 


Q(T) - m{T) 
a(T) 


A Z, rpp Z~TV(0,1). 


¥Ka3aHHe. IIpi-iMem-iTe cJjopMyjiy rjih ycjiOBHoro MaTeMaTiinecKoro o>kh- 
^am-iH (cm. 3a^,any 31 pa3,n,e.Jia 3) 


EY = E(E(F|X)). 


YcTaHOBiiTe cnpaBe,n,.jiHBOCTB cjie^yromero cooTHomeHira: 


DF = B(E(F|J¥)) + E(B(F|X)). 


34. B Tenem-ie Tpex jieT cjnipMa H3 npe^Bmymeii 3a,n,aHH pa6oTajia 
TV = 1000 ^Heii (.zyiima pa6onero ^hh h napaMeTpai cnpoca He MeHHjmcB). 
OpeHiiTe (cm. [5]) pacnpe^extemie c.b. 

N 

Q N = Y / < ^k(T), 

fc=1 

r^e Qk(T) - BBipyHKa 3a k-ii ,n,eHB. BepHO jih, hto c.b. Q n ii Qk(NT) 
qnymaKOBO pacnpe^ejieHBi? 

35. (IlyaccoHOBCKHH noTOK co6bitiih [10], [29].) PaccMOTpiiM HHTep- 
Baji [— TV, IV] h 6pociiM Ha Hero He3aBiiCHMO h cjiynailHO (paBHOMepHo) 
M = [pN ] ToneK, r^e p > 0 HeKOTopaa KOHCTaHTa, Ha3BiBaeMaa njiOT- 
hoctbio. JlerKO bbihiicjihtb 6imoMHajiBHyio BepoaTHOCTB Pj v m (fc,/) Toro, 
hto b KOHeHHBiH HHTepBaji I C [—IV, TV] nona^eT pobho k Tonex. IloKa- 
jKHTe, hto pjisi Pj v,m {k , I) npn TV —► oo BepHO cjie^yiomee 

¥(k,I) = f lim Pjv,M(jv)(fc,/) = k = 0,1,... 

jV->oo v ’ k\ 

IIoKa>KHTe TaK»ce, hto ecjin I\,l2 C [—TV, TV] h I\ Pi I2 = 0 , to 

P {ki, I\\ ^2, 1 2) = li m Pjv,M(Ar) (&i> I\\ & 2 > I2) = P {k, I\) P {k, I2) ■ 

N—too 

36. (Be3rpaHHHHO ,n,ejiHMBie c.b.) CjiyHaimaH BejiHHHHa X Ha3BiBaeTCH 

6e3zpa,HUHHO de.auMOu, ecjin .zpra jno6oro HaTypajiBHoro n HaimyTCH n Ta- 
ki-ix He3aBHCHMBix o^HHaKOBO pacnpe^ejieHHBix c.b. X^n (pacnpe^ejieiine 
Xj~ n 3aBI-ICHT OT Tl), HTO X = T^e paBCHCTBO nOHIIMaeTCH 

no pacnpe^ejieHino. TeopeMa KojiMoropoBa-JIeBii XnHHHHa yTBep»p3,aeT, 
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hto X - 6e3rpaHi-iHHO flejiiiMaa c.b. Tor^a h tojibko Tor^a, KOiyja cyin,e- 
CTByiOT (ho He o6a3aTejiBHO o,n,H03HaHHO onpe^ejunoTCH [9]) 


(b , c, u(dx)) : c ^ 0, v(dx) ^ 0, ^({0}) = 0, Taraie hto 

n (») = exp {i»!> (<**“ - 1 - ^ "(*)}. 

r^e ipx(s) ~ xapaKTepncTH'iecKai-i (JjyHKpiiH X. 

BepHO jih, hto jiK>6aH 6e3rpaHHHHO ^ejiiiMaa c.b. MoaceT 6bitb npe,n,- 
CTaBjieHa (iiMeeT Tanoe »ce pacnpe^ejieHiie) k&k X+Q, r^e X ~ J\f(m, a 2 ), 
a Q - c.b., HMeramaM cjio>KHoe pacnpe^ejieHiie riyaccoHa? Onpe^,ejiiiTe 
(b,c,is(dx)) pjisi Q(T) H3 3a^aHH 33. 

yKa jaimc. Cm. aaMeaHue k sa^ane 49. 

3aMeHatme. B jiiiTepaType nacTO mohcho BCTpeTHTB h flpyrne aanucH 
TeopeMBi KojiMoropoBa-JleBH-XHHHHHa, HanpiiMep, 

‘fix(s) = exp|zs6 0 -°y + J {e wx - 1 - ^^2 ) v i dx )]- 


3^ecB h ,H,ajiee (b ^pyrux npe^CTaBjieHHHx) HcnojiB3yiOTCH pa3HBie u(dx), 
o^HaKO o6o3HanaTB hx 6yn,eM o^imaKOBBiM o6pa30M. flpyroii npiiMep 3 a- 
raiCH - npe^,CTaBjieHiie JTeBH—XnHHHHa (cm. Tarae 3a,n,aHy 42): 


(fix ( s ) = exp |is6 — cs 2 /2 + J (e lsx — 1 — isxl (|x| < 1)) v (dec) | 


r^e /(true) = 1, /(false) = 0. Em,e o/jj-ih npi-mep 6yn,eT npiiBe^eH hhvkb b 
3tom saMeuaHHH. 

B KauecTBe iieTpHBiiajiBHBix npi-mepoB 6e3rpaHHHHO ^ejiiiMBix pac- 
npe,H,ejieHHH ynoMHHeM cjie^,yiom,He: pacnpe^ejieHiie CTBio^eHTa, Kohih, 
raMMa-pacnpe^ejieHiie, jior-HopMajiBHoe, noKa3aTejiBHoe. nocjie^Hee hb- 
jiaeTCH npiiMepoM 6e3rpaHHHHO ^ejniMoro pacnpe^,ejieHHH, KOTopoe mojkbt 
6bitb npe^CTaBjieHO b Bime 6ecKOHeHHoii CBepTKH (He3aBHCHMBix, o^HHaKO- 
bo pacnpe^ejieHHBix c.b.) He 6e3rpaHHHHO ^ejniMBix c.b. JXjisi nopMajiBHoro 
pacnpe,ii,ejieHHH h pacnpe^ejieHHH IlyaccoHa Tanoe npe^CTaBjieiine HeB03- 
mohcho. TeopeMBi KpaMepa h PaiiKOBa roBopsiT cootbctctbchho, hto ecjin 
CBepTKa Asyx pacnpe^ejieHHii HopMajiBHa (pacnpe^ejieHa no 3aKOHy ITyac- 
coHa), to KOMnoHeHTBi ^ojHKHBi Taione HMeTB HopMajiBHoe pacnpe/jejieHiie 
(pacnpe^ejieHiie IlyaccoHa) c ^pyn-iMi-i napaMeTpaMH. rio,ii,po6Hee 06 stom 
cm. [26]. 
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OcHOBHoe CBOiiCTBO 6e3rpaHiinHO ^.eaiiMBix c.b. 3aKaK>naeTca b tom, 
hto TaKiie c.b. (h tojibko TaKiie) MoryT B03HiiKaTB b xanecTBe npe^ejiOB 
no pacnpe/jeaemno cyMM c.b. Xk n , iyje ,a,aa jno6oro n c.b. X^ n - 

He3aBricriMBi n o^imaKOBO pacnpe,a,eaeHHBi (nan hmchho, BOo6m,e roBopa, 
3aHBHCHT OT n). 

ITpiiBe^eM ,a,aa cnpaBKii TaKace hcckojibko cjjaKTOB H3 [30]. 

а) IlycTB HMeeTca 6e3rpaHi-inHO ^.eaiiMaa c.b. co cpe/pniM m h kohch- 
hoi"i ^HcnepcHeft D h </>(s) - xapaK r rep h c r r h ' iec koh c}jyHKii,HeH. Tor,a,a 

In (j>(s)=ims+ [ (■e lsx — 1 — isx) , 

3-oo X 2 

rpp v - KOHenHaa Mepa Ha fleftcTBHTejiBHOH ocn, 6oaee toto, i/(K) = D. 

б) TeopeMa Toji^h—CT teTejia. Flycmb noAOOfcumeAbnaxi c.e. UMe- 
em n.riomHocm'b pacnpedeAenusi f{x), npuneM f SecKOHeuno duc/x/jepenvfli- 
pye.ua u (— l) k f( k \x) > 0, \/x > 0. Tozda X uMeem 6e3zpanuHHo demiMoe 
pacnpedejienue. 

Tanace cae,a,yeT oOpaiurbca k KHiire rHe^eHKO B.B., KoaMoropoB A.H. 
npenejiBHBie pacnpeaeaemia aaa cyMM He3aBiiciiMBix caynanHBix Bean- 
•IHH. M.-JI.: FTTH, 1949. 

37. (D[nT 6e3 rpcGonaiiMa cymccTHOBanna flHcnepcm.) Flycmu 
X\,X<l, ... - ne3aeucuMue odunaKoeo pacnpedejiennue c.ayuauHue ee- 
jiuhuhu U3 pacnpede.aenusi F na deucmeumejibHou npfi.uou. Bepna 
cjiedymipasi meopeMa [30]: cymecmeywm manue nocjiedoeamejibHocmu 
{a„}, {b n }, umo npu n —> oo 

E ^ l( f n ~ Gn) 4 Z, zde Z ~ Af(0, 1) 

On 

mozda u moAbKO mozda, nozda tfiyHKyux, v(x ) = Jj_ a> ^ y 2 dF(y) ae.fifiemcH 
Med.aeHHo MeuAwiyeucA na SecKOHeunocmu, mo ecmu d.aA nee eepno npu 
ah>6om t > 0, h mo 

lim "XL 
x^-oo v(x 

IIoKa>KHTe, hto ,a,aa pacnpeaeaemia CTwo,a,eHTa c ,a,ByMa CTeneHaMi-i cbo- 
6o,h,bi BBinoaHaeTca npiiBe^eHHaa TeopeMa. HaiypiTe nopMiipoBOHHBie no- 
cae^OBaTeaBHOCTi-i {a n } n {&„}. 
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3aMeHaHHe. HanoMHi-iM, hto no onpe^eneHino pacnpe^eneniie CTtro^eH- 
Tac k CTeneHHMH cbo6o,h,bi ecTB pacnpe^eneHiie cjiynanHon BejniHHHBi 


t = 


£o 



rp,e h eaa bh c hmb t, gj e J\f(0, 1), j = 0 ,,k. IIjiothoctb pacnpe^enemiH 

CTBK3,n,eHTa BBipaxaeTCH cjie^yiom,eii cjDyHKpneii: 


P( x) 


r((fe + i)/2) 

V / 7rfer(fc/2) 



~(k+ 1)/2 

, x e K 1 . 


Mojkho TaioKe noxasaTB, hto npn k —> oo njiOTHOCTB pacnpe,n,ejieHiiH p(x) 
cxo^htch k njiOTHOCTii CTaH,n,apTHoro HopMajiBHoro pacnpe,n,ejieHiiH (T.e. 
HopMajiBHoe pacnpe^eneHiie mo*ho paccMaTpriBaTB k&k pacnpe^ejieniie 
CTBio^eHTa c 6ecKOHenHBiM hhcjiom CTeneHeii cbo6o,h,bi k = oo). 

Pacnpe,n,ejieHiie CTBro^eHTa Kpafrae BancHoe pacnpe^enemie, KOTopoe, 
b nacTHOCTii, B03HiiKaeT bo mhoi’hx KjiaccnnecKHx 3a,n,anax CTaTHCTHKH, 
cm. nanpiiMep [7]. 

38. PaccMOTpi-iM npocTyio h RjiaccnnecKyro cxeMy 6jiy*c,n,aHHH tohki-i Ha 
npHMoii, cooTBeTCTByiomyio npaBiijiaM nrpBi b opjiHHKy: 


77 ( 0 ) = 0 , 


v(t + 1) 


+ P= 1/2, 
p = 1/2. 


3aHyMepyeM b nopjmxe B03pacTaHi-iH Bee momchtbi BpeMemi, xor^a 
p(t) = 0. riojiymiM 6ecKOHenHyio nocne^OBaTejiBHOCTB 0 = r 0 < Ti < 

< T2 < ... PaCCMOTpiIM pa3HOCTI-I = Tj — Tj_l ^ nOCJie^OBaTejIBHOCTB 
He3aBricriMBix o^imaKOBO pacnpe^ejieHHBix c.b. 


a) noKanaiTe, hto P = 2m) 


l 

yj 7rm(2m—l) 2 


m 3 / 2 . 


6) noKanciiTe, hto MaTeMaTiinecKoe ona-mamie c.b. = t* —t;_i paBHO 
6ecKOHeHHOCTH. 


3aMenaHHe. 9 tot pe3yjiBTaT mojkho npoiiHTepnpeTiipoBaTB Tax: cpe,n,- 
Hee BpeMH ^o nepBoro B03Bpam,eHHH 6jiy»c,naHHH b 0 6ecKOHeHHO. TeM 
He MeHee cyMMBi r„ = C* npn Ha/piOKameH HopMiipoBKe HMeioT 

npe^ejiBHoe pacnpe^ejiemie. IlMeeT mccto Taxon pe3yjiBTaT: 


lim P / < 2: 

n—¥oo ^ 7 in z 


1 


f~ e x 2 dx, 

0, 


z > 0, 

z< 0. 
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CjiynaHHaa BejiHHHHa £ HMeeT ycTOHHHBBiii 3aKOH pacnpe^ejieHiiH, ecjin 
jno6oro naTypanBHoro N > 1 HaimyTCH He3aBi-ici-iMBie cjiynaiiHBie Be- 
jihhhhbi {Z 7 j}^ =1 , pacnpe,a,ejieHiie kotopbix coBna,a,aeT c pacnpe,a,ejieHiieM 
/ h nocTOHHHBie ajv h 67V, Tam-ie hto = ^(Y2n=i Z n ~bN)- HMeeT MecTO 
cjie,nyiomee yTBepHygeiine (cm. [12], T.l): </ mojkbt 6bitb npe^ejiOM no 
pacnpeflejieHiiio c.b. Z n — 6jv), r,n,e Z n - He3aBiiciiMBie o^iraaKO 

pacnpe^ejieHHBie c.b. (c pacnpe^ejiemieM He saBHO-riuHM ot N), Tor^,a n 
tojibko Topga, Kopga £ HMeeT ycTonmiBBiii 3aKOH pacnpe^ejieHiia. TaK»ce 
BepHa TeopeMa o KaHominecKOM npe^CTaBjieniiii .zyia ycTonmiBBix 3aKOHOB 
JleBH-XHHHHHa [2] : ^jih toto hto6bi c.b. 6buia ycTonniiBoii, Heo6xo^,iiMO 
h ^ocTaTOHHO, hto6bi jiorapiicJjM ee xapaKTepiiCTiinecKOH cjjyHKpiiH npe,n,- 
CTaBjiHjica cjDopMyjioii 


ln<p(s) = ijs — c|s|“ (1 + */ 3 sign(s)w(s, a)), 


r,n,e 7 £ R, -1 < (3 < 1, 0 < a < 2, c > 0, sign(0) = 0 n 


uj(s, a) 


tg(fa), a/1, 
fln|s|, a = 1. 


nojiyneHHoe BBime pacnpe^eneniie cooTBeTCTByeT KaHominecKOMy 
npe^CTaBjieHino c. a = 1/2, /3 = 1, 7 = 0, c = l,n npiiHa^i,jie>KHT ceMeiicTBy 
KpiiBBix nnpcoHa (noKa3aHO H.B. Cmiiphobbim). 

Oco6eHno npocTO ycTpoeHBi xapaKTepiiCTiinecKiie cjjyHKHHH ciimmct- 
piinHBix ycTonmiBBix pacnpe,n,e.jieHHH: 


ln</?(s) = —c|s|“. 


n. JleBH TaK»ce npiiHa^jiejKHT HeMHoro ^pyroii cnoco6 KjiacciicjDHKa- 
h,hh ycTonmiBBix pacnpe,n,e.jieHHH. A iimchho, ne3aBi-icriMBie o^imaKOBO 
pacnpe7,ejieHHBie c.b. Xi, X2, X ycTonmiBBi no JleBH (L-ycTonmiBBie), 
ecjin ^jih jho6bix si > 0, S2 > 0, cyipecTByeT Tanoe a G (0,2], hto 
s a = + n s a X = S1X1+S2 X2, r^e nocjie^Hee paBeHCTBO noHHMaeTca 

Kan paBeHCTBO no pacnpe^ejieHiiio (c.b. b jieBoii nacTi-i paBeHCTBa HMeeT 
TaKoe »ce pacnpe^ejiemie, xax c.b. b npaBOil nacTi-i paBeHCTBa). Cjiynaii 
a = 2 onpe^ejiaeT HopMajiBHBie (rayccoBCKiie) c.b., a cjiynaii a = 1 - c.b., 
pacnpe^ejieHBie no 3aKOHy Kohiii (cm., HanpiiMep, 3a^,any 29 pa37,ejia 3). 
9tiimh 7,ByMH cjiynaaMH iicnepnBiBaiOTCH ciiTyapiiii, KOiyja mohcho BBim-i- 
caTB HBHyio (aHajiriTi-mecKyio) cjjopMyjiy .zyia hjiothocth (b ciiMMeTpiinHOM 
cjiynae - b Heci-iMMeTprinHOM cjiynae HMeeTca em,e o^Ha aHajiiiTHnecKaa 
CHTyapiiH, KOTopaa 6buia paso6paHa BBime, b cbh3h c iiccjie^OBaHiieM 
BpeMeHii B03Bpam,eHHH npi-i i-irpe b opjiaHKy). TeM He MeHee, npn 6ojibhiiix 
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|x| h a € (0,2) HMeeT MecTO cnepyroipaH aciiMnTOTHKa jyisi (JyyHKHHH 
njiOTHOCTi-i pacnpepenemra: 

. . c"(l + /?) sin(7ra/2)r(o; + 1) 

Pa^A*) « - Ax - l/c \^ -• 

Bojiee Toro, HMeeT MecTO cnepyiomiiH pe3ynbTaT: nycTb nocnepoBa- 
TejibHOCTb He3aBHcriMbix opimaKOBO pacnpepeneHHbix c.b. {Z n j HMeeT 
CTeneHHbie xboctbi P (Z n > x) « C+ x~ a h P (Z n < —x) « C-X~ a , npn 
x —> oo, rpe a £ (0,2), C+,C- > 0. Torpa cyipecTByiOT Taraie nocjie- 
^OBaTejibHOCTH {a n } n > 0 h {b n } n (hx onpepenemie paHO, HanpiiMep, b 
[29]), hto ^(T,n=i ~ 1 >n) cjia6o cxophtch npn N —> oo k c.b. £ a ,p,o,c 

c f3 = (C + — C -) / (C+ + C_), c = C + + C-, a (; a ,p,o,c HMeeT ycTOHHH- 
BBifi 3aKOH pacnpepenemiH c cooTBeTCTByiomiiMH 3HaHeHHHMii napaMeTpoB 
(fl 06 aBIIM, hto 7 = 0). 

flpisi peniemiH 3 toi"i sapam-i h cnepyroiipix p,Byx 3 a,paH TaK»ce nojie 3 HO 
no 3 HaKOMHTbca c yne 6 HbiM noco 6 neM [9] . /Jjih 6 ojiee rjiy 6 oKoro norpyxce- 
hhh peKOMeH^yeTCH KHiira: IleTpoB B.B. IIpepenbHbie TeopeMbi pnn cyMM 
He 3 aBricriMbix cjiynaiiHbix BemiHim. M.: Hayxa, 1987. 


39. YcTOHHHBbie 3aKOHbi pacnpepeneHira hbjijhotch TaK»ce h 6e3rpaHHHHO 
^ejiHMbiMH. IloKa>KHTe, hto nyaccoHOBCKoe pacnpepenemie 6e3rpaHHHHO 
flejIHMO, HO He yCTOHHIIBO. 


3aMenaHHe. Cm. npepbipymyio 3apaHy, a TaK»ce [26]. 


40. (Bbmop pacnpepenemiH XonbipnapKa [9], [29].) PaccMOTpiiM map 
papnyca R c peHTpoM b nanane KOoppimaT h n 3Be3p (tohck), pacnono- 
HceHHbix b HeM cjiynanHO h He3aBHCHMO ppyr ot ppyra. IlycTb Kancpaa 
3Be3pa HMeeT epiiHHHHyio Maccy, h 3Be3pbi pacnpepeneHbi paBHOMepHO 
BHyTpn paHHoro mapa. TpaBHTapi-iOHHoe none Fi (bcktop), co3paBaeMoe 
<-oh 3Be3poi"i b nanane KOoppimaT, onpepenneTCH no 3aKOHy HbiOTOHa- 
ryKa: 

Fi = G TriT3’ Ti = 0 Vi,Vi, z i) e K 3 , 

I r i 112 


rpe (xj, yi, 2:j)-KOoppiiHaTbi ?’-oi"i 3Be3pbi, G - rp an h te p h o h h an nocTommaH. 

CyMMapHoe rpaBiiTapiioimoe none ot Bcex 3Bep mohcho Bbipa3HTb kslk 
S n = F\ + ... + F n . YcTpeMHM R n n k 6ecKOHeHHOCTH Tan, hto6h (cm. 
TaK»ce 3apany 35) 


4 

3 


7r R 3 n 1 


= const = p > 0, 


rpe p > 0 napaMeTp nnoTHOCTi-i 3Be3p (b o6T>eMe V copepnaiTCH b 

cpepHeM pV 3Be3p). 
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IIoKa>KiiTe, hto npe,n,ejibHaH njiOTHOCTb pacnpe,n,ejieHiiH BeKTopa S(F) 
3aBHCHT TOJIBKO OT nOJIH H^ll 2 H CTpeMIITCH K IUIOTHOCTI-I CI-IM- 

MeTpiiHHoro ycTOHHHBoro pacnpe,n,ejieHiiH XojibpMapxa c a = 3/2. Taxnte 
noxanaiTe, hto ,gaHHoe pacnpe,n,ejieiiiie 6jih3xo k pacnpe,n,ejieHiiio ciijibi 
npiiTH^KEHHH b Hyjie, Bbi3BaHHOi"i o,h,hoh 6jni>Kai"imeii 3Be3,n,OH. 

3aMeaaHne. Mohcho noxasaTb, hto 3a,n,aHa no cyipecTBy He H3MeHi-iTCH, 
ecjni Maccy Kanc^oii 3Be3,n,bi cni-iTaTb c.b. momchtom nopH,n,xa 3/2 paBHbiM 
1 n Maccbi pa3jiriHHbix 3Be3,n, npe^nojiaraTb B3aiiMHO He3aBHCHMMMH c.b., 
He 3aBHC5nn,HMii Tax>xe ot iix pacnojio»ceHHH (cm. [9]). 

Ba>KHO, hto npn BbiBO^e ,n,aHHoro pacnpe^ejieHHH npeHe6peraiOT pa3- 
MepoM 3Be3^, (3Be3^bi - MaTepnajibHbie tohkii). nocxojibxy, ochobhoh 
BKjia^i, ^aeT 6jni:>xaiTmaH 3Be3,ga, to Tanoe npnGjiiiHcemie b cjiynae 6ojib- 
hiiix njiOTHOCTeii e^,Ba jih mohcho cniiTaTb xopomi-iM. TaxiiM o6pa30M, 
^aHHbiii pe3yjibTaT hbjihctch i i p h6 j i h >k e h h e m , KOTopoe mohcho yTOHHHTb, 
ecjni cniiTaTb 3Be3^bi mapaMH KOHenHbix pasMepoB. B cboio onepe^b, koh- 
CTpyKTHBHO omicaTb, hto nojiynaeTCH b TaxoM cjiynae He npe^CTaBjiaeTCH 
B03MO>KHbiM; cm. Taxnte KHiiry KeH^axui M., MopaH IT. reoMeTpiinecxne 
BepoHTHOCTii. M.: Hayxa, 1972. 

41. IlycTb n e/p-mi-iHHbix Macc paBHOMepHO pacnpe^ejieHbi b Tonxax 
X \,..., X n Ha OTpe3xe [— n, n]. Ha e^iiHHHHyio Maccy b Hanajie xoop,n,HHaT 
^.eiicTByeT rpaBHTapiiOHHaH ciuia 


f sign(X fc ) 

/n ~ f-t xi • 

k—1 K 


nOKa>KHTe, HTO 


E [exp (isfn)] -> exp (-cvlsf), n ->• oo. 
¥Ka3aHHe. Tax xax X^. pacnpe^,ejieHO paBHOMepHO, to (cm. [14]) 


E 


. sign(Xfc) \ 
exp [ is —^— j 


sign(x) \ dx 1 

exp l is -— — = - 

' x z J In n. 


(?)■ 


cos I — ]dx. 


42. noxana-iTe, hto ecjni X (t) - npopecc JleBH, to (cm. 3aMeHaHiie x 
3a^ane 36) 

/ OO 

min (l, a; 2 ) v (dx) < oo, 

-OO 

V t> 0 </> A - (t) (s) = Ee isX W = 
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exp |t isb—cs 2 /2 + J (e lsx — 1 — isxl (|x| < 1)) v (dx) | . 


3aMeHaHHe. LtpopeccoM JleBH {X (t)} l>0 Ha3BiBaeTca CTOxacTHuecKH 
HenpepbiBHBiii cjiyuaHHBiii npopecc, yflOBjieTBopsnom,HH cjie,z;yioiii,HM ycjio- 
bhhm (c He6ojibiiii-iMii oroBoprcaMH (cadlag-npopecc) - cm. Applebaum D. 
Levy processes and stochastic calculus. 2nd ed. Cambridge University 
Press, 2009.): 


a) X (0) 0; 

6) rjik jik>6bix 0 < t < t pacnpe^ejieHiie c.b. X (t) — X (r) aaBucuT 
tojibko ot t — t (Tarcxce roBopHT, uto {X (t)} t >Q HMeeT CTapiiOHapHBie 
npiiparpeHHH hjih, uto {X (f)} t>0 o^Hopo^HBiii); 

b) pflK jik>6bix n £ N, 0 < to < C < ... < t n BBinojiHaeTca: 
X (ti) — X (tg), ..., X (t n ) — X (f„_i) — He3aBi-ici-iMBie b coBOKynHOCTi-i 
c.b. (TaKnce roBopaT, uto {X (t)} t>0 HMeeT He3aBiiciiMBie npupamemia). 

Cm. T. 1 khhi h IIInpaeB A.H. Ochobbi cjnmaHCOBOH CTOxacTiiuecKoii Ma- 
TeMaTHKH. M.: MIJHMO, 2016. 

3aMeuaHne. Otmctiim, uto Mepa .JleBi-i v MoateT 6bitb ciirHyjiap- 
Ha b Hyjie, n Taxi-ie npopeccni MoryT iimctb 6ecKOHeuHO mhoto cxau- 
kob Ha jiio6om HenycTOM BpeMermoM HHTepBajie. IdpiiMepoM Taxoro 
npopecca aBjiaeTca raMMa-npopecc (cm., Hanpi-mep, Cherny A.S. The 
Kolmogorov students’ competition on probability theory. http://www- 
old.newton.ac.uk/preprints/NI05043.pdf), ria3BiBaeMBiii imogga cy6op,n,H- 
HaTopoM MopaHa [29]. 

ripopecc JleBH, c Hey6r>iBaioiii,HMH TpaeKTopnaMH, Ha3BiBaeTca cy6- 
op^HHaTopoM. npocTeftmuMH iipuMepaMH HeoTpiipaTejiBHBix npopeccoB 
JleBii hbjihiotch nyaccoHOBCKinl npopecc h cjiohchbih nyaccoHOBCKiiii npo- 
n,ecc. ripn 3 tom CKauKH o6biuho nponcxo^HT ^.obojibho pe^KO, noaTOMy 
npupamemia .zyia npiiBe^eHHBix npiiMepoB name Bcero paBHBi Hyjiro ^aace 
Ha ^.obojibho 6ojibhihx npoMeacyTKax BpeMemi. Mepa JleBH Tamix stiix 
npopeccoB KOHeuHa. 

B KauecTBe npiiMepa npopecca JleBH c 6ecKOHeuHOi"i Mepoft JleBH mohc- 
ho npuBecTH cy6op^HHaTop c u(dx) = x~ 1 e~ x dx (cy6op^HHaTop MopaHa). 
TaxiiM o6pa30M, cy6op^3,HHaTop MopaHa - sto npopecc JleBH, OTBeuaKurpm 
(6e3rpaHHUHO-^ejiHMOMy) raMMa-pacnpe^,ejieHiiio [29]. /^aa Hero BepHO, 
uto i/(R) = oo. 

9tot npopecc MoaceT 6bitb iicnojiB30BaH .zpia reHepiipoBamia nocjie^o- 
BajiBHOCTeri c.b. c pacnpe^enemieM IIyaccoHa-/],HpHxjie (cm. 3a^auy 29). 
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9to pacnpepejieHiie ynopapoHeHHBix no y6i>iBaHHio HopMiipoBaHHBix CKan- 
kob cy6oppiiHaTopa MopaHa. PacnpepejieHiie nyaccoHa-,I],Hpiixjie npe3- 
BBinaiiHO nacTO B03Hi-iKaeT b pa3HOo6pa3HBix npiuioncemiax, oco6enno b 
nonyjiHpnoHHoii reHeTHKe h skohomhkb (oho aBjiaeTca paBHOBecHBiM pac- 
npepejieinieM /pm papa sbojuopiiohhbix Mopejieii). C ppyroii ctopohbi, 
pacnpepejieHiie nyaccoHa-^Hpiixjie noaBjiaeTca kslk npepeji pacnpepe- 
jieHiia ^npnxjie Ha KOHenHOMepHBix ciiMnjieKcax npn pasMepHOCTi-i chm- 
njieKca, CTpeMaipeiica k 6ecKOHeHHOCTii, h opiiHaKOBBiMii napaMeTpaMii, 
HopMripoBaHHBiMH Ha pa3MepHOCTB CHMnjieKca. /JeTajni cm. b KHi-ire [29]. 

43. (MopejiB KoKca-Pocca-Py6HHHiTeiiHa.) IlycTB na “HpeajiH3iipoBaH- 
hom” cJjohpobom pBiHKe iiMeeTca Bcero //Be peHHBie 6yMam, h ToproBjia 
ocyipecTBjiaeTca Bcero b pBa MOMeHTa BpeMemi. IlycTB peHa nepBOii 6y- 
Man-i S (6ypeM Ha3BiBaTB ee aKpHeft (stock)) H3BecTHa b nepBBifi momcht. 
U,eHa BTopoii 6yMarii C (6ypeM Ha3BiBaTB ee call — onpuoHOM eBponeiicKO- 
ro Tima) ne H3BecTHa b nepBBiii momcht. IlycTB c HeHyjieBoii BepoaTHOCTBio 
p > 0 (mbi 3to p He 3HaeM, ho ot Hero minero 3aBiiceTB b iiTore He 6ypeT) 
k MOMeHTy BpeMeHii 2 peHa aKpHH BBipacTeT b u > 1 (up) pas h c Bepo- 
hthoctbk) 1 — p peHa aKpHH “BBipacTeT” b d < 1 (down) pa3, T.e. ynapeT. 
IlycTB TaKHCe H3BeCTHBI B03MOyKHBie peHBi OnpiIOHa BO BTopoii momcht: 
C u , ecjiii aKpua BBipocjia b peHe, h Cd, ecjm aKpiia ynajia b peHe. ^jia 
npocTOTBi 6ypeM cniiTaTB, hto 6aHK pa6oTaeT c HyjieBBiM npopeHTOM, T.e. 
KjiacTB peHBm b 6aHK, b pacneTe Ha npopeHTBi, 6eccMBicjieHHO. Tobopht, 
hto pBiHOK 6e3ap6iiTpa>KHBiH, ecjm He cyipecTByeT Tamix kg, kc, hto 

X (1) = k s S + k c C = 0, 

P (X (2) > 0) = P (k s S (2) + k c C (2) > 0) = 1, 
npuneM P ( X (2) > 0) > 0. 

^OKana-iTe, hto paccMaTpiiBaeMBiii pbihok 6e3ap6iiTpa>KHBiH Torpa h 
tojibko Torpa, Korpa 


rpe p = 


1 -d 
u—d' 


C — pc u + (1 — p) Cd, 


3aMenaHHe. OnpuoH xapaKTepii3yeTca paToii iicnojiHeHiia (b HarneM 
cjiynae - momcht BpeMeHii 2) h njiaTencaMii b momcht iicnojiHeHiia ( C u 
ii Cd )- ripiiHeM 3 th njiaTe>KH - 3apaHee ii3BecTHBie tjiyHKpHH ot peHBi 
aKpHH B 3TOT MOMCHT (BBepeHIie OnpiIOHOB 6BIJIO MOTHBI-ipOBaHO HCejiaHII- 
eM “xepHCIipOBaTBCH”, CTpaXOBaTBCH OT HeJKBJiaTejIBHBIX I-I3MeHeHHH peH 
aKpHii). OcHOBHaa 3apana 3aKjnoHaeTca b ycTaHOBjieHiin “cnpaBepjniBOH” 
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peHBi onpuoHa C b momcht BpeMemi 1 (cm. tji. 7, T. 2, §11 b [12]; pByx- 
TOMHIIK IIIlipHeB A.H. OcHOBBI cjjIIHaHCOBOH CTOXaCTHHeCKOH MaTeMaTHKH. 

M.: MTTHMO, 2016). 

He HMes b HananBHBiH momcht 1 KamiTajia X (1) = 0, ho, npopejiaB 
HeKOTopyro MaxHHapmo (npopaB o^hex peHHBix 6yMar (b 3aBHCHMOCTH ot 
cnenH(])HKH pBiHKa imorpa paspemaeTca “BCTaBaTB b xopoTKyio no3HpHio” 
- npopaBaTB peHHBie 6yMarn, He iiMea hx b h a j [ h t i h h ; npno6peTaji npii 
3tom b pojir) h Kym-iB na BBipyneHHBie pernra ppyrax 6yMar), mohcho b 
MOMeHT BpeMeHii 2 rapaHTiipoBaHHO Hiinero He npourpaTB, h npii stom c 
HeHyjieBoii BepoaTHOCTBio BBiiirpaTB (He yTOHHsni, ckojibko nocKOJiBKy, 
“npoRpyHiiBaa” no HMeioipeMycH apbuTpaxy (nponoppuoHaiiBHO yBejm- 
HHBaa K03c[)cjDHH,HeHTBi ks , kc ) ckojib yropHO 6ojibmyio cyMMy, mojkho 
nojiymiTB c HeHyjieBoii BepoaTHOCTBio ckojib yropHO 6ojibhioh BBiurpBim). 

Hucjia { p , g}, rpe g = 1 - p, a p = 3apaiOT MapTi-mrajiBHyio 

BepoHTHOCTBio (cmbicji TaKoro onpepejieHiisi 6ypeT pacnpBiT b cjiepyio- 
ih,hx 3apanax) hjih MapTi-mrajiBHyio Mepy. Ecjih cyipecTByeT epiiHCTBeHHan 
MapTHHrajiBHan Mepa, to pbihok Ha3BiBaeTCH nojiHBiM. Ha nojiHOM pBiHKe 
Heii3BecTHaH peHa onpuoHa C b HanajiBHBiii momcht onpepejineTCH opHO- 
3HanHO h MonceT HHTepnpeTiipoBaTBCJi KaK “cnpaBepjiHBaH peHa”. 

npiiBepeM 3pecB pjra cnpaBKii ap6iiTpa>KHyio TeopeMy, iraBecTHyio TaK- 
»ce H3 Kypca «MeTopoB onTHMH3apiiH» KaK TeopeMa HItiimkc (cm. >Ka- 
paH B.r. MeTopBi onTHMioapiiH. H. I. M.: MOTH, 2015). fleTajm TaKHte 
mohcho nocMOTpeTB b KHiire Ross S.M. An Elementary Introduction to 
Mathematical Finance. Cambridge University Press, 2011. 
http://catdir.loc.gov/catdir/samples/cam033/2002073603.pdf 

Ap6nTpa>KHaH TeopeMa. Tlycmb UMeemcn m yermux 6y.uaz u n 
603M0MCHUX ucxodoe, Vij - n.aameotcu ( y6umKU ) no i-u yennou 6yMazu, 
ecjiu ucxod j. Ilod cmpamezueu, uneecmopa nonuMaemcsi eenmop x £ 
£ (Xi - KOJiuuecmeo yennux Sy.uaz muna i). H.ueem Mecmo odno 

u mo.n,bKO odno U3 npueoduMux nuotce ymeepotcdenuu: 

(а) 3p > 0 : p T R = 0, zde R = ||Uj||™’”i (■ MapmumcuitHoe coomno- 
uieHue)] 

(б) 3 x £ R m : Rx > 0, Rx ^ 0 (yaaoeue cyiyecmeoeanusi ap6umpa- 
atca). 

44. (Bi-iHOMi-iajiBHaH n-nepnopHaa MopejiB KoKca-Pocca-PyGniimTeHHa.) 
npepjioJKHTe o6o6ipeHiie pBiHKa h cooTBeTCTByioipiix noHHTiiii 113 3apanii 
Ha n-nepiiopHBiH pbihok c bo3mo>khoctbio kjihctb peHBm b 6aHK nop 
npopeHT r — 1 (d < r < u) - 3a opira nepnop (nop TaKoii nee npopeHT 6paTB 
peHBm H3 6aHKa). OnpuoH ncnojiHJieTCH b 3aKjiiOHHTejiBHBiH (n + l)-ii mo- 
MeHT. njiaTencii no onpuoHy b stot momcht ii3BecTHBi h omiCBiBaiOTCJi 113 - 
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BecTHoii cfjyHKHHeH C (S) (HanpiiMep, pjra yKa3aHHoro b npepBipyipeii 3a- 
pane onpuoHa C ( S ) = max {0, S — X}), T.e. Ck (n + 1) = C (Sk (n + 1)), 
rpe k - cocTOjmne, b kotopom naxopiiTCH pbihok b momcht BpeMemi n- 1-1. 
C'lHTaHTe, hto Sk (n + 1) = Su k d n ~ k , T.e. k xapaxTepioyeT to, ckojibko 
pa3 axpiia nopmiMajiacB b peHe. 

Kax h b npepbipyipeii 3apane, Tpe6yeTCH onpepejniTB “cnpaBepjiHByio” 
peHy onpuoHa. 06ocHyiiTe <J>opMyjiy KoKca-Pocca-Py6iiiiiiiTei"raa: 

61 = 4 E ( l V (! ~ C (Su k d n ~ k ) , (3) 

r — d 

rpe p = --. 

u — d 

3aMeHaHHe. Otmcthm, hto b ycjiOBiiax 3apann X Ha3BiBaeTCH peHOii 
ricnojiHeHiiH onpuoHa n cniiTaeTCH H3BecTHofi. Co6ctb6hho, Blip 4>yHxpnn 
C (S) = max{0, S — X} npoacmieT cmbicji onpuoHa. OnpuoH paeT npaBO 
Kym-iTB (y toto, kto npopaji HaM onpuoH) b momcht i-icnojiHemiH onpuoHa 
axpmo no peHe X. Ecjih axpi-ni ctoiit poponce b stot momcht, to, KOHenHO, 
mbi 3TI-IM npaBOM BOcnojiB3yeMCH h nojiymiM npuftBuiB (npopaBep onpuoHa 
o6a3aH npopaTB HaM aKpnio). Ecjih >xe peHa axpim Memme peHBi ncnojiHe- 
hhh onpuoHa, to HaM y>xe He bbitopho noxynaTB axpmo no 6ojiee poporoii 
peHe, neM pBiHonHaa, h mbi He ncnojiHueM onpuoH, T.e. Hiinero He pejiaeM 
(BepB onpuoH paeT HaM npaBO, mi k neMy He o6n3BiBaji). Cm. Tax>xe khhfh 
BejionojiBCKan 51.H. Teopiin ap6iiTpa»ca b HenpepBiBHOM BpeMeHii. CII6.: 
Cn6PACy, 2006 h ByjiiiHCKHH A.B. CjiynaiiHBie npopeccBi. ITpiiMepBi, 
3apanH h ynpajKHeHHH. M: MOTH, 2010. 

45. (KoHTHHyajiBHaa GiiHOMiiajiBHaji MopejiB Bjisxa-IHoyjica.) YMecTi-iM 
Ha OTpe3xe BpeMeHii [0, t], n + 1 momchtob (npoMeixyTXH Mescpy koto- 
pBiMii opiiHaKOBBi), b KOTopBie ocyipecTBjineTCJi ToproBjm xax omicaHO 
3apane 44. BBepeM pBa napaMeTpa: a - choc, er 2 > 0 - BOJiaTi-uiBHOCTB 
(pHcnepcnji). nojioJXHM, 



nepexopa x npepejiy npn n —> oo b cjjopMyjie (3) (c C ( S ) = 
= max{0, S — X}), h iicnojiB3yji (4), nojiynirre cjjopMyjiy Bjisxa-IHoyjica 
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pjin cnpaBepjniBOii peHBi onpuoHa b “KOHTi-myajiBHoii 6h h o mh a j i b h o h mo- 
pejni”. rtoneMy bbopiitch HMerao pBa napaMeTpa (a He opim, Tpn h T.p.)? 
TIoneMy 



Bo3mo>khbi jih KaKiie-Hii6yn,b ppyraie ocMBicjieHHBie BapnaHTBi cooTHome- 
hhh Tima (4), npn KOTopnix 6yn,eT cyipecTBOBaTB npepeji npn n —> oo b 
(J jopMyjie (3) (pjin npocTOTBi BMHHCJieHHft CHHTaftTe, hto C (S) := S)7 

3aMenaHHe. (floHCKep-IIpoxopoB-CKopoxop-JIe KaM-Bapapapaim.) 
IlMeeT MecTO cjia6aa cxopiimoctb npn n —> oo omicaHHoro cjiyHaimoro 
6jiy5K,n,aHii5i b pucicpeTHOM BpeMemi k cjiynaimoMy npopeccy (b HenpepniB- 
hom BpeMemi), Ha3BiBaeMOMy reoMeTpiinecKHM 6poyHOBCKiiM pBHJKeHiieM. 
^eTajiH cm., HanpHMep, b KHiire Bhjijihhtcjih 41. Cxopiimoctb BeposiTHOCT- 
hbix Mep. M.: Hayna, 1977. Taione cm. rji. 12 b [30]. Taicute pjin pememiH 
3a^aHH nojie3HO ncnojiB30BaTB [33]. 

46. (BpoyHOBCKoe pBi-iiKenne (npopecc Bamejroe) h BimepoBCKiiii npo- 
pecc.) Hcxopn H3 (JjopMyjiBi (3), irneeM, hto “pbihok” npn onpepejieimii 
“cnpaBepjniBOH” perni onpuoHa CHiiTaeT, hto cjiynaiiHBiii npopecc S (to) 
(peHa aKn,HH b momcht BpeMeHii in) 3BOjnopiiOHiipyeT corjiacHO 6 iihomh- 
ajiBHoii Mopejin c iieii3MeHHBiMii napaMeTpaMii d, u, p. IIoctpohm cjiynaii- 
hbih npopecc S (t) (b HenpepniBHOM BpeMeHii), iicxopn H3 npopecca S (to), 
3apaHHoro b pucicpeTHOM BpeMeHii npepejiBHBiM nepexopoM, aHajioniHHBiM 
3apane 45. Kan y»ce OTMeHajiocb, nojiyHeHHBiii npopecc S (t) Ha3BiBaiOT 
reoMeTpHHecKHM 6poyHOBCKiiM pBi-iscem-ieM (hjih cjiyHaimniM npopeccoM 
BamejiBe-CaMyajiBCOHa) c napaMeTpaMii a, a 2 > 0, a cjiyHaimBiii npopecc 
B (t) = In ~ 6poyHOBCKHM pBiuKemieM c napaMeTpaMii a, a 2 > 0. 

Ecjih a = 0, a 2 = 1, to Tanoe 6poyHOBCKoe pBiuKemie iiMeeT cnepnajiBHoe 
Ha3BaHiie - BimepoBCKim npopecc W (t). 

rioKaiKiiTe, hto 6 poyHOBCKoe pBiuKeiine nBjuieTCJi npopeccoM JleBii 
(cm. 3apany 42). HappiiTe TpimjieT (6, c, v{dx)). 

3aMenaHHe. Opirn H3 ajiBTepHaTiiBHBix cnoco6oB BBepeHira m apTimrajiB- 
hbix BepoHTHOCTeii p OGHOBBiBaeTCH Ha Tan Ha3BiBaeMBix “piiCK HeiiTpajiB- 
HBIx” HJIH “MapTIIHrajIBHBIx” COo6pa>KeHH5IX, 3aKJIIOHaiOHl,HXCH B TOM, HTO 
p BBi6npaeTCH iicxopn H3 paBeHCTBa 




24 X k n— 24 X k 

Su k=1 d k=1 


= Sr n , 


rpe HesaBiiCHMhte opimaKOBO pacnpepejiemiBie c.b. X j. iiMeiOT pacnpepejie- 
Hiie Be (p), a Ep - MaTOJKiipaHiie no cooTBeTCTByioipeii Mepe, hjih iicxopa 
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H3 Toro, hto npopecc npiiBe,n,eiiHoii (npo/piCKOHTiipoBaHHoii) ctohmocth 
aKn,HH S (to) = S (to) /r m ^ojukch 6bitb MapTimrajiOM OTHOCiiTejiBHO 
MapTriHrajiBHOH MepBi p (oTcio^a h HasBaHne), T.e. 


E p 





S (to) . 


IlapaMeTpBi reoMeTpimecKoro 6poyHOBCKoro ^bh>k6hhm i-imciot cjie,n,y- 


khh,hh cmbicji: 


a = -E 
t 

a 2 = -B 
t 


In 


In 


s(ty 

S( 0). 
S(t) 
S( 0)J 


47. (reoMeTpnnecKoe 6poyHOBCKoe .npi-iHcem-ie hjih npopecc Bamejine- 
CaMysjiBCOHa.) B ycjiOBiiax 3a,n,aHii 46 noKaxaiTe, hto reoMeTpiinecKoe 
6poyHOBCKoe .npi-i^Kenne yupBneTBopaeT cjie,nyiomeMy CTOxacTiinecKOMy 
,a,ii4)4)epeHn,iiajiBHOMy ypaBHemno: 


dS (i) = aS ( t ) dt + aS (t) dW (t), 

KOTopoe onpe^ejiaeT S (t) xax cjiynanHBiii npopecc, ynpBjieTBopHioiipiH 
cooTHomeHHio 

t t 

S (t) = S (0) + a J S (t) dt + a j S (r) dW (r), 
o o 

r,ne BTopoii i-iHTerpaji noHiiMaeTCH b CMBicjie Hto (cm. [33]). 

3aMeHaHne. CjiynanHBie npopeccni, KOTopbie 3a^,aiOTCH CTOxacTHnecKH- 
mh ^iicjDcjDepeHpiiajiBHBiMH ypaBHemiHMi-i Hano^,o6ne paccMOTpeHHoro, 3a- 
^aiOT no onpe^ejieHino ^.iicjjcjDysiiOHHBiii npopecc Hto (cm. tji. 7,8 khii- 
i h OKceH^ajiB B. CTOxacTiiHecKiie ^HcJxjDepeHpiiajiBHBie ypaBHemisn M.: 
Map, 2003.). 

48. (OopMyjia Hto.) Hepe3 kohchhbic pa3HOCTi-i noKaxa-iTe, hto .njKjxJje- 
peHpuaji npopecca S(t) (cm. npe^nmyinyio 3a^,any) BBirjra^iiT kslk 

AS (t ) = A (5 (0) exp (B (t))) = 

= aS (t) At + crS (■ t ) AW ( t ), 


r^e 


AS (t) = S(t + h) — S ( t ), AW (t) = W(t + h)-W (t), 

At = t + h — t = h, h > 0. 

npeAJioxaiTe o6ih,hh Bim cjjopMyjiBi pjisi A g (t. W (<)) (dg (t, W (t))). 
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3aMeHamie. Bocaojib3yaTecb apabjiajKeaaeM 

A (S (0) exp (at + aW (t))) ~ 

~ aS (0) exp (at + aW (t)) At + aS (0) exp (at + aW (t)) AW (t) + 

( 7 2 o 

+ -^-S (0) exp (at + aW (t)) (AW (t)) 2 ~ 

~ S (0) exp (at + aW (t)) At + 

+ crS (0) exp (at + aW (t)) AW (t ) 

Cm. tji. 4 khhi h Oaceapajib B. CTOxacTaaecKae pac]3c]3epenpBajibBbie 
ypaBHemiH. M.: Map, 2003, a Taaace Ksary BeuoaojibCKaa 51. H. Teopaa 
ap6aTpaaca b aeapepbiBBOM BpeMemi. CI16.: Cn6TACy, 2006; ByjniH- 
ckhh A.B. Cjiyaaaabie apopeccbi. IIpiiMepbi, 3apaaa h yapaacaeaaa. M.: 
MOTH, 2010.' 

49. (CuoacHbiii nyaccoHOBCKiifi apopecc - apopecc JleBH.) noKauaiTe, uto 
nyaccoHOBCKiiii apopecc a cjioutnbia ayaccoaoBCKaii apopecc (cm. 3apaaa 
32 a 33) hbjihiotch apopeccaMa ,TeBa (cm. 3apaay 42). HapzpiTe TpaajieTbi 
(6, c, v (dx)). 

3aMeaaHHe. Hcxopa a3 3apau 36, 44 moucbo BbipBBayTb raaoTe3y, hto 
jao6oii apopecc ,TeBa MoaceT 6biTb aojiyaea aarc cyMMa 6poyaoBCKoro pbb- 
uteaaa a cjioacaoro ayaccoaoBCKoro apopecca. Taaoro popa yTBepacpeaae 
^eacTBHTejibBO aMeeT MecTO c aeKOTopbiMa oroBopKaMB (cm. 3aMeaaaae 
k 3apaae 42), a aa3biBaeTca apepcTaBjieaaeM JleBa-HTO. Opaaao bmccto 
cjioacaoro ayaccoaoBCKoro apopecca b stom apepcTaBjieaaa b o6rpeM cjiy- 
aae cnepyeT 6paTb apopecc, KOTopbiii MoaceT 6 bitb aojiyaea Baa “apepeji” 
cjioacabix ayaccoaoBCKax apopeccoB (cm. Sato K.-I. Levy processes and 
infinitely divisible distributions. Cambridge, 1999). 

Cpejiaaaoe 3aMeaaaae OTaacTa aoacaaeT BaacaocTb Tpex KjaoaeBbix 
pacapepejieaaa Teopaa BepoaTnocTen a Tpex tbbob apopeccoB ,TeBa: 
Bbipoacpeaaoro (Korpa pacaepcaa paBaaeTca ayjao), aopMajibaoro (6po- 
yaoBCKoe pBHjaeaae), pacapepejieaaa nyaccoaa (apepejmi cjioacabix ayac- 
cobobckbx apopeccoB). Hombmo Toro, hto apa aanbojiee ecTecTBeaabix 
apepaojioaceanax pjia apajioaceaaa aMeeT MecTO cxopaMOCTb k opaoMy H3 
3 tbx Tpex 6e3rpaaaaao pejniMbix 3aKoaoB (aaapaMep, aaajioroM TeopeMbi 
nyaccoaa 6ypeT TeopeMa TpHrejiaoBaca [4]), oaa b aeKOTopoM CMbicjie 
hbjihkjtch 6a3acoM: jao6oe pacapepejieaae, KOTopoe moucbt B03aaKaTb b 
apepeue apa cyMMapoBaaaa ae3aBacaMbix opaaaKOBO pacapepejieaabix 
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c.b., “MO»ceT 6 bitb nojiyueHo” iicxo^h h3 stiix Tpex 6a30BBix pacnpe,n,e- 
jieHHft. IIpHBe^eHHoe 3aMeuaHiie uacTiiuHO npoacHaeT, b xaxoM CMBicjie 
jiro6oe pacnpe,n,ejieHiie “mohcct 6bitb Tax nojiyueHo” (cm. Taxxe 3a,n,aHy 
36). 

50. (Cjiohchbih npopecc BOCCTaHOBjiemiH [6].) Ecjih b onpe^ejieHim cjio>x- 
Horo nyaccoHOBexoro npopecca (cm. 3a^,any 33) 3aMeHiiTB nyaccoHOBCxiiii 
npopecc o6ih,iim npopeccoM BOCCTaHOBjieHira 

k 

k : Tj < t 

i =1 

r^e {T,} — He3aBiiciiMBie o^imaxoBO pacnpe^ejieHHBie c.b., ho ne o6a3a- 
TejiBHO, hto Tj £ Exp (A), to nojiyniiTCH cjiohchbih npopecc BOCCTaHOBjie- 
hhh Q (t) (Tax>xe nrpaioiipiH BajxHyio pojiB b pa3HOo6pa3HBix npiuiojxe- 
HHHx). 

CniiTaH H3BecTHBiMii E K (t), D K (t) h EF), DV), onpeflejiHTe E Q(t), 
D Q (f). HaiypiTe (npii6jii-DxeHHo) pacnpe^eneHiie ceuemiH npopecca Q (t) 
npn t^> 1. 

¥Ka3aHHe. Hcnojib3yiiTe U,I1T b cjropMe A.A. HaTaHa [5], cm. Tax>xe 
opuraHajiBHBie pa6oTBi Anscombe F. Large sample theory of sequential 
estimation // Proc. Cambridge Philos. Soc. 1952. V. 48. P. 600-607 ii 
R enyi A. On the asymptotic distribution of the sum of a random number 
of independent random variables // Acta Math. Hung. 1957. V. 8. P. 193- 
199. 

51. (PtoTOx OpjiaHra in- ro nopa^xa.) Byn,eT jih npopeccoM JleBH (cm. 3a- 
^,auy 42) m pa3 “npoceHHHBiii” nyaccoHOBCxiiii npopecc E m (t) c napaMeT- 
poM A > 0 


K (t) = max • 


E m (t ) = max | k : ^ T) < f j , 
r,n,e i.i.d. c.b. Tj € P (A -1 ,to), A > 0? 

3aMeuaHHe. Onpe^enemie raMMa-pacnpe^,ejiemiH mohcho Haft™ b ycno- 
bhh x 3a^aue 24 H3 ^aHHoro pa3^ejia, a Tax>xe b saMeuaHuu x 3a^aue 55 
pa 3 ^,ejia 2: 

T (A -1 , to) =Exp (A) + ... + Exp (A), 

S " ■v 

m 

r^e Exp (A) + ... + Exp (A) - cyMMa He 3 aBi-ici-iMBix noxa 3 aTejiBHBix c.b. 
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52. B MO^ejiii BjiaKa-IIIoyjica-MepTOHa 3 bojhoh,hh peHBi aKn,HH omiCBi- 

BaeTCH reoMeTpHHecKHM 6poyHOBCKi-iM ^Bi-racem-ieM 

S (t) = S (0) exp (at + aW (t)), 

r^e W ( t ) - BiiHepoBCKiiii npopecc (a > 0). C noMOinpio spro^iinecKOH Teo- 
peMBi pjisi cjiy'iaHHwx npopeccoB opemiTe Heii3BecTHBii“i napaMeTp a, ecjin 
H3BecTHa peajii'i3au,iiH npopecca S (t ) na ,n,ocTaTOHHO ajihhhom BpeMennoM 
OTpe3Ke [0, T], IIpe,HJio:>KHTe cnoco6 opeHKii Heii3BecTHoro napaMeTpa a. 

¥Ka3aHHe. IIocTpoiiTe no S ( t ) npopecc Y (t) = / ( S (t)), to ecTB nopjon- 
paTB (].)yHKHHfo /(•) Tan, hto6bi Y (t) 6biji spro^nnen no MaTeMaTiinecKOMy 
ona-mam-no [6] n E f (S (t)) = a hjih E f (S (t)) = a 2 . Toiyi,a b nanecTBe 
opeHKn mo>kho 6yn,eT ncnojiB30BaTB 

1 f T 

tL Y{t)dt ■ 

3aMenaHHe. Mo^ejiB Bji3Ka-IIloyjica-MepTOHa ninpoKO ncnojiB30Ba- 
jiacb na npaKTiine (cm. 3a^,ann 46, 47). B 1990 r. M. Hloync n P. Mep- 
toh 3a cboio pa6oTy 6 bijih Harpa:*yi,eHBi no6ejieBCKoii npeMneft no 
3KOHOMHK6. Ceiinac nonyjinpHBiM KjiaccoM MO^ejieii HBjineTCH S (t) = 
= S (0) exp (L (t (t))), rpp L(-) - npopecc JleBn (cm. 3a^any 39), 
r ( t ) - cjiynanHBin npopecc, He 3aBHCHm,nn ot L(-), c B03pacTaioni,HMH 
noHTH HaBepHoe TpaeKTopiiHMii. 

53. (CTaTHCTHnecKan spro^nnecKan TeopeMa cJjoh HeiiMaHa ^jih ,ii,HHaMH- 
necKiix cncTeM T. 2. [12]) IlycTB (X,a(X)) — H3MepnMoe npocTpaHCTBO, 

<j(X) => n(T~ 1 (B)) = fi(B). 

Tor^a 

1 n 

V/ G L 2 (X) => - Y, .f(T k (x)) A E(/|0), n —> oo, 
n z ' 
k =1 

iyje 0 nopo^meHO (J>yHKi^nHMn (cjiynanHbiMn BejinHHHbiMn) 

{/ : /(*) = /(T(z))} . 

Ecjih 

B G a(X) : T-^B) = B ^ B = {0} hjih X, 

TO 

E(/|0)=E/= [ f(x)dn(x). 

J x 
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He orpaHiiHiiBaa o6ih,hoctii, 6yn,eM CHiiTaTB, hto i-i(X) = 1. no- 
CTporiM CTapiiOHapHbiii b miipoKOM CMBicjie cjiyHaimBiii npopecc Y ( k ) = 
_ f(T k X), iyi,e X - cjiyHaimaH BejiHHHHa, pacnpe,n,ejieHHaji corjiacHO 
Mepe /i. BepHO jih, hto 

E(/|0)=E/^ 


r«e 



n 

i,3= 


1 




n 

^E 


i,3 =1 


Rv(i,j) = -o 


0 npii n —>■ oo, 

■ E- ,=i E[E(*)E(j)], E(i) = y(i) - EF(i)? 


54. nycTB 3a^aHa nocjie^OBaTejiBHOCTB Xk = {ak}, r^,e a - KaKoe-jin6o 
iippapiiOHajiBHoe hiicjio, {a} - ,npo6Haji nacTB Hiicjia a. 

a) C noMom,Bio npe^Bmymeii 3a^aHi-i o6T>5iCHHTe, noneMy pjin jiio6oi"i 
f G C[ 0,1] BBinojiHHeTCH npii n — > oo: 


1 

n 




k =1 



/(a;) dx. 


6) nycTB cjayHKpriH, onpe^ejieHHaa b e/piHiiHHOM KBa,npaTe [0, l] 2 iia 
njIOCKOCTH, HMeeT BH^ 


f(x,y) 


1, y < x a x + y <1, 
0 unane. 


BepHO jih, hto npii n —> oo 


1 

n 


5 ^.f(x 2 k-i,x 2 k )- 


k =1 


/(aj,y) ofecii/? 


55. (R Beiuib.) PaccMOTpiiM nocjieflOBaTejiBHOCTB {afe} fcgN , r^e ak - 
nepBaa piicjipa b ^ecHTHHHoii aainicn nucjia 2 fc . Hojiojkhm 


Irn {ak) 


1 ? ak aif 

0, a k ^ m, 


in = 1, 2, ..., 9. 


n 

CyipecTByeT jih lim - E Im {ak)7 Ecjiii cyipecTByeT, to HaiypiTe ero. 
n ^°° n k =l 

¥Ka3aHHe. PaccMOTpiiM BepoaTHOCTHoe npocTpaHCTBO X = (f2,.F, P), 
r^e Q = [0, 1), T - cr-ajire6pa 6opejieBCKiix MHoacecTB (T.e. 5 - miihh- 
MajiBHaa cr-ajire6pa, co^epHcamaH BceB03MO>KHBie OTKpBiTBie MHoacecTBa 
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fi = [0, 1)) Ha [0, 1), a P - paBHOMepHaa Mepa Ha J 7 , T.e. P ([a, b)) = b—a. 
PaCCMOTpiIM C.B. 


( A= ( 1, we [log 10 m, log 10 (m + l)), 

1 o, w e [0, log 10 to) U [log 10 (to + 1) , 1) . 

PaccMOTpiiM cjiyHaiiHBiH npopecc (b .nyiCKpeTHOM BpeMemi) 

(w) = x (T k u) , 

rpfi T : [0, 1) —> [0, 1) onpe^eJiaeTca no cjaopMyjie 
Tu> = (w + log 10 2) mod 1, 


r^e a mod 1 - .npodHaa nacTB m-icjia a. Banoio 3aMeTHTB, hto npeo6paso- 
BaHiie T coxpaHaeT Mepy, T.e. 

V yleJ-) P (T~ 1 A) =P(A). 

Co6cTBenno, h b 6ojiee o6m,en CHTyaipiH, ii3BecTHaa H3 Kypca cjiynan- 
hbix npopeccoB spro^imecKaa TeopeMa cxojkhm o6pa30M nepeHOCHTca Ha 
flHHaMHHeCKHe CIICTeMBI, KOTOpBie 3a^aiOTCH <J)a30BBIM npOCTpaHCTBOM Q 

h flKHaMHKofi T : fi — > CorjiacHO TeopeMe KpBuiOBa-Borojno6oBa 

(cm. Ciman 5LP. BBe^eHiie b apro^nnecKyio Teopino. M.: OA3HC, 1996. 
,HeKH,HH 2), ecjin Q - KOMnaKT, to Bcer^a HaimeTca nan MHHHMyM o^,Ha 
HHBapnaHTHaa othochtcjibho T Mepa Ha T . Ecjih nocTpoeHHoii no TaKoii 
^HHaMH'iecKOH CHCTeMe cjiynaftHBiH npopecc OKanceTca apro^i-mecKi-iM (T.e. 
HHBapnaHTHaa Mepa e^HHCTBemiaa), to ^ojih BpeMemi npe6BiBaHini ,oh- 
HaMH'iecKOH ciiCTeMBi b 3a^aHHoii o6jiacTii npocTO paBHaeTca Mepe (toh 
caMoft HHBapnaHTHOH h spro^iinecKoii) stoii odjiacTH. BBimy BBimecKa- 
3aHHoro HHTepecHO 3aMeTiiTB, hto ycTaHOBjieinie spro^HHHOCTii HBjiaeTca 
TpygHOii 3a^,aHei"i. HanpiiMep, ,n,o chx nop CTporo ne o6ocHOBaHa “apro^H- 
necKaa ninoTe3a JIopeHpa” pjisl n^eajiBHoro ra3a b cocya,e (cm. Ko3jiob 
B.B. TenjiOBoe paBHOBecne no rn66cy h PlyaHKape. M.-Hhccbck: PX,ZI„ 
2002 h Mhhjioc P. BBe^emie b Ma r reMa r r h nee Ky ro CTaTHCTinecKyio <])H3 h- 
Ky. M.: ML(HMO, 2002), cm. TaioKe salami 1, 22 pa3,n,ejia 6, 3a,n,aHy 15 
pa3^ejia 7. 

rtoKanaiTe, hto cjiyHaiiHBiii npopecc X^ - CTanyiOHapHBin b y3KOM 
CMBicjie. B npe^nojiOHceHiiii, hto stot npopecc apro^iiHen no MaTeMaTii- 
necKOMy ona-mam-no (cm. [12] T. 2, rji. 5) HaimiiTe iickombih npe^eji. 

Ctoiit odpaTiiTB BHHMaHne, hto b apro^i-mecKon TeopeMe cJanrypiipyeT 
cxpnyiMOCTB jih6o b L 2 , J11160 b L\, J11160 n.H. A b ^aHHoii 3a^,ane Tpe6yeTca 
(/pin ^OKanaTejiBCTBa cymecTBOBamiH npe^ejia n ero bbihiicjibhiih) cxo^h- 
moctb noTonenHaa. OKa3BiBaeTca, ^jih ^aHHOii 3a^,aHii H3 cxo^hmocth b 
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L/2 JierKO cjie^yeT cxo^iimoctb n.n., OTKyn,a (b cboio OHepe^b) cjie^yeT 
noTOHenHaa (no,a,po6HOCTH cm. Ciman 3.F. BBe^emie b apro^nnecKyio 
Teopino. M.: OA3HC, 1996, jieKpiia 3 h KopH(J)ejibfl H.IL, Ciraaii 51.F., 
Oomhh C.B. 9pro^3,iiHecKaH Teopiia. M.: HayKa, 1980). 

56. (raycc-rHjib,n,eH-Bi-iMaH-Ky3bMi-iH.) Ka:*yi,oe hiicjio h3 npoMe»cyTKa 
O = [0, 1) MoaceT 6 bitb pa3jio»ceHO b peimyio ,n,po6b (BOo6m,e roBopa, 
6ecKOHeHHyro): 

1 

-1-• 

o-i H-i— 

0-2 + sj+z: 

IloKaaaiTe (cm. npe,n,bmyiiiyio 3a^aHy), hto .zpia iiohtii Bcex (b paBHO- 
MepHoft Mepe) tohck oj G [0, 1) 

1 . ra . If 1 \ 

iim - V I m ( a k (w)) = -—- In H- - -— . 

n-¥oo n ( in 2 \ to (to + 2 ) J 


¥Ka3aHHe. IJ,enHbie flpo6i-i (cm. Tax>xe 3aMeHamie k 3a,n,aHe 108 pa3^ejia 
2) iirpaiOT BancHyio pojib, HanpiiMep, b pa3JiiiHHbix BbiHiicjieHiiax (no- 
CKOjiBKy no3BOJiHH3T CTporiTb b onpe^ejieiiHOM CMbicjie Hanjiynmne npn- 
6jrH>KCHna iippapiiOHajiBHbix miceji papiiOHajibHbiMii), b Teopini flHHaME- 
'icckhx ciiCTeM (KAM-Teopnn). JXjisl paiiyiOHajibHbix Hiiceji Taxiie ,npo- 
6 h KOHenHbi, .zpia xBa,npaTiiHHbix iippapiiOHajibHOCTeii - nepno,n,HHecxiie 
(cm. npiiMep hh>kc, b KOTopoM nepiio,n paBen 1): 


V5-1 

2 


1 


CL\ + 


02 + 


1 

1 

a 3 + ... 


1 


Hto6h npoBepiiTb Bbiniicamioe cooTHomemie, .nocTaTOHHO 3aMeTiiTb, hto 
HB jiaeTca KopHeM ypaBHemia x = (npiineM H3 npirapima oxh- 
Maiom,iix OTo6pa»ceHiiii cjie^yeT, hto nocjie^OBaTejiBHOCTb 


£o 1, %n+l — .. 

1 + x n 


cxo^htch riMeriHO k 3TOMy xopmo), cm. Aphojib^i, B.H. IJ,enHbie ^po6ii. M.: 
MF(HMO, 2001 ii Xhhhhh A.51. IJenHbie ppo6n. JI.: Oii3MaTrii3, 1961. 
noKanciiTe, hto npeo6pa30BaHiie T : [0,1) —> [0,1): 


Tu=\ p}’ w G ^°’ ^ 
l 0, oj = 0, 
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r^e {5.8} = 0.8 - flpo6Haa nacTB nucjia, coxpaHneT Mepy Taycca 


V A&T=>P{A) 


i r dx 

In 2 J 1 + x ’ 

A 


rpp T — ciirMa-ajire6pa Ha fl. 

,I}ajiee paccync^aiiTe aHajioraiHHO npe^Bmymeii 3a^,ane. 9pro,n,HHHOCTB 
B03HiiKHiero cjiynaiiHoro npopecca TaKHte mojkho He ,zi,OKa3BiBaTB. B rslh- 
hom cjiynae spro^HHHOCTB 03HanaeT, hto Mepa Taycca - e^HHCTBeimaji Me- 
pa (cpe^H Mep, HopMiipoBaHHBix Ha 1, T.e. BeposiTHOCTHBix Mep), KOTopaa 
HHBapnaHTHa OTHOCiiTejiBHO BBe^eHiioro npeo6pa30BaHiui. 

57. (MaKCHMajiBHBiii noKa3aTejiB JInnyHOBa [10].) IlycTB HMeeTCH no- 
cjie,a,OBaTejiBHOCTB He3aBiiCHMBix o^HHaKOBO pacnpe^ejieHHBix cjiynairaBix 
MaTpHH, gk (pacnpe^eneraie gk HMeeT hjiothoctb). noKanaiTe, hto cyipe- 
CTByeT TaKoe A £ R, hto (ot BBi6opa nopMBi hiicjio A He 3aBHCHT) 

lim -\\g n • ... • gi|| = A. 

n—too fi 

3aMenaHHe. Cm. KHiiry TpeHaH^ep Y. BeposiTHOCTii Ha ajire6paiiHecKiix 
CTpyKTypax. M.: Map, 1965. 

58. (TeopeMa CaHOBa.) PaccMaTpiiBaiOTCJi peajiH3au,HH cjiob ^jiiihbi n, 
coctohhj,hx H3 cjiyHaiiHBix h He3aBHCHMO pacnpe^ejieHHBix 6yKB H3 kohch- 
hoto ajicJiaBHTa A. BeponTHOCTii noHBjieHiisi b cjiOBe ciiMBOjia ajicjiaBiiTa 
o6o3HanHM p a , a £ A. IIpe^nojiaraeTCH, hto hiicjio chmbojiob b ajicjiaBiiTe 
|j 4| > 1. 06o3HaHiiM 3a v a (s) c.b., paBHoii OTHOciiTejiBHoii nacTOTe 6yKBBi 
a b CTpoxe s, T.e. hiicjio bxojk^chhh 6 yKBBi a b CTpoxy s, ^ejienHoe Ha n, 
a TaK»ce onpe,n,e.JiHM (JjyHKpiiio v(s) = (i>i(s), i> 2 (s),..., v\a\ (s)). 

IlycTB II - nenycToe 3aMKHyToe no^,MHO»cecTBO MHOxecTBa pacnpe^e- 

JieHIIH BepOHTHOCTH 

p = (... ,p a , ■ ■ ■) : Pa > 0 rjix Bcex a £ A, ^ p a = 1, 

a&A 

coBna^aiomee c 3aMBiKaHiieM CBoeii BHyTpeHiiocTii, h 
JCC(U\p) = min /C C{p\p). 


lIoKa>KHTe, hto npn n —> oo 

— — logP(n(s) £ II) —> tcccnip). 
n 
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3aMeHaHHe. /UpKasaTejiBCTBO 6a3iipyeTCH Ha Hcnojn>30BaHHH (JjopMyjiBi 
CTiipjiiiHra: n! = n n e~ n y/2Trn[l + 0(l/n)], OTKyn,a BepoHTHOCTB peanii- 
3an,HH cjiob s ,h,jihhbi n c nacTOTOH noHBjieHHH 6yKB v a (s) = p a , a £ A, 
paBHa 


P(u(s) = p) 


n\ 

Cn/i a )\ ■ ■ ■ {np z )\ 


P 


nf±a 

a 


p 


nfi z 

z 


C exp(— nJCjC.(fi\p)) = exp(— nlC£(p\p) + f?), 


rfle \R\ < (n+1)(| log?i+ \ log(7r) + ^). 

Otmcthm, hto ,a,aHHaH TeopeMa opem-maeT CKopocTB cxo^hmocth sm- 
HHpH'iecKOH Mepni Ha aji<J)aBHTe A (nocTpoeimoH no Ha6jiK),n,eHHiiM v(s)) k 
hcthhhoh Mepe p = (pi,P2j • • • iP\a\) B TepMHHax paccTOHHHH KyjiB6aKa- 
Jleft6jiepa. 

Bojiee no,n,po6HO stot pe3yjiBTaT mohcho nocMOTpeTB b pa6oTe CaHOBa 
14. H. O BepOHTHOCTH 60 JIBHIHX OTKJIOHeHI-IH CJiynaHHBIX BejIIiHHH // Ma- 
TeM. c6. 1957. T. 42(84):1. C. 11-44 h b jieKuyrax A.H. Co6ojieBCKoro b 
HMY http://www.mccme.ru/ium/s09/probability.html. 


TaK»ce o BepoHTHOCTHx 6 ojibihhx OTKjiOHeHiiH /yin SMnnpHHecKHx 
Mep CTOxacTHuecKHx npopeccoB cm. cjie^yiomyio jiiiTepaTypy: Feng J., 
Kurtz T.G. Large deviations for stochastic processes. Series “Mathematical 
surveys and monographs”. V. 131. Providence, RI, USA: American Mathe¬ 
matical Society, 2006 h Leonard C. A large deviation approach to optimal 
transport // arXiv:0710.1461vl (2007). 

59.* (KpaMepoBCKaa 30Ha.) PaccMOTpi-iM cjie,nyioiuyio cyMMy c.b.: S n = 

X\ H- \-X n , iyje X i: i = 1,... , n, EA/ = 0, EX/ = d < oo. B cnjiy LRIT 

npn n —> oo BBinojiHeHO cjie,nyiomee: 

P(s „> a:) , i _ 4 (_|_) 

paBHOMepHO no x H3 HHTepBajia (0 ,j n Vnct), r^e y n —> oo .gocTaTOHHO 
Me^jieHHO (cm. Hi-race). 

IlycTB Xi,..., X n - h e 3 a bh c hmbi m b [ e, o^iiHaKOBO pacnpe,n,ejieHHBie c.b. 
c pacnpeflejieHiieM F, h nycTB npaBBiii xboct 3Toro pacnpe^ejieHHH 

F+(t) = P(X >t),t£ K, 


ecTB cjryHKpiiH Bima: 


F+(t) = V{t) = t~ a L(t), a > 0, 


147 




r^e pyra t}i)yHKHHH L(t) BBinojiHeHO cjie,n,yiomee ycjiOBiie: 

—> 1 npii t — > +oo 

Pflu jno6oro cjjiiKCiipoBaHHoro v > 0. Otmcthm, hto b jiiiTepaType (cm. 
3aMeHaHiie) c^ymapiiH V (t) Ha3BiBaeTCH npaBiijiBHO MeHsuom,eiicH c noxa- 
3aTejieM a > 0, a L(t) Ha3BiBaeTCH Me/yreHHO MeiraiomeiicH cjjyHKipiieii. 

IloKa>KiiTe, hto jiorapiicjDMHHecKaii cJ^yHKpriH, ee CTenemi ln 7 t, 7 € K, 
hx jiiiHeiiHBie KOM 6 imau,ini, KpaTHBie jiorapiicjjMBi, (JyyHKHHH co cbohctbom 
L(t) —> L = const, t — > + 00 , HBjimoTCH Me 7 ,jieHHO m 0 h m fo r uh m h ch . 
IIoKa>KiiTe, hto ecjni 

K(Xf; \X\ > t) = o(l/lnt), t + 00 , x > y/n, 


L(vt) 

W) 


TO 


P (S n > x) « 1 - <£> 


(-?-) 

\y/ndj 


+ nV (. x ), n —> + 00 . 


3HaHemie x, xapaKTepioyiomee 30Hy yKjiOHemm S n , rpp npoiicxo,n,HT CMe- 
Ha acHMnTOTHK P(<S'„ > x) ot «HopMajiBHOi"i» 1 — <1 }(x/y/nd) na acHMn- 
TOTriKy nV(x), oraiCBiBaiomyio P(S' n > x) npii ,n,ocTaTOHHO 6ojiBinnx x, 

cne+yiomee: _ 

a(n) = y -1 (l/n) = y/n(a — 2)d\nn. 

IIpii n = 1 nojiaraeM <r( 1) = 1. 


3aMenaHHe. Cm. KHiiry Bopobkob A.A., Bopobkob K.A. AciiMnTOTiiHe- 
ckhh aHajni3 cjiynaiiHBix 6 jiy»c 7 ,aHiiii. T. 1. Me 7 ,jieHHO y6BiBaiomiie pac- 
npe7,ejieHHH cxaHKOB. M.: Oii3MaTjiHT, 2008. 652 c. 


60. (MajiOBepoHTHBie nyra 6 jiy»+i,aHiiii [10].) By,n,eM roBopiiTB, hto cjiy- 
naiiHoe 6 jiy»c 7 ,aHiie {St}t>o> St = X^=i Xh r Ae X, npimiiMacT 3HaHemiH 
— 1,1c BepoHTHOCTHMi-i q h p cootbctctbchho, yupBneTBopaeT npimpiiny 
6 ojiBmnx yKjiOHeHHH c cjDyHKpiiOHajiOM ,n,eiicTBiiH L T (v), ecjni 


lnP(Ar r jv] g) ~ L t (v)N , npii 6ojiBmnx N, 


r^e 

^[rA +,5 = \ sup \S t - vt\ < SN 
I t=0,l,...,[rJV] J 

IIoKauaiTe, hto pjm cjiyHaimoro 6 jiy»+i,aHiiH c p = 5 = 1/2 (coot- 
BeTCTByionpau Mepa Pq) BepeH npimpnn 6 ojiBmnx yKjiOHeHirfi c c^ymapiio- 
HajiOM 7 ,eiiCTBiiH L t (v) = t(—vX(v) + h(X(v))), rpp X = X(v) - peinemie 
ypaBHCHHH 


e A _|_ g-A 
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3aMeHamie. Hpen poKasaTejiBCTBa coctoiit b HcnojiB30BaHHH 3aMeHBi 
MepBij to ecTB BepoHTHOCTii CKanKOB 1/2 3aMeHsnoT Ha 


e A + e~ x e x + e _A 

Tax, hto6bi St — vt HMejio HyjieBBie cpepHiie. Torpa BeponTHOCTi-i no Mepe 
Po npepcTaBjunoTcn nepe3 cpepHiie no hoboh 6epHyjuineBCKon Mepe P,\: 

P(^[rJV],«) = EA[/(^[rJV,5])exp(-AS [JVT ] + [Nt] h(X))], 

h(X) = log ^ + 2 6 ^ , 

rpe /(An-ahs) - impiiKaTop co6bitiih 

/],OKa3aTejiBCTBO npimpima 6ojiBmnx yKnoHemin c yKa3aHHBiM b ycjio- 
bhh 3a,a,anH cjjy hk n h o h a j io m pencTBira cjiepyeT H3 opeHOK 

exp(NL T (v))Ex[I{A [TN i S )}exp(-\X\SN) < P(^ [rA r] j<5 ), 

P(-4[rJV],5) < E x [I{A [TN]tS )]exp(\X\5N) exp(NL T (v)). 

Cm. Tannce Bopobkob A.A. Ac hmi i r i’o r r h' rec kh it aHajni3 cjiynafranix 6jiy»c- 
paHHH. Bbictpo y6BiBaK>mne pacnpepenemin npiipaipemiH. M.: Oii3MaT- 
jiht, 2013. 447 c. 

61. (CjiynaiiHoe Gjiyscpamie b nojiynjiocKOCTn [10].) IlycTB nacTiipa 
HaxopiiTCH b HanajiBHBin momcht b opHoii H3 Tonen nojiynjiocKOCTn Z x Z + 
n coBepmaeT Ha nancpoM mare cnanoK 113 (k, l) € ZxZ + b opHy H3 neTBipex 
cocepHiix Tonen pemeTKi-i ( k+i , l+j) c BeponTHOCTHMi-i pij (ecjin l > 0) n b 
opHy H3 Tpex cocepmix Tonen pemeTKH c BeponTHOCTHMi-i qij (ecjin 1 = 0). 
Cm-iTan, hto ^2jjPij < 0, onnmnie pBi-incem-ie nacTnpBi [10] (pBiincemie k 
rpamipe n nocjiepyioipee pBi-incem-ie bpojib rpamipBi). 
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6. MapKOBCKHe Mo^ejin MaKpocncTeM 


1.* (Mo,n,e.jib n. h T. 9peH<J)ecTOB b cjjopMe Kejib6epTa-CyxoBa [20].) 
,ZI,Be co6aKH ch,h,ht 6ok o 6ok, CTpa^aa ot iV > 1 6jiox. Kansas 6jioxa 
b npoMexyTKe BpeMemi [t,t + h) c BepoHTHOCTBio A h + o(h) (A = 1), 
He3aBricriMO ot ocTajiBHBix, nepecKaKHBaeT na coce^Hroio co6aKy. IlycTB 
b naHajiBHBiii momcht Bee 6jioxh naxo^HTca Ha Ha co6aKe c HOMepoM 1. 
IIoKa>KHTe, hto fljia Bcex t > cN (c ~ 10) 


( \ni ( t)-n 2 (t) | < 5 A 
V N y/Nj 


> 0.99, 


r^e Til (t) - hhcjio 6jiox Ha nepBOii co6aKe b MOMem BpeMemi t, a n 2 (t) - 
Ha BTopoii (cjiynaHHBie Bejn-im-iHBi). To ecTB OTHOCiiTejiBHaji pa3HOCTB 
Hiicjia 6 jiox Ha co6aKax 6yn,eT iimcth nopa^OK MajiocTH O (IV -1 / 2 ) npn 
T > cN. IloKa>KHTe Taiesce, hto MaTeMaTimecKoe OKH/taHiie BpeMemi 
nepBoro B03Bpam,eHHJi b HanajiBHoe cocToamie (Kor^a tojibko co6aKa c 
HOMepoM 1 CTpa^aeT ot 6jiox) paBHO 2 ,v . 

YKa3aHHe. BBe^eM BeKTop p (t) = (po (t ),... ,pn (t)) T , r,n,e p t (t) - Bepo- 

HTHOCTB TOTO, HTO Ha Co6aKe C HOMepOM 1 B MOMeHT BpeMeHii t > 0 pOBHO 

i 6jiox. Tor^a b ypaBHemni KojiMoropoBa-Oejuiepa [2] 


dp T ( t ) 
dt 


= P T (t) A 


HH(J)HHHTe3HMajiBHaH MaTpupa A HMeeT cjie^yromiiH bh,h,: 


[A],- 


0: l*-j| > 1, 

A i, j = i — 1, 

A (N -i), j = i + 1, 
—A N, j = i. 


TaK»ce b onncaHHofi MapKOBCKOH flHHaMHKe BBinojiHHeTCH 3aKOH coxpaHe- 
hhh HHCJia 6 jiox: n\ (t) + n 2 (t) = N, e^,HHCTBeHHBii“i 3aKOH coxpaHemra. 
CTapiiOHapHaa (iiHBapiiaHTHaji) Mepa ,o,jih stoh cucTeMBi TaKOBa (TeopeMa 
CaHOBa, cm. 3a^,aHy 58 pa3,n,ejia 5): 

v{n u n 2 ) = v ( Cl N, c 2 N ) = M 2- N ~ 

Til'. U2l 


2~ n 

1 exp (-N ■ H (ci, c 2 )), 
V27rCiC 2 
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2 

r^e H (ci,c 2 ) = Cj In Cj. Taxoii Bim CTapnoHapHoii Mepbi conyTCTByeT 
i —1 

TOMy, hto ecjiii b HanajitHbiii momcht Bee 6 jioxii Haxo,n,HjiHCb na o,h,hoh 
co6aKe, to MaTeMaTiiHecxoe OKH/tauue BpeMemi nepBoro B03Bpam,eHiiH 
MaKpocHCTeMM b i-icxo,n,Hoe cocTOHHiie 6y^eT nopjmxa 2 N . PaBHOBecne >xe 
MaxpocHCTeMbi ecTecTBeirao TpaxTOBaTb xax cocToamie, b Majioft oxpecT- 
hocti-i KOToporo CKOHpeHTpripoBaHa CTapnoHapHaa Mepa (npimpim Max- 
ciiMyMa SHTpomii-i BojibpMaHa-^xcefiHca): 


c 


* 


1/2 

1/2 


argmin H (c). 

Cl + C2 = 1 
c > 0 


riojiyHeHHbiH pe3yjibTaT cnpaBe,a,jiHB h npii ,npyroM nopa^xe npe,a,ejib- 
Hbix nepexo,a,OB (o6paTHOM x paccMOTpeHHOMy Bbime nopjmxy: t — > oo, 
N —> oo). A HMeHHOj CHanajia cniiTaeM, hto npii t = 0 cyipecTByeT npe^eji 
d ( t ) == lim rii {t)/N. Tor^a (TeopeMa T. KypTpa [33]) 3 tot npe^eji cy- 

N —loo 

ipecTByeT npii jik>6om t > 0, npnneM C\ ( t ), C 2 ( t ) - ^eTepMiiHiipoBaHHbie 
(He cjiynaimbie) cJjyHxpHii, yupBjieTBopsnomiie CO/HY: 


dci 

dt 


A • (c 2 — ci), 


dc 2 

dt 


A • (d — c 2 ). 


rjio6ajibHO ycTOHHHBbiM nojioxcemieM paBHOBecna stoii CO/tY 6yn,eT c*, 
a H (c) - cJjyHxuyiH JlanyHOBa stoii CO/HY (y6biBaeT na TpaexTopiiHx 
COAY H HMeeT MHHHMyM B TOHXe c*). 

Cxoixiie paccy»c^i,eHiiH Taxixe npiiMeHiiMbi x o 6 hj,iim MO^ejiHM CTOxa- 
CTHHecxofi xHMHHecxoft ximeTiixH (cm. saMenaHiie x 3 a^aHe 19). OpeHxa 
CXOpOCTI-I CXO^I'IMOCTH MaxpOCIICTeMbI X paBHOBeCI-IK) CBOflHTCH X OH,eH- 
xe mixing time cooTBeTCTByiomeii MapxoBCxoft ^HHaMHXH. 3 ,n,ecb MO>xeT 
oxa 3 aTbca xcTaTH H 3 onepiiMeTpiiHecxoe HepaBeHCTBO Hiirepa, cm., Hanpu- 
Mep, [36]. /l,pyroii cnoco 6 , apxo no,n,HepxiiBaioiii,iiH cbh 3 b xoHpeHTpapiin 
CTapnoHapHoii Mepbi h opeHxy mixing time, ncnojib 3 yioiii,iiH .zpicxpeTHyio 
xpiiBH 3 Hy Piihhh, He^aBHO 6 mji npe^jioxceH b pa 6 oTe Joulin A., Ollivier Y. 
Curvature, concentration and error estimates for Markov chain Monte 
Carlo // Ann. Prob. 2010. V. 38, N 6 . P. 2418-2442. 


3aMeuaHHe. C tohxii 3 peHiiH MO^ejieii CTOxacTHuecxoii xi-iMi-iuecxoii xh- 
HeTi-ixi-i (cm. 3 aMeuaHiie x 3 a^,aue 19) c peaxpiiHMii 1 2 h 2 — 1, paB- 

HOBecHaa xoHcjuirypauyiH BbipaacaeTca c noMOipbio npimpima MaxciiMyMa 
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SHTpomm. B cbok) onepe^B, stot npimep ^eMOHCTpupyeT cbh3b 3HTpo- 
mui BojiBpMaHa ((JjyHKpiiH JInnyHOBa nponiKajuipoBaHHofi KHHeTH'iecKOH 
flHHaMHKi) h SHTpomm CaHOBa ((JjyHKpiiOHaji ,n,eiicTBiiH b HepaBeHCTBax 
6 ojibihiix yKjiOHeHHH rjw iiHBapiiaHTHOH MepBi). 

B MaKpocHCTeMax B03BpaT k HepaBHOBecHBiM MaKpococTOHHiisiM ,n,ony- 
ctiim , ho cjiynaTBCH 3TOMy ,zi,obo,zi,htch tojibko nepe3 oneHB 6ojiBmoe BpeMH 
(piiKjiBi IlyaHKape, napa^OKC IJepMejio). HecMOTpa na o6paTiiMOCTB bo 
B peMeHii oraicaHHoro BBime npopecca, iia6jno,ii,aeTCJi iieo6paTiiMaii ,n,nHa- 
Mi-iKa OTHOcriTejiBHOH pa3HOCTH Hiicjia 6 jiox na co6aKax (napa^oxc Jlorn- 
MHflTa). HarjumHoii aHajionieii MoaceT CTaTB ras, co6paHHBii"i b HanajiBHBiH 
MOMeHT b o,ii,hoh nojiOBiiHe cocyna h c Tenem-ieM BpeMemi paBHOMepHO 
pacnpe,a,ejiJHOiii,HHCH no cocya,y. TpaeKTopiiii 6ya,yT o6paTHMBiMn, ho no- 
CKOJiBKy H3HanajiBHO cncTeMa BBiBe^eHa H3 paBHOBecini, to c 6ojibihoii 
B epoHTHOCTBio (tcm 6ojiBmeii, HeM 6ojiBme N ) cncTeMa 6yn,eT CTpeMiiTBCH 
BepHyTBca b paBHOBeciie. OTcro^a h B03Hi-iKaeT “cTpejia BpeMeHii”, cm., 
HanpiiMep, KOHpoBKy MOHOi pacJuim OnoiipeB B.H. HejiiiHeimaji cucTeMO- 
CTaTi-iKa. M.: Hayxa, 1986. 

2. (BeTBHmi-iHCH npopecc.) B kojiohiiio sail pen BHecjin noBoro npe^CTa- 
BiiTejiH c Heo6BiHHBiM reHOM. 06o3HaniiM nepe3 p k BeposiTHOCTB toto, hto 
b ero noTOMCTBe pobho k 3ai"maT yHacjie^yiOT stot reH ( k = 0,1, 2,...). 
Tohho TaKoe nee pacnpe^,ejieHiie BeponTHOCTeii xapaKTepii3yeT Bcex nocjie- 
/tyioiuHx noTOMKOB, yHacjie^OBaBHiiix iieo6BiHHBiii reH. Eyn,eM cniiTaTB, 
HTO 3aHHBH penpOflyKH,HJI npOHCXO^I'IT O^I'IH pa3 B >KH3HH B B03paCTe 
o^Horo ro^a (nan pa3 b stom B03pacTe naxo^Hjicn caMBiii nepBBiii 3ajni, 
c Heo6biHHBiM reHOM b momcht nona^aHiisi b kojiohiiio). 

06o3HaHHM nepe3 G(z) npoH3BO,zpniiyio (jiyHKHHio pacnpe^ejieHHH p k , 

OO 

k = 0,1,2,..., T.e. G (z) = PkZ k . IlycTB X n — KOjinnecTBO 3afin,eB b 

fc =0 

B03pacTe o^Horo ro^a c h6o6bihhbim reHOM cnycTH n jieT nocjie nona^aHHH 
b kojiohiiio nepBoro Tanoro 3aiiu,a. IIpoH3 bo; pr 11 iy io 4)yHKH,nio c.b. X n 
o6o3HanHM nan I [,, (z) = E ( z Xn ), zel. 

а) riojiyHiiTe ypaBHCHiie, CBH3BiBaioHi,ee n n +i (z) c H n (z) nocpe^CTBOM 

G(z). 

YKa3aHHe. IIoKajKHTe, hto E ( z Xn+1 1 X„j = [ G (z)} Xn . 3aTeM B03BMiiTe 
MaTeMaTHnecKoe ona-mamie ot o6enx nacTeii paBeHCTBa. 

б) IloKa>KHTe, hto BeposiTHOCTB BBipoHc^eHiiH reHa 

q n =F (X k = 0; k > n) = II n (0). 

CyipecTByeT jih npe^eji q = lim q n 7 Ecjiii cyipecTByeT, to naii^iiTe ero. 

n—¥ oo 
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YKa3amie. JlerKO BimeTb, hto cjDyHKHjiH G (z) BbinyKjiaa. YpaBHemie 
z = G (z) HMeeT ,n,Ba kophh: o^i-ih b jik>6om cjiynae paBeH 1, ^pyroii q < 1. 
Ecjih v = G' (1) > 1, to q < 1. Ecjih v < 1, to q = 1. 

3aMeHaHne. Cm. CeBacTbHHOB B.A. BeTBjniiyiecH npopeccbi (cepiia “Teo- 
piia BepoHTHOCTeii h MaTeMaTHHecKaa CTaTHCTHKa”). M.: HayKa, 1971; 
KajiiiHKiiH A.B. MapKOBCKi-ie BeTBHm,iiecH npopeccti c B3aiiMO^eiicTBiieM 
// YMH. 2002. T. 57:2(344). C. 23-84. HacmbiM, ho BanmbiM cjiynaeM 

BeTBJHH,HXCH npOH,eCCOB, II3yHeHHbIX B 3TOII CTaTbe, HBJIJHOTCH MO^ejIH 
CTOxacTiinecKOH xuMH'iecKOH KiiHeTHKii, KOTopbie HaM ,n,ajiee nacTO 6yn,yT 
BCTpenaTbCH Ha npoTHHcemni Bcero pa3,n,e.jia. 

3. (Mo^ejib IIIjierjiH h TeopeMa T. KypTpa.) IlycTb Y n ( t ) £ Z + , t > 0 - 
cjiynaHHbiH npopecc ponynpHiiH h rii6ejiH c HHTeHCHBHOCTHMii ponynpHiiH 
h rn6ejiH (h 0+): 


P (Y n (t + h) =j + 1 \Y n ( t ) = j ) = n\ n h + o ( h ), 

P( Y n (t + h) = j - 11 Y n ( t) =j)= n/j, n h + o(h), 


r«e 


A„ (x) = 1 + 3x 



fx n ( x ) = 3a; + x 



9 tot npopecc npe^CTaBjiaeT co 6 oi"i MO^ejib Illjierjia CTOxacTiinecKOH xh- 
MH'ieCKOH KIIHeTHKI-i: 

Ro A, 

3 

Ri + 2R^3R, 

i 

rp,e Y n (t) - kojihhgctbo MOJieKyji Tima R b momcht BpeMemi t. Hafl (nofl) 
CTpejiKaMH Ham-icaHbi KOHCTaHTbi cooTBeTCTByromiix peaKUHH (cm. 3 aMe- 
HaHiie k 3 a^,ane 19). 

BBe^eM npoHiKajiHpoBaHHbiii npopecc 

X n ( t) = n 1 / 4 (n~ 1 Y n — 1^ , t > 0. 

a) riojio>KHM E n = {n 1 / 4 (n~ l y — l) : y £ Z + } h onpe^ejniM (Map- 
KOBCKyio) nojiyrpynny na 6 aHaxoBOM npocTpaHCTBe (c hopmoh || • ||) ,n,o- 
CTaTOHHO XOpOHIIIX (J)yHKH,HH / ( x ) Ha^i, E n (x € E n ): 


Tn (t) f(x) = E [f (X n (t)) \X n (0) = x]. 
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Onpe,n,ejii'iM reHepaTop nojiyrpynnbi (jiHHeifflbift onepaTop) KaK (cxo,h,h- 
moctb no HopMe || • ||): 

G n f=\™-{T n {t)f-f}. 

t-¥ 0+ t 

riOKaXCHTe, HTO 

Gnf ( X ) = n 3/2 A„ (l + n~ 1/4 x^j {/ (x + n _3/4 ) - f (a:)} + 

+ n 3/2 n n (l + n~ 1/i x^j [f (x~ n~ 3/4 ^j - f (x) } . 

ITojio>khm Gf (x) = Af" ( x ) — x 3 f ( x ). IIoKaxi-iTe, hto 3TOMy reHepaTopy 
cooTBeTCTByeT ,n,H4)4)y3HOHHBii“i npopecc (otmcthm, hto HMeeT MecTO n 

e,n,i'iHCTBeHHOCTb): 

dX ( t ) = -X 3 (t) dt + 2s/2 dW (t ), 

T.e. [E f(x + dX) — f(x)\/dt —> Gf(x ) , hjih (ecjin H3BecTHO X (0)) 

t 

X(t)=X (0) + 2 V 2 W (i t ) - J X 3 (s) ds, 

0 

r^e W (t) - BiinepoBCKiiii npopecc (HanoMHHM, b nacTHOCTii, hto W ( t) £ 
£ A/”(0,i)). noKanaiTe, hto ^jih f £ C 2 (R)nC' 4 (K) (T.e. H3 npocTpaHCTBa 

^,Ba5K^3,bI rjia^KIIX <J)yHKn,Hl"l C (jjHHHTHHM HOCHTejieM npOII3BO^I,HOl“l) 

lim sup I G n f (x) - Gf (x)| = 0. 

n->oo X £E n 

TeopeMa T. KypTpa yTBepnc^aeT, hto ecjin MHoncecTBO cjiyHKHHH f, /pin 
KOTopbix 3 to cooTHomemie BbinojiHaeTCH, ^ocTaTonHO 6oraTO 
(b HameM cjiynae 3 to Tax) h X n (0) cjia6o cxo^htch k X (0), to HMeeT 
MecTO cjia6aa cxo^hmoctb cooTBeTCTByromiix npopeccoB (cm. 3aMenaHiie): 

X n =► X. 

6) IIoKanaiTe, hto HMeeT MecTO cjie^yromee npe^CTaBjieHiie b Bime 
nyaccoHOBCKiix npopeccoB co cjiynaifflOH 3aMeHOi"i BpeMemi: 

Vn (t) = Y n (0) + K+ |n J Xn (n _1 X„ (a)) ds 



-AX (n J n„(n 1 Y'„ (s)) ds 
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K + , K + HeaaBHCHMbie nyaccoHOBCKtie npopeccBi c o^imaKOBBiM 3 Ha- 
neHiieM napaMeTpa, paBHBiM 1 (b nacTHOCTii, K + (t) € Po (t)). rioKa>KiiTe, 

HTO 


x n (t) = X n (0) + n~ 3/4 K+ j^n 3/2 J X n (l + n~ 4 X n (s)) ds 
—n~ 3 / 4 K- ^ J iu, n (l + n~ 1 X n (s)) dsj + 

t 

+n 3/4 J (X n (l + n~ 1 X n (s)) - Hn (l + n~ 1 X n (s))) ds, 
o 

r,ne K + ( u ) = K + — it, 7\_ (u) = K- — u. HcnojiB3ya to, hto 

(n~ 3/4 K + (n 3/2 - ) ,n~ 3/4 K _ (n 3/2 - )) => (W + ,W -), 

r^e (W+,W-) - He3aBricriMBie BtmepoBCKiie npopeccBi, noKajKiiTe, hto 

X n =>■ A, iye 



t 

X (t) = X ( 0 ) + W+ ( 4 1) + W_ (At) - J X 3 (s) ds. 

o 

IIoKaxi-iTe, hto TaKoe npe,n,CTaBjieHiie npe,n,ejiBHoro npopecca C 0 Bna,n,a- 
eT (no pacnpe^ejiemiio) c npe^CTaBjiemieM H 3 npe^,Bi,nyrn,ero nyHKTa 
(b o 6 m,eM cjiynae 3 to He Bceiyja 6 i>iBaeT Tan). 

3 aMenaHHe. nocjie,n,OBaTejiBHOCTB cjiynafraBix npopeccoB X n cjia 6 o cxo- 
,h,htch k cjiynanHOMy npopeccy X, ecjin lim E [/ (X n )] = E [/ (X)] pjm 

n—> oo 

jno6oro orpaHHHeHHoro HenpepbiBHoro cJjyHKpHOHajia /. fleTajiii HMeiOT- 
ch b [ 33 ]. Cm. TaK*e MOHorpacJn-no Pap^iiHepa K.B. [ 32 ]. B nocjie^Heii 
KHiire H3Jio»ceHBi MeHee CTporne, no 6ojiee npocTBie cnoco6i>i nojiyHemra 
npe^ejiBHBix ypaBHemiii pjisl pa3JiiiHHBix MapKOBCKiix .zpraaMinc, KOTopbie 
MoryT OKa3aTBCH nojie3HBiMti pjisl pememiH mhotiix 3a^,an stoto pa3^ejia. 
B paccMOTpennoii 3a^aHe mbi pa3o6pajin npocTenmnii npiiMep, o^HaKO 
oniicaHHaa TexHiixa TaioKe Hanuia npi-iMeHem-ie b n3yieHnn BeTBjnnyixcH 
npopeccoB (rjiaBa 9 [ 33 ]) h CTporoM BBiBO^,e MO^ejin nonyjijnpiOHHoii re- 
HeTHKH PanTa-Otimepa (rjiaBa 10 [ 33 ]). 
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nonyjiHD,i-iOHHaii reHeTi-iKa h ee OKpecTHOCTi-i xopomo cooTBeTCTByiOT 
TeMaTiiKe ,n,aHHoro pa3,n,ejia, o,n,HaKO BBi-my ^ocTaTOHHO 6ojiBmoro ko- 
jii-iHecTBa MaTepiiajia mbi jihiiib orpaHH'imviCH ccbijikoh na MOHorpacJn-no 
CBiipexeB IO.M., IlaceKOB B.n. Ochobbi m a r reMa r r h' iec koh reHeTHKH. M.: 
HayKa, 1982 h nonyjrapHyio KHiiry Top6aHB A.H., Xjie6onpoc P.T. ,H,eMOH 
/JapBima. Il/jen onTiiMajiBHOCTi-i h ecTecTBeHHBiii OT6op. M.: HayKa, 1988 
(b ajieKTpoHOM Bi-me iiMeeTCH BTopoe H3flaHiie: KpacHoapcK, 1998). TaK»ce 
mo)kho OTMeTiiTB He,n,aBHO nepeBe,n,eHHyio KHiiry Xoiiji O. MaTeMaTHKa 
SBOjnopini. M.-H»ceBCK: HHIi; “PX^”, 2012. 

4. (Ki-meTi-iKa copnajiBHoro HepaBeHCTBa h npe^ejiBHBie cJdopmbi.) 

a)* B HeKOTopoM ropo^,e nponaiBaeT IV 1 nejiOBeK (neTHoe hiicjio). 
B HanajiBHBiii momcht y Kanyupro naiTejui iiMeeTCH no s mohctok. Ka»c,zi,BiH 
,n,eHB jKHTejiH cjiynaimo pa36iiBaiOTCH Ha napBi. B Ka>Kyi,oi"i nape jKHTejin 
CKH,n,BiBaiOTCH no MOHeTKe (ecjin o^iih hjiii o6a ynacTHHKa 6aHKpoTBi, to 
6aHKpoT ne CKi-mBiBaeTCH, b to BpeMH KaK ne 6aHKpoT b jiio6om cjiynae 
o6n3aH CKi-myTB MOHeTKy). /^ajiee b Kanynpn nape cjiynaimo pa3BirpBiBaeT- 
ch no6e^HTejiB, kotopbih n 3a6npaeT “npH30B0ii 4 )oh,zi,”. 06o3HannM nepe3 
c s ( t ) .ncwno jKHTejieii ropo^a, y kotopbix pobho s (s = 0,..., sN) mohctok 
Ha t -n ^eHB. noKanaiTe, hto 

3 a > 0 : V er > 0, t> aN\nN , 


P 

3 b, D > 0 : V a > 0, t > bN In N 
P |l|c ( t ) -0*11, > N ( °^ <a, 

r,n,e c* ~ Cexp (— s/s), a C ~ 1/s Haxo^nTCH h 3 ycjiOBnn HopMiipoB- 
SN 

kh Y2 C 1 exp (—s/s) = 1. TaKHM o6pa30M, KpiiBan (npe^ejiBHan cjjopMa) 
s=0 

C exp (—s/s) xapaKTepi-rayeT pacnpe^ejiemie HacejieHiiH no 6oraTCTBy na 
6ojiBmnx BpeMeHax. 

¥Ka3aHHe. /^jui peineHiin stoh 3a^,ann nojie3HO paccMOTpeTB cxojkhh 
npopecc, b kotopom Kanynpii nape jKHTejiefi conocTaBjieH cboi"i (He3aBii- 
ci-imbih) nyaccoHOBCKiiii 6yflHjiBHiiK (3 bohkii nponcxo^HT b cjiynaiiHBie 
MOMeHTBi BpeMem-i, cooTBeTCTByionine CKannaM nyaccoHOBCKoro npopec- 
ca; napaMeTp riHTeHCHBHOCTti 3Toro nyaccoHOBCKoro npopecca Ha3BiBaiOT 
HHTeHCHBHOCTBK)/napaMeTpOM 6y^HJIBHHKa). Y BCeX 6yn,HJIBHIIKOB o^,Ha 
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h Ta >xe HHTeHCiiBHOCTb AiV -1 . /Jajiee cjie^yeT norpy3HTB 3a,n,aHy b mo- 
,a,ejiB CTOxacTiinecKOH xunth'icckoh xHHeTHxn c 6iiiiapHBiMH peaxipuiMH 
h BOcnojiB30BaTBCH pe3yjiBTaTOM H3 3aMeuaHHJi k 3a,n,aHe 19. Han6ojiee 

TeXHHHeCKH CJIOJKHBIMH MOMeHTaMH B IIOJiyHCHHH yKa3aHHOrO B yCJIOBIIII 

3a^aHH pe3yjiBTaTa hbjihkjtch opeHxa mixing time ~ N In TV h nojiynemie 
nonpaBKii no,n, KopHeM In 2 N. 

3aMeMaHHe. Ha 3 Bamie MO^ejm b3hto h3 o/ ; h o h m e h h o m CTaTwi K.IO. 
Boryi,aHOBa b ncypHajie “KBaHT”. B stoh CTaTBe npe^jiararoTcn h .npyrae 
npaBi-uia o 6 MeHa. Tax>xe K.IO. BopgaHOB HBjmeTCH aBTopoM o,h,hoh H 3 
CTOxacTiinecKiix flKHaMHK, npiiBO^Hm,iix k MO^,ejm xiimHiix-HtepTBa h ch- 
CTeMe ypaBHemiii JJoTxn-BojiBTepa (cm. 3a^,any 10). O bo3mo>khbix 0606 - 
memiHx MO^ejni, omicaHHOH b npe^jiasceiiHOH sa^ane, Taxnce mojkho no- 
CMOTpeTB b pa 6 oTax Dragulescu A., Yakovenko V.M. Statistical mechanics 
of money // The European Physical Journal B. 2000. V. 17. P. 723-729 
h b .npyrux paboTax sthx aBTopoB (HanpiiMep, arXiv:0905.1518), a Taxnte 
b pa 6 oTax A.M. Chebotarev’a. Otmcthm, uto b OTjiiiuiie ot paccMOTpeH- 
Horo 3,n,ecB npi-mepa, Ha npaxTiixe (h b pjpje APy rHX MO^ejieii) xboctbi 
pacnpeyi,ejieHiiH HMeiOT CTenemioii xapaxTep (He SKcnoHeHpiiajiBHBiii). 

CTeneHHBie 3aKOHBi b nrpaiOT Baaoryio pojiB b paajniuHBix sxoho- 
MHuecKiix npiuiojKeHHHx, ire tojibko CBjraaHHBix c omicaHi-ieM paccjioe- 
hhh HacejieHiiH no ,n,oxo,ii,o,ii,aM. Cm., HanpiiMep, LeBaron B. Stochastic 
volatility as a simple generator of apparent financial power laws and 
long memory // Quantitative Finance. 2001. V. 1:6. P. 621-631; Parisi 

D. R., Sornette D., Helbing D. Financial price dynamics and pedestrian 
counter flows: A comparison of statistical stylized facts // Physical Review 

E. 2013. V. 87. 012804; Challet D., Bochud T. Optimal approximations 
of power-laws with exponentials: application to volatility models with 
long memory // Quantitative Finance. 2007. V. 7. no. 6. P. 585-589; 
http://tuvalu.santafe.edu/ jdf/papers/powerlaw3.pdf. 

6)* (3a^,aua ByjiraKOBa-MacjiOBa o pa36pacBiBaHi-n-i uepBOHiipB b Ba- 
pueTe.) B HexoTopoM ropo^e >xiiBeT N 1 >xnTejieu (ii3HauajiBHO 6aHx- 
POtob). Ka>xyi,Biii ,n,eHB o^,HOMy H3 jxiiTejieii (cjiyuaiiHO BBi6paHHOMy b stot 
^eHb) yi,aeTC5i o^Ha MOHeTxa. B o6o3HaueHii5ix n. a) onpe^,ejiiiTe npe^ejiB- 
Hyio (JiopMy g3,ji h {c s (sA r )}(Z 0 . Cxojibxo Ha^,o cjiyuaiiHO pa3,n,aTB mohctox, 
hto6bi c BepoHTHOCTBio > 1 — a b ropo,n,e 6bi He 6bijio baHxpoTOB? 

3aMeuaHHe. Otbct na Bonpoc 3a^,auH noMoraeT opraHH30BBiBaTB (onpe- 
yi,ejiHTB, cxojibxo Hynmo BBibpaTB Touex CTapTa) MeTopi, cjiyuaimoro MyjiB- 
Ti-iCTapTa b rjio6ajiBHOi"i onTHMH3an,HH, cm., HanpiiMep, AKi-irjiHBCxi-iH A.A., 
AKiijiiiHCxac AT. MeTO^Bi noncxa rjio6ajiBHoro sxcTpeMyMa. M.: Hayxa, 
1991. 
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IIoKaxi-iTe, hto pacnpe,a,ejieHiie {c a {sN)} s J^ 0 MyjiBTHHOMHajiBHoe. Bo- 
jiee Toro, oho b tohhoctii coBna^aeT co CTapiiOHapHBiM pacnpe^ejiem-ieM 
MapKOBCKoro npopecca H3 npe,n,Bmymero nyHKTa. B pa6oTax B.II. Macjio- 
Ba (b ochobhom b ncypHajie “MaTeMaTi-iHecKi-ie 3aMeTKii”) co6paHO 6ojiBinoe 
HHCJIO TOHKIIX pe3yjIBTaTOB O KOHpeHTpapi-IH pa3JIIIHHBIX (ypHOBBIx) Mep, 
b tom Hiicjie B03HHKaK>m,Hx b npiuiOHceHiiHx. Tam-ie MepBIj KaK npaBHJIO, 
HMeiOT KOM6iiHaTopHyK> npiipo,a,y h omiCBiBaiOT cnoco6bi pacnpe,a,ejieHiiH 
mapoB no ypHaM npn pa3jiiinHoro po,n,a jiiiHeiiHBix orpamiHeHirax. B 
HameM cjiynae ypHBi OTBenaiOT s = 0 ,...,sN. A orpaHimeHiiH - 3aKOH 
coxpaHeHim niicjia jKHTejieit h micjia mohotok (3a,n,aiOT MHoncecTBO (inv) 
b saMe'iaHHH k 3a,a,aHe 19): 


E 


n s (t) = N, 


sN 

y: sn s ( t ) = sN, 

s—0 


rpfi n s (t) - KOJiH'iecTBO jKHTejieft, y kotopbix pobho s mohctok na t-R 
p,em>. 


b)** (3aKOH UyincJm-napeTO h npopecc K)jia.) B ropo,a,e, b kotopom 
nponcHBaeT 6ojiBmoe KOjiiinecTBO jnofleft, Kanc^Biii nejiOBeK H3HanajiBHO 
He HMeeT ,n,eHer, ho mo>kbt ynacTBOBaTB b po3BirpBime mohctok. Ba3a iih- 
flyKH,HH: CHanajia BBi6npaeTCH o^hh naiTejiB, oh nojiynaeT o,n,Hy MOHeTKy. 
Hlar HH,z;yKH,HH: b (k + l)-ft ,n,eHB BBi6npaeTCH hobbiii skhtcjib (otjihhhbih 
ot k yjrce BBi6paHHBix), oh nojiynaeT o,a,Hy MOHeTKy. Em,e o^Ha MOHeTKa 
OT^aeTCH o,a,HOMy H3 k npe/pnecTByroiuHx jKHTejiefi: c BepoHTHOCTBio a < 1 
paBHOBepOHTHO H BepOHTHOCTBK) 1 — a npOnOpH,HOHajIBHOH TOMy, CKOJIBKO 
y jKHTejiH y»ce HMeeTCH MOHeTOK, T.e. no npiiHipiny ‘Achbih k .nernraM” (b 
MO,a,ejiHx IlHTepHeTa stot npimpun Ha3BiBaiOT “preferential attachment”). 
B cooTBeTCTBHi-i c o6o3HaneHH5iMH n. a), onpe^ejiiiTe npe^ejiBHyio cjropMy 
AJiH {c s (i)}‘ =1 , t » 1. 

¥Ka3aHHe. IfeynaTB CTOxacTiinecKyro /pmaMUKy b stoh 3a^,ane 3aMeT- 
ho cjioncHee, neM b ,n,Byx npe^byiyiuHx. lIosTOMy o6bihho pa6oTaiOT b 
npn6j[H>KeHHH cpe^Hero nojia. B ^aHHOM KOHTeKCTe sto 03HanaeT, hto 
n s (t) ~ E [n s (f)]. flajiee BBimiCBiBaiOT na n s (t) cucTeMy 3aH,enjunoin,HxcH 
o6bIKHOBeHHBIX ^HcJjcjDepeHpHajIBHBIX ypaBHeHI-IH. ABTOMO^ejIBHOe npiITH- 

niBaioiu,ee peinemie stoh CHCTeMBi i-nuyT b Bi-me n s (t) ~ c*t. Ilocjie pa3- 
pemeHHH cooTBeTCTByrorpiix ypaBHemiH nojiynaiOT CTenenHoii 3aKOH ^jih 
3aBHCHMOCTH c* ~ s - 3 + Q /( 1 ^“). Taxon no^xo^i, npiiMemiTejiBHO k MO^ejiHM 
pocTa IlHTepHeTa (h nsy'ieHHH CTenennoro 3aKOHa pjisi pacnpe^ejieHHH 
CTeneHeii Bepmun, cm. 3a^aHH 51, 52 pas^ejia 3 h sa^any 31 pa3^,ejia 8) 
^.obojibho nacTO ceftnac BCTpenaeTCH (b tom Hiicjie h b yne6HOH jniTepaTy- 
pe). B nacTHOCTii, stot no^xo^i, omicaH b o63ope Mitzenmacher M. A Brief 
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History of Generative Models for Power Law and Lognormal Distributions 
// Internet Mathematics. 2003. V. 1, N 2. P. 226-251 h paccMaTpiiBaeTca 
b Kin-ire Blum A., Hopcroft J., Kannan R. Foundations of Data Science // 
e-print. 2016. http://www.cs.Cornell.edu/j eh/bookJan25_2016.pdf. 
no cyTH, b 3tom nyHKTe iiaMii 6biji omicaH npopecc, B03HHxai0Hi,HH b 
pa6oTax 20-x to^ob XX Bexa no nonymmuoiinoH reHeTiiKe n nojiyuiiBrnnii 
Ha3Bam-ie npov,ecca K).aa (cm., HanpiiMep, o63op Newman M.E.J. Power 
laws, Pareto distributions and Zipf’s law // Contemporary Physics. 2005. 
V. 46, N 5. P. 323-351). 

3aMeuaHHe. Om-icaHHBie MO^ejui bocxo^ht k pa6oTe B. napeTO xoHpa 
XIX Bexa, b xoTopoii 6Buia npe^npimsiTa nonBiTxa o6t>hchhtb copnajiBHoe 
HepaBeHCTBO, u k pa6oTe P. Uymcjm xoHpa 40-x to^ob XX Bexa, b xoTopoii 
6bijia OTMeueHa BaixHOCTB CTeneHHBix 3axoHOB b npupo^e. 9ti-i 3axoHBi 
rjir 6ojiBmeii nonyjmpHOCTi-i imor^a npeno^HOCHT xax npimpim napeTO 
hjih npimpim 80/20 (80% pe3yjiBTaTOB npoiiCTexaiOT Bcero jii-iiub h3 ppa,- 
^,u,aTH npopeHTOB npiiuim). Taxne nponoppmi cooTBeTCTByiOT c* ~ s~ 2A 
(cm. Newman M.E.O.). npime^eM npiiMepui (He coBceM, npaB^a, TOHHBie): 
80% HayuHBix pe3yjiBTaTOB nojiyunjiii 20% yueHBix, 80% mma BBimuiH 
20% jno,n,eft h T.n. Ceiruac mhoto iiccjie^OBaHHii bo BceM Miipe nocBjnu,eHO 

H3yueHIIK) B03HIIXHOBeHHH B CaMBIX pa3HBIX npiIJIOJXeHHHX CTeneHHBix 3a- 
xohob (pacnpe^enemie ropo^OB no nacejieHino, xoMMepnecxiix xoMnaHuft 
no xanHTajiH3an,HH, aBTOMo6iuiBHBix npobox no ^jiime). npHUHHoft 3TOMy 
b tom niicjie HBjiHeTCH B03pacTaHiie HHTepeca x 6ojibihhm ceTHM (sxoho- 
Mimecxi-iM, copi'iajiBHBiM, IlHTepHeTa), cm., HanpiiMep, khhih ii pa6oTBi 
M.O. Jackson’a. B Pocchh 3to HanpaBjieiine Taxixe npe^CTaBjieHO, Hanpu- 
Mep, b HH^exce b OT^ejie A.M. Paiiropo^cxoro (rpeuHiixoB-OcTpoyMOBa- 
PH6neHxo-CaMOCBaT, JleommoB-MycaTOB-CaBBaTeeB), b HHM PAH b 
rpynne A.B. no^jia30Ba (co6ctb6hho, MO^ejiB n. b) 6Buia B3HTa H3 CTa- 
tbh no^jia30Ba A.B. b c6opHiixe “HoBoe b ciiHepreTiixe. HejniHeimocTB b 
coBpeMeimoM ecTecTB03HaHHii”. M.: JTHBPOKOM, 2009. C. 229-256). 

5. (06e3BHHxa h neuaTHaa MamiiHxa; 3axoH U,Hn4m-MaH,ii,ejiB6poTa.) Ha 
nenaTHoii MamiiHxe n + 1 chmboji, o^iih ii3 chmbojiob npo6eji. 06e3BHHxa 
Ha xaaygOM mare cjiyuaimo (He3aBHCiiMO h paBHOBepoaTHo) HaatiiMaeT 
OflHH H3 chmbojiob. npo>xHB .gojiryio JXH3HB, o6e3BHHxa creHepupoBajia 
TexcT orpoMHoii ^jihhbi. no 3TOMy TexcTy cocTaBi-uiH cjiOBapB. 9tot cjio- 
BapB ynopa^OHiijiH no nacTOTe BCTpenaeMOCTii cjiOBa (cjiOBa - 3to BceB03- 
MO>xHBie na6opBi 6yxB 6e3 npo6ejiOB, xoTopnie xoth 6bi pa3 BCTpenajiiiCB b 
TexcTe o6e3BHHxii Me»yi,y xaxiiMii-TO ,n,ByMa npo6ejiaMii). Tax, Ha nepBOM 
MecTe b cjiOBape nocTaBiijin caMoe uacTO BCTpeuaeMoe cjiobo, Ha BTopoe 
nocTaBHjiii BTopoe no nacTOTe BCTpenaeMOCTii h t.,h,. HoMep cjiOBa b Ta- 
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kom cjiOBape Ha3biBaeTCH pamoM h o6o3HaHaeTCH 6yKB0i"i r. IIoKaxiiTe, 
hto npe^ejiBHaa cjjopMa kphboh, omicbiBaiomeH pacnpe,a,ejieHiie nacTOT 
BCTpenaeMOCTii cjiob ot paHroB, i-meeT Bim 

, , C 

HacTOTa(r) ~ - —r^var, 

(r + B) 

rpp 

log (n + 1 ) n n “ _1 

^ i } 1 5 ^ T 5 7 -i * 

log (n) n — 1 (n— 1 ) 

3aMeMaHHe. TaKOii bbibo^i, 3aKOHa Lbincjm (c nonpaBKOil) 6biji o,h,hiim h 3 
^Byx, npe,n,jio>KeHHBix B. MaH,n,ejib 6 poTOM. 9tot bbibo^i, mo*ho HaflTH bo 

MHOI’HX HCTO'IHHKaX. 

Bjiaro^apsi BiiKiine^iin, Han 6 ojiee nonyjnipHOH Ha 3Ty TeMy OKa3ajiacB 
CTaTBH Li W. Random Text Exibit Zipf’s-Law-Like Word Frequency 
Distribution // IEEE Transactions of Information Theory. 1992. V. 38(6). 
P. 1842-1845. B pa 6 oTe (cm. Taione Conrad-Mitzenmacher) BoHKape- 
Ba B.B., JlepHepa 9.IO. 3aKOH IRincjDa pjm cjiynaimbix tckctob c HepaB- 
HBIMI-I BepOHTHOCTHMI-I 6 yKB H nHpaMH^a IlaCKajIH // Il3BeCTHH By30B. 

MaTeMaTHKa. 2012. N 2 12. C. 30-33 npiiBO/piTCJi o6o6ru,eHiie stoii MO^ejiH 
Ha cjiynaft HepaBHBix BeponTHOCTeii 6yKB. B .npyroft pa6oTe stiix aBTO- 
poB paccMaTpi-iBaeTCH o6o6ru,eHiie, CBjraaHHoe c paccMOTpemieM CHTyapi-n-i, 
Kor^,a nocne^OBaTejiBHOCTB HauaiMaeMBix ciimbojiob ire i.i.d., a o6pa3yeT 
penb MapKOBa (BnponeM, Taxoro po^a o6o6rn,eHHH ^obojibho nonyjnipHbi 
h paccMaTpiiBajiiiCB pa^OM .npymix aBTopoB). B pa6oTe IHpeimep IO.A. 
O bo3mo>khocth TeopeTiinecKoro BBiBO^a ctut h c t h h ec k h x 3aKOHOMepHO- 
CTeii TeKCTa (k obocHOBaHino 3aKOHa Ifnn(j:)a) // IIpo6jieMBi nepe^auH 
hh c() o p m a u hh . 1967. T. 3, N 2 1. C. 57-63 6buia npe^jiojKeHa .hobojibho 
o6rn,aH cxeMa, npiiBO,n,5iHi,aji k 3aKOHy IInn(j)a, b KOTopyio mohcho norpy- 
3HTb h o6e3BHHKy c neuaTHoii MamHHKofi (sto nojie3HO noKa3aTb, a TaKuce 
npe^CTaBjiaeTCH nojie3HbiM nayieHue ^pyriix npiiMepoB (b tom Hiicjie 
ynoMHHyTbix) na npe^MeT bo3mo>khocth iix norpyuceHiiH b 3Ty cxeMy). 
A HMermo, npe^nojioucHM, hto flHHaMHKa (nopojKyeHiisi cjiob b 6ojibmoM 
TeKCTe) TaKOBa, hto BepoHTHOCTb Toro, hto b TeKCTe H3 N 1 cjiob X\ 
(nepBoe no nopa^Ky cjiobo b paHroBOM cjiOBape) BCTpeHajiocb N-\ pa3, X 2 
(BTopoe no nopn^Ky cjiobo b paHroBOM cjiOBape) BCTpenajiocb N% pana h 
t./;., ecTb 

~y^ exi V’ , 2>‘- E ‘b 

\ fceN / 

r^e Efc - Hiicjio 6 yKB b cjiobc c paHroM k. HacTO cmiTaiOT, hto 77 = 0, ho 
3aTO flHHaMHKa TaKOBa, hto hiicjio cjiob ii hiicjio 6 yKB CTaHOBHTCH aciiMn- 
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TOTH'iecKH (no pa3Mepy TexcTa) CBH3aHHbiMii (3aKOH 6ojibmiix nnceji). 
TaniiM o6pa30M, k 3aKOHy coxpaHemiH Y = N ^o6aBjiHeTCH npii6jiii- 

fcGN 

nceHHBin 3aKon coxpaHemiH Y ~ EN ( E - cpe,a,Hee nncjio 6yxB b 

feGN 

cjiOBe). rioncK npe,a,ejibHOi“i cjjopMbi npiiBO,n,HT k 3a,a,ane (BOcnojiB30BajincB 
(JjopMyjioii CTiipjiiiHra n MeTO,a,OM MHOJKHTejiefi JlarpaHHta): 

T {Nk In N k + A E k N k } ->• min , 

N k >0 

ken £ N k = N 

fee n 

r^e A jih 6 o paBHneTCH ?y, jih 6 o HBjiaeTCH mho>kh r re j te m JIarpaH>xa k orpa- 

HH'ieHHfo Y NkEk ~ EN. Ctoiit otmcthtb, hto k aHajioriiHHoii 3a,n,aHe 
fee n 

(c Ek = k) npi-iBO,n,HT noncx npe^ejiBHOii cjjopMbi b MO^ejm “KiiHeTiixa 
copnajiBHoro HepaBeHCTBa” H3 n. a) 3a^ann 4. Pememie Hameii 3a,a,anii ,a,a- 
eT Nk = exp (— p — A Ek), r^e /i - MHonaiTejiB JlarpaHHta k orpaHnnemno 

Y Nk = N. ^ajiee, cniiTaiOT, hto r ( E ) - hiicjio pa3jiiiHHbix ncnojiB3ye- 
feeN 

mbix cjiob c micjiOM 6yKB, ne 6ojiBim-iM E, npnGjiroxeiiHO npe,n,CTaBHMO b 
Bime r (E) ~ a E . Toiyi,a Nk ~ /e -7 , iyi,e 7 = A/ln a. 

HeKOTopnie o6o6m,emiH 3aKOHa U,iin4m-MaH,ii,ejib6poTa c o6cy5K,a,e- 
Hi-ieM Taxnce n jiHHrBHCTHHecxoii ctopohbi ^ejia iiMeiOTCJi b pa6oTe 
B.n. MacjiOBa. IlHTepecHbiM npe^CTaBjiaeTCH cbh3b, He^aBHO o6napy- 
>Ke hh an IO.I4. Mam-mbiM, Me5K,a,y 3aKOHOM IJuncjDa h KOJiMoropoBCKoii 
cjioncHOCTBio . Otmctiim, hto paHee na Taxyio cbh3b Tarae 6bijio yxasaHO 
B.B. BnioriiHBiM. 

Otmctiim, hto B. MaH,a,ejiB6poT HBjineTCJi C03,n,aTejieM nayxii o cjjpax- 
Tajiax. IlHTepec B. MaH,n,e.jib6poTa k CTeneHHBiM 3aKOHOM (3aKOHaM tii- 
na D,iin4)a) 6 biji 3aKOHOMepeH, nocxojibxy CTeneHHbie 3aKOHbi xax pa3 
npoHBjnnoT CBoiicTBa MacmTa6Hoii iiHBapiiaHTHOCTii (caMono,a,o6HOCTii), 
CBoiicTBeHHoii cjjpaxTajiaM, h nacTO B03HiiKaiOT npn oni-icam-ni pa3JiiinHbix 
KpHTHnecKHx HBjieHiiii (cm., HanpnMep, o63op M.E.J. Newman’a, 2005). 
B nonyjnipHbix KHiirax B. MaH7,ejib6poTa, 6ojibmimcTBO H3 KOTopbix ne- 
peBe7,eHbi Ha pyccKiiii hbbix, Tax>xe nepno7,iinecKii BCTpenaiOTCJi cxoxeTbi 
Ha 3Ty TeMy. Boo6m,e, 3,n,ecb 6bi xoTejiocb OTMeTiiTb, hto oneHb MHonie 
cjio>KHbie ceTii, B03HiiKaioiii,He b npiipo,n,e (xanujunipHaji cucTeMa, bctbii 
7,epeBbeB h T.n.), iiMeiOT b CBoeii ocHOBe onpe7,ejieHHbie 3aKOHOMepHOCTii, 
cjjopMiipyiomHecji npn pocTe (HanoMHiiM, hto copnajibHbie ceTii h IlHTep- 
HeT M 07 ,ejiiipyi 0 TCJi c noMOipbio M 07 ,ejm cjiynaiiHoro pocTa “npe,n,noHTH- 
TejiBHoro npiicoe^iiHeHiiJi”). B pe3yjiBTaTe B03HiixaiOHi,aji KOHcj^iirypapiiH 
Haxo7,iiTCH H3 nexoToporo BapiiapiiOHiioro npimpiina, npiiB 07 ,Hiii,ero, Tax 
>xe xax ii b paccMOTpeHHOii 3a,n,aHe, x CTeneHHbiM 3axoHaM. Hpxnii npiiMep 
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HMeeTCH, HanpiiMep, b CTaTne West G.B., Brown J.H. Enquist B.J. A 
General Model for the Origin of Allometric Scaling Laws in Biology // 
SCIENCE. 1997. V. 276. P. 122-126. npe^CTaBjiaeTca nirrepecHBiM ncxaTB 
aHajion-i “3aKOHOB c])H3hkh” npn n3yneHna pocTa He ftnojioi’H'iecKnx ceTen. 
To ecTB He6ojiBmoi"i Hadop yHiiBepcajiBHBix npaBiui, KOTopbie b pa3jn-iHHBix 
coneTaHiiax h b pa3jiiiHHBix KOHTeKCTax ^,aiOT MHoroo6pa3iie B03Hiixaio- 
m,Hx b npiijioxceHHHx ceTeii 6ojibmiix pa3MepoB, h OTpantaiOT hx ocHOBHBie 
(cTaTi-iCTi-iHecKiie) CBoiicTBa. 0,h,hh Taxon 3axon (npe^nonTiiTejiBHoro npi-i- 
coe^HHeHiia) yjxe otkpbit (y SToro 3aKOHa MHoro Bapiiapiiri, 3a cneT koto- 
pnix h y^aeTCH no^oraaTB Ty hjih iiHyio MO^ejit no^, sxcnepi-iMeHTajiBHBie 
pe3yjiBTaTBi). PadoTa b stom HanpaBjieHiin nanaTa OTHOCiiTejiBHO He^aBHO 
(~15 JieT Ha3a^), h, xanceTca, hto 3^ecB Bee caMoe HHTepecHoe Bnepe^n. 

6* (Heaps’ law.) npe^nojio>KHM, hto creHepupoBaH,n,ocTaTOHHO 6ojiBmoii 
TexcT, b kotopom cjiOBa cjiynairHO (He3aBiiciiMo) BBidiipajincB H3 cjiOBa- 
pa c BepoHTHOCTHMii, 3aBHCHiu,HMH ot paHra cjiOBa no 3axoHy Idimcjm- 
MaH^ejindpoTa (cm. npe^nmyrnyio 3a^,any). noxajxiiTe, hto ecjni creHepn- 
poBaHHBiH TexcT HMeeT Bcero n cjiob, to hiicjio pa3jniHHBix cjiob in b hcm 
6yn,eT ~ n 1 /". nocTapaiiTecB nojiyniiTb donee tohhoc omicaHiie c.b. to. 

3aMeHaHne. Cm., nanpiiMep, Grootjen F.A., Leijenhorst D.C., van der 
Weide Th.P. A formal deviation of Heaps’ law // Inform. Sciences. 2005. 
V. 170(24). P. 263-272. 

7. (Pacnpe^enemie dyxB no nacTOTe BCTpenaeMOCTi-i; C.M. ryceiiH-3a^i,e.) 
npe^nojioncHM, hto ecTB HexoTopan spro^nnecxaH flHHaMnxa (^eTepMii- 
HiipoBaHHan) Ha egHHHHHOM ciiMnjiexce c paBHOMepHoii HHBapnaHTHoii 
Mepoii, onncBiBaroipaH SBOjnonyno nacTOT BCTpenaeMOCTi-i 6yxB b TexcTax. 
0Ty flHHaMHxy mohcho nomiMaTB xax SBOjnopmo coctohhiih nexoToporo 
jiHHrBHCTHHecxoro Mnpa. Mbi cmiTaeM, hto 3Ta ^iiHaMxa pa3BHBaeTca b 
Me^,jiemiOM BpeMemi (ro^ni). B to >xe BpeMa b dniCTpoM BpeMemi (^hh) 
npn 3a^aHHOM “coctohhiih Mnpa” (nacTOTax BCTpenaeMOCTn 6yxB) cjiynan- 
ho (coraacHO stiim nacTOTaM) reHepnpyeTCH (c nocTOHimon HHTeHCiiBHO- 
ctbkj) 6ojibinoe xoniinecTBO TexcTOB. 3a mhoto JieT naxomuiocB orpoMHoe 
xojniHecTBO Taxnx TexcTOB. Hx odteflHHHjin Bee BMecTe b o^iih orpoMHBiii 
TexcT n nocHHTajin nacTOTBi BCTpenaeMOCTn pa3JiiiHHBix 6yxB b stom 
odteflHHeHHOM TexcTe. CmiTaH, hto Bcero iiMeeTCH n pa3jinHHBix 6yxB, 
noxanaiTe, hto r-a no Beniim-me nacTOTa BCTpenaeMOCTn npiidjiH3HTejiBHO 
paBHa (paHroBoe pacnpe^enemie nacTOT 6yxB) 



k—r 


i 

n 


(In (n + 1) 


In r). 
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3aMeHaHne. BnponeM, omicaHHBifi 3aKOH b onpe,n,ejieHiiOM CMbicjie hii- 
neM He npiiMenaTexieH no cpaBHemno c pa^OM H3BecTHBix KOHKypiipyK>m,iix 
3aKOHOB, cm. TejiBcjDaH^i, M.C., Mi-ihb Hncao. O paHroBBix pacnpe^ejieHHHx 
nacTOT 6yKB b ecTecTBeimBix H3BiKax // IIpo6jieMBi nepe^ann HH(}x>pMa- 

iihh. 1996. T. 32, 2. C. 89-95. 

8. (Cjiynai"iHBiH pocT .nyiarpaMM, npe^ejiBHBie cjsopMBi.) IToyi, .zpiarpaMMofi 
6yn,eM noHHMaTb ropKy (Ha njiocKOCTi-i), cocTaBjieHHyro H3 OflimaKOBBix 
KBa^paTHBix KHpnHHefi. Cjiobo zopica 03HanaeT, hto pH,n, H3 KHpnHHefi, no- 
CTaBjieHHBix Apyr aa .npyra, ne Hiince pa^a h 3 KHpnHHefi, npiiMBiKaiomero 
cnpaBa. 

а) ** (^iiarpaMMBi Punap^coHa.) IlycTB ropna pacTeT no npimuyiny: 
HOBBlfi KIipmiH KJia^eTCH C paBHOfi BepOHTHOCTBIO Ha O^Hy H3 flOnyCTIIMBIX 
no3HH,Hfi, r^e no,n, .npnycTHMofi no3HH,nefi noHHMaeTCH “yrojiOK” jiii6o ,n,Be 
“KpafiHiie” no3HH,Hii (Ha,n, caMBiM jieBBiM BepxHeM KiipraiHOM, cnpaBa ot 
caMoro npaBoro HiDKHero Kiipraina — ^.ajiee mbi 6yn,eM Ha3BiBaTB stii 
n03HH,IIH COOTBeTCTBeHHO BepXHIlfi H HHJKHHft yrOJIOK). EcjII'I nOJIOHCIITB 
HOBBifi KiipmiH b TaKofi yrojiOK Ha ropne, to oh 6yzi,eT KacaTBCH ropKii 
,H,ByMH CBOHMH rpaHHMII (jieBOII H HIIyKHefi). IlyCTB CJiyHaflHO, KaK OmiCaHO 
BBime, nojionaijiH n 1 KHpnHHefi. Ilepefi^H b ciiCTeMy KOop/p-raaT c 
npOHIKajII'ipOBaHHBIMH cjjaKTOpOM yjn OCHMII H pa3MeCTI-IB JieBBlfi HHJKHHfi 
KiipraiH ropKii b Hanajie KOop/p-maT, noKanaiTe, hto b npe^ejie npn n -> oo 
cjjopMa ropKii (npe^ejiBHaa cjjopMa) 6yn,eT HecjiynafiiHofi KpiiBofi, omiCBi- 
BaeMofi ypaBHenneM y/x + ^ fy = \/6, rp$ KOHCTaHTa \/6 6Buia BBi6paHa H3 
ycjiOBiifi iiopMiipoBKH njioin,a,ii,H no,n, KpiiBofi Ha 1. 

3aMeaaHHe. Cm. CTaTBio Rost H. Nonequilibrium behavior of a many 
particle process: Density profile and local equilibria // Probability Theory 
and Related Fields. 1981. V. 58, N 1. P. 41-53. 

б) * Kan Ha^o npaBi-uiBHO npoinKajiiipoBaTB oci-i h KanaH npn stom 
nojiyuiiTCH npe^ejiBHaa cjsopMa, ecjm HOBBifi KiipmiH Kjia^eTCH c Bepo- 
HTHOCTBIO Q. B HHJKHHft yrOJIOK H C BepOHTHOCTBIO 1 — Q. paBHOBepOHTHO 
onycKaeTCH Ha o^iih 113 ph^ob KiipniiHefi, nocTaBjieHHBix .npyr na APy ra > 
h ^.ajiee CKaTBiBaeTCH b yrojiOK, Haxo^,Hm,iificH Ha stom ypoBHe? Kan H3- 
MeHIITCH OTBeT, eCJIH HOBBifi KIipnilH paBHOBepOHTHO OnyCKaeTCH Iia 0^,1'IH 
H3 ph^ob KiipniiHefi, nocTaBjieHHBix Apyr Ha ^pyra, hjih hiokhhh yrojiOK, 
ii ^.ajiee CKaTBiBaeTCH b yrojiOK, Haxo^,Hin,HficH Ha stom ypoBHe? 

3aMenaHne. Cjie^yeT cpaBHHTB c n. b) salami 4. Ilpe^ejiBHBie cjsop- 
mbi pa3JiiiHHBix ^.iiarpaMM aKTiiBHO H3yHajiiiCB ii H3yHaiOTCfl b pa6oTax 
A.M. Bepim-iKa h ero yneHiiKOB. HacTO stii ^.iiarpaMMBi hmciot BnojiHe 
co^epncaTejiBHyio HHTepnpeTapi-no (HanpiiMep, ^.iiarpaMMBi lOHra). Mepa 
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Ha /piarpaMMax nacTO 3a,a,aeTCH 6e3 omicaHiiH /piHaMHKH, T.e. He omiCBiBa- 
eTCH pocT ^HarpaMM. TaKHM npiiMepoM aBjiaeTca ioyHemie npe,n,ejiBHOH 
(JjopMBi ,a,HarpaMM lOHra c paBHOMepHoii m epo h (paccMaTpiiBaiOT h .npyrne 
MepBij nanpi-iMep, IIjiaHHiepejiH) , cm. 3a,n,aHy 30 pa3^ejia 4. Cio^a »ce 

MCOKHO OTHeCTI-I H CTaTI-ICTHKy BBinyKJIBIX JIOMaHBIX (ApHOJIb^-BepHIIIK 

Ci-maii), cm. 3a^aHy 31 pa3,n,ejia 4. npiiMenaTejiBHO, hto b o6oiix cjiynaax 
npe^ejiBHaa cjiopMa onpe^ejiaeTCH H3 pemeHiia Bapiiai/HOHHoii 3a/i,aHH, 
KOTopaa nojiynaeTCH iicxo^h h 3 MaKCHMH3au,HH (b npocTpaHCTBe kphbbix) 
//ojkkhbim o6pa30M npoiHKajn-ipoBaHHoro jiorapucjiMa Hiicjia /piarpaMM 
(BBinyKjiBix jiOMaHHBix), Haxo^Jiiii,Hxcji b Majioii OKpecTHOCTii 3a,n,aHHOH 
KpiiBoii (aHajior //eHCTBiia/SHTponmi b TeopeMax o 6ojibihiix yKjiOHeHii- 
hx Tima CaHOBa). IIpineM otbct He 3aBiicnT ot Toro, KaK BBi6npaeTCJi 
3Ta OKpecTHOCTB (b npeflnojio>KeHHH ee MajiocTii), BancHO jiiihib, hto6bi 
OK peCTHOCTII CTpOHJIIICB nO OflHI'IM II TeM >Ke npaBIIJiaM ^JIH pa3HBIX Kpil- 
bbix. Ajih onpe^ejieiiiiH npe,n,ejiBHOH cjiopMBi /yiarpaMM lOHra mbi no- 
jiynaeM b tohhocth 3a^,any SHTponiiHHO-jHiiieHHoro nporpaMMiipoBaHiisi 
b (JjyHKpHOHajiBHOM npocTpaHCTBe, cjie^yeT cpaBHiiTB c 3aMenaHiieM k 

3a^,ane 19. 


9.* (Pacnpe^ejieHHBie MO^ejin CTOxacTiiHecKoii xhmhh6Ckoh khh6thkh.) 
Ha OKpyxHOCTH e^iiHHHHoro nepiiMeTpa Ha paccTOHHiin e Apyr ot ,npyra 
pacnojio»ceHBi ^OMa. B Ka>K/i,OM flOMe nameT no o^hoii co6aKe h o^hoii 
K oniKe. fljia onpeflejieiiHOCTH, b HanajiBHBiii momcht y Ka»c/i,OH co6aKii N 
6jiox, a Ha KoniKax 6 jiox b HanajiBHBiii momcht HeT. C i-iHTeHCi-iBHOCTBio 
A (cm. 3a^,any 1 “napa^OKC 9peH<J>ecT0B”) Kanc^aa 6jioxa He3aBiicnMO 
ot ocTajiBHBix nepecKaKHBaeT c co6aKii (kohikii) Ha coce^,a no ,n,OMy, 
T.e. KoniKy (co6aKy), a c BepoaTHOCTBio A_i/e + /t/e 2 (A+i/e + /i/e 2 ) - 
Ha co6aKy (KoniKy) H3 coce,n,Hero ,n,OMa c HOMepoM, Ha e^i-raniiy MeHBHii-iM 
(6 ojibhihm). noKanciiTe (ncnojiB3ya TeopeMy KypTi/a), hto npn N —> oo, 
e —> 0 + n.n. cyipecTByeT (//eTepMHHupoBaHHBifi) npe,n,eji (npuneM na Ka»c- 
flOM KOHenHOM OTpe3Ke BpeMeHii mojkho roBopiiTB o cjia6oi"i cxo,h,hmocth 
cjiynaiiHBix npopeccoB): 


c dog ( t, x ) = 


lim 

N — y oo, e —> 0+ 
x/e < k < x/e + 1 


doq 

n k 


it) 


N 


iy/e n dog (t) - KOJinnecTBO 6jiox y co6aKii b ,n,OMe c HOMepoM k b momcht 
BpeMeHii t, aHajioniHHO, nepe3 n£ ot (t), onpe^ejiaeTca c cat ( t,x ). noKaxai- 
Te, hto BBe/i,eHHBie hjiothocth ya,OBjieTBopaiOT cjic/iyromeH cucTeMe yHH: 


dc do9 d 2 c dog 


+ (A_i — A + i) 


dc dog 

dx 


+ A • (c cat - c dog ) , 
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dc cat 


dt 


= + (A -1 - A +1 ) + A • (c d °° - c“‘) , 


dx 


yHacjieflOBaBnieii jiiiHeiiHBiii 3 aKOH coxpaHemia ot CTOxacTiiaecKOH / 3 , 1 -ma- 
MHKH 


1 

/{C-IM ) + <M 

0 

IIoKaacHTe, hto CTapiiOHapHoe pacnpe,a,ejieHiie omicaHHoro MapKOBCKO- 
ro npopecca c HOCiiTejieM (inv) HMeeT acHMnTOTiiaecKoe npe^CTaBjiemie 

~ exp ^ T / i cd ° 9 (*’ x ) ln ( cd ° 9 (*> x )) + c ° at (*> x ) ln ( c ° at (*>*))} 

IIpii 3tom (JjyHKpiiOHaji (npocTpaHCTBeHHaa SHTpomia), CToamyiH npii 
IV/e, HBjiaeTca (Jay hk n h o h a j io m JIanyHOBa BBimicaHHoii paHee ciiCTeMBi 
ynn. IlccjieflyHTe noBe^em-ie CiiCTeMBi Ha 6ojibihhx BpeMeHax. 

3aMeaaHne. fljia pememia stoii 3a^,aaH (h pa,a,a .npyrux 3a/3,aa 3Toro 
pa3,a,eaa) MoacHO peKOMeH^OBaTB MOHorpacJani [32] (rjiaBBi 7, 8), [33]. 

B ,naHHOH 3a^,aae paccMOTpeH, noacajiyii, npocTeftiHHH npiiMep npo- 
CTpaHCTBeiiHO pacnpe^eaeHHoii CHCTeMM. Taxiie ci-iCTeMBi aacTO B 031111 - 
xaiOT, HanpnMep, b Ma r reMa™aecKOH 6 hojioi hh npn onncaHHH 3 bojhoii,hh 
npocTpaHCTBeHHO pacnpe^eaeHHBix B3aiiMO^i,eiicTByiom,iix bi-i^ob. IIpi-iaeM, 
Kax npaBi-uio, 3a caeT 6ojiee caoacHoro BsariMO^encTBi-ia h(hjih) neo^HO- 
po^Hoii (aHH30Tpomioii) /{w c[’)(]')y 3 hh h(hjih) CHOca (b tom ai-icae co cko- 
pocTBK)/HHTeHCi-iBHOCTBio, 3aBHcam,eii ot KOHpeHTpapiiii bh^ob) npi-i CKeii- 
jniHre nojiyaaiOTca yace HejiimeHHBie SBOjnopiiOHHBie ypaBHemia (napa6o- 
jniaecKoro Tima, ecjm ecTB / , pi(j.)(j.)y3Ha). ITpn stom paBHOBecHaa KOHcjairy- 
papiia, B03Hi-iKaioin,aa Ha 6 ojibihiix BpeMeHax, aacTO MoaceT 6 bitb TaKace 
npoiiHTepnpeTHpoBaHa b TepMimax paBHOBecua no Hsmy h ,ZI,apBHHOB- 
ckoto OT6opa (He pacnpe^ejieHHBiii BapnaHT, hohchhioih.hh OTMeaeHHBie 
CBa3ri, HMeeTca b 3a^aaax 10, 15, 16). K 3TOMy HanpaBjieHino MoacHO OTHe- 
CTIT I-I “npHHH,Hn 3BOJHOH,HOHHOH OnTHMajIBHOCTIl”, aKTI-IBHO p83BHBaeMBIH 
b pa6oTax B.H. Pa3aceBaHKima. 

10.** (Mo^ejiB xiimmiK-acepTBa.) B CKa30HHOM jiecy, HMeromeM cjjopMy 
e^HHiiaHoro Topa (npaMoe npoH3Be,n,eHHe AByx OKpyacHOCTeii e^HHi-iHHoro 
nepiiMeTpa), kotopbih MoacHO noHHMaTB kslk eflHHHaHBifi KBa^paT c OToac- 
,n,ecTBjieHHBiMH npoTHBonoaoacHBiMii CTopoHaMH, npoBe^eHa pemeTKa c 
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KBa,n,paTHHMH HaeiiKaMH pa3Mepa e x e. B y3Jiax stoii peineTKi-i b Ha- 
najiBHBiii momcht BpeMemi cjiynairao (He3aBi-ici-iMO h paBHOBeposiTHo) pac- 
npepejieHBi n 3 = k 3 e~^ 3ai"m,eB h n B = k b £ _1 bojikob. Bojiki-i ii 3aim,Bi Ha- 
mraaiOT He3aBHCHMO cjiynairao 6jiy»c,ii,aTB no pemeTKe: c HHTeHCiiBHOCTBio 
A 3 e _1 3aan, nom-maeT TeKymira y3eji peineTKi-i, BBi6iipaH pjra nepexopa 
paBHOBepoHTHO opi-ra H3 neTBipex cocepm-ix y3JiOB, aHajion-iHHO (c A B e _1 ) 
BepyT ce6a bojikii. KpoMe Toro, c HHTeHCiiBHOCTBio 3ami, cospaeT b 
TeKyipeM y3Jie noTOMKa, KOTopbiii cpa3y »ce HaniraaeT ikhtb He3aBiicnMoii 
>kh3hbio no o6ih,i-im npam-uiaM. A bojiki-i c HHTeHCiiBHOCTBio /jl~ BBi6biBaiOT 
i-i3 ci-iCTeMBi. Ecjii-i b pe3yjiBTaTe 6jiy3KpaHi-ra bojik ii 3ajni, OKancyTca b 
o^hom y3Jie, to MmoBeHHO npoi-icxopiiT peaKip-ra: bojik ctepaeT 3ai"m,a n 
npoi-i3BO^i,HT noTOMKa, KOTopbiii cpa3y »ce HaniraaeT jki-itb He3aBHCHMon 
>Ki-i3HBio no o6ih,iim npaBi-uiaM. B KaKOM CMBicjie mojkho roBopi-iTB o tom, 
hto b npepejie npn £ — > 0+ (Ha KOHenHBix OTpe3Kax BpeMemi) flHHaMHKa 
i-i3MeHeHiiH nncjia bojikob h 3ai"ra,eB eooTBeTCTByeT Mopejn-i CTOxacTi-inecKon 
xHMHnecKofi KHHeTHKH (cm. 3aMenaHi-ie k sapane 19): 

[3]^>2[3], [B] + [3] 2 [B], [B] ^ 0, 

rpe KOHCTaHTa peaKpnn K onpepejraeTCsi no BBepeHHBiM BBirae napaMeT- 
paM? rioKanci-iTe, hto 3aKOH peiicTByiomHx Mace npi-iBopiiT k cncTeMe 
ryjrap6epra-Baare (nojiynaromeiicji npn KaHOHiraecKOM CKeiuii-rare, cm. 
3aMenam-ie k 3apane 19): 

dc 3 _i_ 

— = /ujc 3 - Ac b c 3 , 
dc B _ „ 

dj. — Kc b c 3 /i B c B . 

0Ty ci-iCTeMy ypaBHemra npi-msiTO Ha3BiBaTB ci-iCTeMon JIoTKi-i-BojiBTepa. 

3aMenaHHe. Hecjionmo noKaaaTB, hto b CTOxacTi-inecKon Mopejm (6 ojib- 
raoe, ho KOHenHoe, ni-icjio bojikob ii 3ann,eB) c BeponTHOCTwo 1 Ha 6 ojib- 
ihi-ix BpeMeHax ci-iCTeMa “cBajii-iTCn” b norjiomaiomee cocTOJrai-ie (6e3 boji¬ 
kob). ripn a tom m-icjio 3ai"ra,eB b stom cocTOJraira jn-i6o 6ya,eT paBHHTBCH 
Hyjno, jii-160 CTpeMi-iTBCH k 6ecKOHenHOCTi-i co BpeMeHeM. ITpn stom ch- 
CTeMa .HoTKii-BojiBTepa i-iMeeT HeTpi-rai-iajiBHoe nojionceHiie paBHOBeci-isi 
(c*, c*) = /K, / K), nBjunomeecsi perarpoM (b OKpecTHOCTi-i KOToporo 

Ci-iCTeMa KOJie6jieTCH c nacTOTOii \Jfxt piT) npiraeM He tojibko b jn-raeiraoM 
npn6jra>KeHHH (jiOKajiBHo), ho i-i rjio6ajiBHO. 9 to cjiepyeT 1-13 KOHcepBaTi-iB- 
HOCTi-i ci-icTeMBi. IlepBBiH i-raTerpaji i-iMeeT Blip 

111 Ca + In c B - K • (c 3 + c B ) = const (c 3 (0), c B (0)). 
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Bee 3 to 03HanaeT Herpy6ocTb cucTeMbi (nyBCTBUTejibHOCTb k B03Mym,e- 

hi-ihm). TaKHM o6pa30M, ,h,jih ,n,aHHOH MO^ejin peaKuyiii CTOxacTHHecKOii 

xHMH'iecKOH KHHeTHKH mh imeeM HenepecTaHOBOHHOCTb nopjmxa b3htiih 

npe^ejibHbix nepexo,a,OB lim lim 7^ lim lim , r^e hiicjio MOJieKyji (areH- 
t—¥00 N—t 00 N —ioo t—¥00 

tob) = bojikob + 3ai"in,eB CTpeMiiTca k 6ecKOHeHHOCTi-i. Cjie,nyeT cpaBHiiTb 
3 to 3aMeHaHiie c 3aMeHaHiieM k 3a^aHe 19, b kotopom npiiBO,n,HTCJi ,a,o- 
CTaTOHHoe ycjiOBi-ie nepecTaHOBOHHOCTii. B ,n,aHHOH MO^ejiH mwkho jiiimb 
roBopiiTb o tom, hto ciiCTeMa (JIoTKii-)BojibTepa annpoKCHMiipyeT coot- 
BeTCTByiomyio MO,a,ejib CTOxacTHHecKOii xhmhh6Ckoh KHHeTHKH jn-iiiib na 
KOHe^HOM npoMexyTKe BpeMemi. 9 tot npoMexyTOK TeM 6ojibme, neM 
6ojibme MOJieKyji (areHTOB). Bojiee toto, ^ynma npoMexyTKa Heorpami- 
neHHO B03pacTaeT c B03pacTam-ieM nucjia areHTOB. 9 tot KOHKpeTHbiii npn- 
Mep paccMaTpiiBajiCH b 6ojibinoM Hiicjie khht, nepeBe^eHHbix na pyccxHH 
H3biK (r. Hiikojiiic-H.P. IIpHi o>KHH, K.B. rap/p-mep, B.B. 3aHr). 

Ecjih paccMaTpi-iBaTb 6ojiee o6in,iie 6nojioriiHecKiie MO,n,ejiH B3aiiMO,n,eH- 
ctbi-ih n Bii,a,OB, to b npocTpaHCTBeHHO o,a,Hopo,ii,HOM cjiynae B03iiiiKaeT 
aHajioriiHHaa CO^Y: 

d Ci 

——- Cifi (Ci, •••, Cn) 5 i 1, 71. 

at 

Ovhkhhh /,; (ci, c n ) na3biBaiOT Ma.tibmy3uaHCKUMU <pyHKv,usiMU. Ecjih 
npe,a,nojio>KHTb, hto h Meei’CH ycTOiinuBoe nojio»ceHHe paBHOBeciiH c = 

= (ci,..., c m , 0,..., 0), to Heo6xo,a,HMO /,; (c) = 0 npn i = 1,to h /, (c) < 0 

v .-' 

n 

npii i = to + 1, 9to 03HanaeT (npirapim SBOJnouyiOHHbiH onTiiMajib- 

hocth), hto 

Ci > 0 cjie^yeT /» (c) = max fj (c) 

j=l,...,n 

hjih, hto to »ce caMoe (sa^ana .npnojiHiiTejibHOCTii, KOTopaa bo mhoit-ix 
B aacHbix npHjiOKeHHHx nepemicbiBaeTca kslk (mohotohhoc) BapiiapnoH- 
Hoe HepaBeHCTBO, KOTopoe b cjiynae noTeHipiajibHOCTii BexTopHoro nojia 
/ nepemicbiBaeTca xax 3a,n,aHa BbinyKjioii onTHMH3an,HH (cm., HanpiiMep, 

3a^any 15)): 


(k ■ ( max^ fj (c) - fi (c)J = 0 . 


Biiojioi HHecKHH cmbicji 3 toto ycjiOBiia 3 aKjiiOHaeTca b tom, hto bbijkhb- 
mne b tom hjih iihom coctohhiiii bh^bi o 6 a 3 aHbi hmctb MaxciiMajibHoe 
3 HaHeHiie MajibTy 3 naHCKiix xo 3 <J>c})Hii,HeHTOB cpe^,ii Bcex noTeHipiajibHO yi,o- 
nyCTHMBIX, BblHIICJieHHblX B 3 TOM COCTOHHIIII. IlMeHHO 3 TII X 03 (|)C[)HIl,HeHTbI 
xapaKTepii 3 yiOT cnjiy bii^ob b ee ,n,apBHHOBCxoM nomiMaHHii. noflpo 6 Hee 
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o6 3 tom h o bo3mo>khhx o6o6m,eHHHx MO*HO nOCMOTpeTb, Hanpi-IMep, B 
yne6HOM nocodnn Pa3»ceBaHXHH B.H. AHajiii3 MO,n,ejieft /ymaMHKii nony- 
. M.: MOTH, 2010. 

Otmctiim, hto nocKOJiBKy MaTpiipa Hxo6n HMeeT BepxHeTpeyrojiBHBiii 
6jIOHHbIH BHfl 


J = 


d(cifi (c)) 


d Cj 



A B \ 

0 D ) ’ 


cneKTp MaTpiipbi (no TeopeMe Jlanjiaca) 3a,n,aeTCH cneKTpoM ,n,Byx no^MaT- 
pnn, A ii D = diag{/j (c)}”_ TO+1 . A™ ycTOHHHBOCTH Heo6xo^HMa n ,n,0CTa- 
TOHHa BHyTpeHHHH ycTOHHHBOCTB (MaTpiinpi A), 03HanaK>m,aH ycToiinii- 
boctb k H3MeHeHiiK) niicneriHOCTeii npncyTCTByK>m,iix b paBHOBecim bh^ob, 
h BHeniHHH (MaTpiipbi D), 03HanaiomaH ycTOHHHBOCTb k npiiBHecemno b 
cncTeMy H3BHe bh^ob, xoTopbie b paBHOBecne He npe^CTaBjieHBi. nocjie^i,- 
Hee 03HanaeT, hto /) (c) < 0 npn i = in + 1, ...,n (Heo6xo^HMoe ycjiOBiie 
ycTonm-iBOCTi'i MaTpiipbi D). 

B nonyjiHpnoHHoii Teopim i-irp paccMOTpeHHOMy BBime npii^aeTCH 
HeMHoro ^.pyraa iiHTepnpeTapiiH. A hmchho c.j - xoHpeHTpanjiH (^ojih) 
nrpoKOB, Hcnojib3yK>m,Hx CTpaTen-no i, gi (ci, c n ) - Bbinrpbim ot iic- 
nojib30BaHHH CTpaTemn i npn 3a,n,aHHbix nponoppiiax. Ka>x,n,biH iirpox 
MO»ceT BbiOnpaTb jiK>6yio H3 n CTpaTemii. TonHee, xajx/jbin nrpox (areHT), 
ncnojib3yiomHii CTpaTeraio i (i = 1 , ...,n), ne3aBHCiiMO ot ocTajibHbix c 
HHTeHCHBHOCTbio A Cj [gj (c) — gi (c)] + , MeHneT cbok) CTpaTernio Ha j / j 
(cHCTeMa npe^CTaBjiaeT co6oi"i MO^ejib c Toxac t h h ec xo h xuMH'iecKOH kii- 

HeTHKH C yHapHblMI-I peaKH,IIHMH H C HenOCTOHHHblMI-I K03(J)4)HH,HeHTaMH 

peaxipift, cm. 3a^,any 15). 

Ecjih hhcjio nrpoKOB CTpeMiiTCH k 6ecxoHeHHOCTH Tax, hto xoppexTHO 
onpe^ejieHbi HanajibHbie xoHu,eHTpau,riri c(0), to xoHpeHTpapnii xoppexT- 
ho onpe^ejieHbi h npn t > 0 (TeopeMa T. KypTpa), npiineM BexTop- 
cjDyHxpiiH c (t) y^,OBjieTBopiieT BbiraicaHHOH paHee CO^Y c /* = gt — g, 

n 

rpp g (c) = ^ Cigi(c), xoTopyio (.zpra 3a,n,aHHoro npoTOxojia) Ha3biBaiOT 

i=l 

duHdMUKou peruiuKamopoe. B Taxon nHTepnpeTapini nojiyneHHoe paB- 
HOBecne npno6peTaeT cmhcji paBHOBeciia Hsipa b nonyTHnyionnon iirpe. 
A npimpim 3BOJiK>H,iiOHHbiii onTHMajibHOCTii mo*ho nomiMaTb xax ycjio- 
Biie paBHOBeciiH no Harny. Bee Heo6xo^,iiMbie ^eTajin hmootoi b xm-ire 

[34]. 

PaccMOTpeHHbiii b 3a^,ane npoTOxoji (cnoco6 H3MeHeHiiH CBoeii CTpaTe- 
rnn) Ha3biBax)T nonapnuM cpaenenueM. Ho mohcho paccMaTpnBaTb ii mho- 
rne ^pyrne npoTOxojibi, cm., HanpnMep, xm-iry W. Sandholm’a [34] ii sa¬ 
lami 14, 15. 06m,en 3aMeHaTejibHon oco6eHHOCTbio npoTOxojiOB, OTpa>xa- 
K>m,nx papnoHajibHOCTb nrpoxoB, HBjraeTCH (npn BecbMa o6m,nx ycjiOBnax, 
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ho He Bcer,n,a - cm., Hanpi-iMep, 3a^,any 14) o^imaKOBOCTb aTTpaKTopa, hto 
moxcho rpy6o ccjjopMyjnipoBaTb Tax: “Bee flopon-i Be^yT b Phm”. To ecTb 
npn BecBMa o6ih,hx ycjiOBiiax, ecjni nrpoKH CTpeMaTca MeHaTb, hcxo^h 113 
Texymiix Ha6jiroflaeMbix KOHu,eHTpau,HH, cboi-i c r rpa r rerHH b CTopoHy yBe- 
jin'ieHHH co6cTBemioro BbiHrpbima, to cooTBeTCTByiomaa CTOxacTiinecKaa 
flHHaMHKa HMeeT HHBapriaHTHyio (cTapiiOHapHyro) Mepy, KOTopaa, nacTO 
KOHH,eHTpiipyeTCH, C pOCTOM HHCJia IirpOKOB, OKOJIO (yCTOHHIIBblx) paBHO- 
Beciiii Hama, MHoacecTBO KOTopbix He 3aBHCHT ot Bbi6paHHoro npoTOKOjia. 
B cboio onepe^b, MHoacecTBO, Ha kotopom KOHpeHTpiipyeTca CTapiiOHap- 
Haa Mepa (b o6m,eM cjiynae sto MoryT 6biTb h ne paBHOBecua Hama, p,o 
KOTOpbIX flHHaMHKa MOHCeT “He flOHTH”, CKajKeM, “3aKpy3KHBHIIICb B H,HKJl”, 
KOTopoMy cooTBeTCTByeT “xpaTep ByjiKaHa” - cm., Hanpi-iMep, 3a^,any 14), 
moxcho paccMaTpiiBaTb Kax aTTpaKTop cooTBeTCTByiomeii CO^Y. 

npe^jioxeHHbiH b 3a^aHe CKeftjiHHr ^.ajieKO He e/],HHCTBeHHO bo3mo>k- 
Hbiii (cm., Hanpi-iMep, 3a^aHy 9). 3^ecb Mbi npiiBe^eM em,e o^iih BapriaHT. 
EcjIII CHI-ITaTb, hto n 3 = k 3 £~ 2 , n B = n B e~ 2 , h npe^nojio>KHTb, HTO 
Haxo/pHni-iecH b o^hom y3Jie bojik h 3aap npopearaipyiOT He mthobchho, a 
c HHTeHCHBHOCTbio K (b ocTajibHOM Tax ace, Kax h paHbrne, c nonpaBKoii, 
hto A 3 := A 3 e -2 , A b := A B £ -2 ), to .zyia jno6oro t > 0 h x € [0, l) 2 
cym,ecTByeT (npn Xi/e < ki < Xi/e + 1, i = 1,2) 

c 3 (t, x) = lim E [n 3 (t; k\, fc 2 )], 

e—> 0 + 

r^e n 3 {t' 1 k\,k2) - hiicjio 3ai"m,eB b momcht BpeMemi t b y3Jie pemeTKii 
c HOMepoM (fci,^) (aHajioniHHO onpe^,ejiaeTca c B (r,x)). ITpiiHeM sth 
cjjyHKHHH yn,oBjieTBopsnoT cjie^yromeii cucTeMe (JIoTKii-BojibTepa c ^h<J)- 
4>y3Heii) ypaBHeHHft peaKpHii-^HcjjcjjysHH: 

dc 3 

— A 3 Ac 3 T /-i 3 c 3 Kc b c 3 , 

q Cb 

.^ A b Ac b T Ac b c 3 fi B c B . 

fleTajiH h o6o6m,eHiia HMeiOTca b CTaTbe MajibimeB B.A., IlnporoB C.A. 
OGpaTHMOCTb h neo6paTHMOCTb b CTOxacTiinecKOH xHMHHecKofi KimeTHKe 
// Ycnexn MaT. Hayx. 2008. T. 63, Bbin. 1(379). C. 4-36. B nacTHOCTu, 
ecjni >KH3Hb u pa3BopaHHBaeTca” Ha d-MepHOM Tope, to H3MeHeHiia 6ynyT 
tojibko b onpe^ejieHiiii naHajibHbix HHCJieHHOCTeft e~ 2 => e~ d . 

11.* (BBe^,eHCKaH-3aMHTHH-MajibimeB.) Ocb x pa36iiTa Ha hhchkh, pac- 
CTOHHiie MejK^y coce^,HiiMH aneftKaMH e. B aneftKax MoryT naxo^HTbca 
nacTiipbi “+” h O/praKO nacTiipbi pa3Horo 3HaKa He MoryT naxo^iiTbca 
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b o,h,hoh jmeftxe, nocKOjibKy MOMGHTajiBHO npopean-ipyiOT h iiCHe3HyT. 
Kansan HacTiipa “+” c iiHTeHciiBHOCTbio A + /e He3aBHCHMO ot ocTajiBHBix 
nepenpBiniBaeT b coce,n,Hioio cnpaBa uneiixy (c 6ojiBmeii xoopfliiHaTOii), 
aHajion-iHHO, xa>xyi,aji aacTHna c i-iHTeHCi-iBHOCTBio A _/e He3aBiiciiMO ot 
ocTajiBHBix nepenpBiniBaeT b coce,n,Hioio cjieBa nnefixy. BBe,n,H njiOTHOCTB 
nncjia nacTiin, (c yneTOM 3HaKa) c(t,x), CHiiTan, hto moxcho xoppexTHO 

x - 

onpe,n,ejiHTB c (0, x) = < ^ ^ ^ , nojiymiTe b npe,n,ejie npn s 

ypaBHem-ie 


0 + 


dc <90 (c) 
dt + dx 


0(c) 


cA + , c > 0, 
|c|A_, c < 0. 


Kax noHHMaTB pemeHne (HanajiBHoii) sa^a'in Koinn ^jih stoto ypaBHe- 
hhh? rioxanaiTe, hto o 6 o 6 m,eiiHoe pemeHne stoii sa^ann Kohiii 6 ya,eT 
HMeTB ya,apHOH bojihbi. Onpe,a,ejiHTe cxopocTB stoii yn,apHon bojihbi 
(cjjopMyjia P ii m a h a-P 3 h x h h a-r iotohiio) . 

3aMenaHHe. ITo,ii,po6Hee 06 o 6 o 6 m,eHHBix pememmx 3 axoHOB coxpaHe- 
hhh, b tom nHCJie ya,apHBix BOjmax, naniicaHO, rianpiiMep, bo BTopoii rjiaBe 
MOHOi pa(])HH BBe^emie b m a r re m a r r h h ec xoe mo; te j r h po b a h h e TpaHcnopTHBix 
noTOxoB. M.: MTTHMO, 2013. 

K coHcajieHiiio, H3-3a Herjia^xocTii b Hyjie (JjyHxpnn 0 (c) HanpuMyio 
HejiB3H iicnojiB30BaTB onncaHHBie b stoii xm-ire napa6oTxn. TeM He MeHee 
ecjin neMHoro crjia^iiTB cjDyHxpino 0(c), HanpiiMep, 3a cneT Taxon 3aBii- 
chmocth A (c) npn MajiBix c, hto A_ (0) = A_|_ (0) = 0, to o6o6m,eiiHoe (no 
Ojieimiix-KpyixxoBy) pemeHne y»ce 6yn,eT onpe^ejieHO xoppexTHO n 6y^eT 
coBna^aTB c cjsopMajiBHO nocHiiTaHHOii (no cjsopMyjie PiiMaHa-PsHxiiHa- 
TioroHHo) yzjapHon bojihoh b nepBOHananBHon nocTaHOBxe. 

12 . (IlrpyrnenHaa MO^ejiB 3BOjnon,nn 01 ,. Kbhjibo.) B aynjiTopini co6pajni 
6ojiBmoe hhcjio CTyzjeHTOB. Kaix^Bifi CTyn,eHT, cooTBeTCTByiom,iiii onpe- 
^,ejiemiOMy 6iiojiornnecxoMy Bimy, iiMeeT npiicnoco6jieiinocTB (hiicjio ot 
Hyjia p,o eflHHHn,Bi). 0(nHaMnxa (sbojhouhh) coctoiit b tom, hto Ha xa>x- 
,zi,om mare BBiOiipaeTcn naiiMeHee npncnoco6jieHHBin bh,h, (cTyn,eHT c naii- 
MeHBmei! npiicnoco6jieHHOCTBio) n em,e xaxne-TO ,n,Ba CTyn,eHTa, xoTopnie 
BBi6npaiOTCJi He3aBiiCHMO n paBHOBeposiTHO. 0 (jiji xaxynpro H3 stiix Tpex 
CTyn,eHTOB cjiynaimo (He3aBi-ici-iMO n c paBHOMepHBiM pacnpe^ejieHiieM Ha 
[0,1]) BBi6npaiOTCJi HOBBie 3HaneHii5i npiicnoco6jieHHOCTen. Onpe^ejiiiM no- 
por npiicnoco6jieiiHOCTH c £ [0,1]. Byn,eM cm rarB, hto hiicjio CTy^eHTOB 
CTpeMiiTCH x 6ecxoHeHHOCTii, a ^ojih CTyn,eHTOB c npiicnoco6jieriHOCTBio 
Hiuxe SToro nopora CTpeMiiTcn x Hyjno. Tor^a c onpe^ejiaeTCH H3 ycjiOBiiH, 
hto nocjie o^Horo mara 3 bojiioh,hh cpe^Hee hiicjio CTyn,eHTOB m-nxe nopora 
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npiicnoco6jieHHOCTi-i He h3M6hhtch. IIoKa>KHTe, hto c= 1/3. Ilpe^nojio- 
>khm, hto b HanajitHbiii momcht BpeMemi Bee CTyn,eHTbi (xpoMe o,n,Horo) 
riMeiOT npHcnoco6jiemiocTH BBirne noporoBoii. JlaBHHa iiaHimaeTCH Tor,n,a, 
Kor,a,a noHBjiaeTCH OHepe,n,HOH CTyn,eHT(-bi) c npncnoco6jieHHOCTbio hii- 
»ce noporoBoii, a 3aKaHHHBaeTCH Tor,n,a, Kor^a ocTaeTCH o^hh CTyn,eHT c 
npncnoco6jieHHOCTBio BBirne noporoBoii. IloKa^KriTe , hto pacnpe^ejieniie 
jiaBHH no ,a,jiHTejiBHOCTH HMeeT CTeneHHoii 3aKOH. 3^ecb iiMeeTCH b Bimy, 
hto ecjin noHa6jiK>,a,aTB 3a CTyn,eHTaMii ,n,ocTaTOHHO mojito h HapricoBaTB 
rpacjuiK nacTOTa BCTpenaeMOCTii jiaBHHbi / ^jiHTejibHOCTb jiaBHHbi, to c 
xopomeii TOHHOCTbio nojiymiTCJi CTeneHHoii 3aKOH c noKa3aTejieM CTenemi 
r = 3/2. 

¥Ka3aHHe. Otmcthm, hto b iicxo^hoh nocTaHOBKe /I. Kbhjibo CTyn,eHTbi 
6buiii pa3Meiu,eHbi Ha OKpyuoiocTH h “em,e ,n,Ba CTyn,eHTa” Bbi6npajiHCb no 
npiimiyiny coce^CTBa c Hai-iMeHee npncnoco6jieHHbiM. O^HaKO 3to 6ojiee 
cjionaraH iiccjie^OBaHHH CHTyapiia. BnponeM, HMeiOT MecTO opeHKii: 
c ~ 0.667, r ~ 1.07, o6ocHOBaHiie KOTopbix Tpe6yeT 6ojiee H3om,peHHoro 
onpeflejieHHH nopora npHcnoco6jiemiocTH. 

Rrm peuiemisi ,n,aHHOH salami BOcnojib3yiiTecb CTeneHHbiM 3aKOHOM 
pacnpeflejiemieM BpeMemi nepBoro B03Bpam,emi5i ciiMMeTpiiHHoro cjiyHaii- 
hoto 6jiynyii,aHHH na npnMoft, cm. 3a^,any 38 pa3^,e.na 5 h o63op Newman 
M.E.J. Power laws, Pareto distributions and Zipf’s law // Contemporary 
Physics. 2005. V. 46, N 5. P. 323-351. Raima, h 3aflana HeMHoro npoacmieT 
o^hh H3 acneKTOB Toro, noneMy CTeneHHbie 3aKOHbi Tan nacTO B03HHKaiOT 
npn om-icarnm 3aBHCHMOCTii nacTOTbi pa3JiiiHHbix KaTacTpocj) ot iix Mac- 
HiTaboB h pH^a /ipyrux 3aBHCHMOCTefi, BCTpenaromuxcH b npiipo^e, cm. 
Ban n. Kan pa6oTaeT npupo^a: Teopiia caMOopram-i30BaHHOH kpiithhho- 
cth. M.: YPCC, 2013. 

13. (Majority rule model.) IIonyjimi,H5i coctoiit h3 N 1 areHTOB, Ka»c- 
^biii H3 KOTopbix HMeeT cmiH (MHeHiie) ±1. Ha Kanc^OM mare cjiynaiiHO 
(He3aBHCHMO ii paBHOBeposiTHo) Bbi6npaiOTCJi Tpn areHTa. Ecjih y Bcex 
areHTOB o^iiHaKOBbiii cnim, to minero He npoiicxo^HT, i-mane 6ojibmiiHCTBO 
(^,Ba areHTa) “yroBapiiBaeT” (3acTaBjuieT) ocTaBiuerocH areHTa noMeHHTb 
CBoii cmiH. OmimiiTe, hto npoiraoimeT c areHTaMi-i no npomecTBiui ,n,o- 
CTaTOHHO 6ojibinoro BpeMeHii. nocTapaiiTecb nojiymiTb KOJiiiHecTBeHHbie 
opeHKii, b tom Hiicjie BpeMemi Bbixo^a b paBHOBeciie. 

3aMeuaHHe. Omicamie 6ojiee o6hi,hx MO^,ejiei"i mohcho naimi b 0630- 
pe Castellano C., Fortunato S., Loreto V. Statistical physics of social 
dynamics // arXiv:0710.3256v2 (2009). Tan »ce, Kan h b npe^biAyuteii 
3a^aHe, MO^ejm ycjioucHJieTCJi, ecjin bbo^htb (npocTpaHCTBeHHo) jiOKajib- 
Hbie B3aHMOfleiicTBHH. B nacTHOCTH, MHoroe 3aBi-ici-iT ot pa3MepHOCTii 
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npocTpaHCTBa, b kotopom pacnojioxeHa pemeTKa co crnmaMii. ^eTajin 
riMeiOTCH, HanpiiMep, b MOHorpacjDini JlnreTT T.M. MapKOBCKiie npopeccti 
c jiOKajiBHBiM B3aiiMO,n,eiicTBiieM. M.: Map, 1989. 

14. * (/InHaMHKa HaHjiynmHx otbctob pnsi nrpbi “KaMeHb -Honoiimbi- 
ByMara”.) IIonyjiHpiiH coctoiit h3 N 1 areHTOB. CTpaTeriieii KaiKAoro 
areHTa HBjiaeTCH Bbi6op KaMHH, ho>khhh hjih 6yMarn. Bbiurpbim (b e^iiHii- 
ny BpeMem-i) areHTa, Bbi6paBmero KaMeHb, ecTb pa3HOCTb [aojih areHTOB, 
Bbi6paBHiiix HO>KHHn,bi] - [aojih areHTOB, Bbi6paBHinx 6yMary], BbibpaBme- 
ro HO>KHHn,bi ecTb pa3HOCTb [aojih areHTOB, BbibpaBHiiix 6yMary] - [aojih 
areHTOB, Bbi6paBHHix KaMeHb], Bbi6paBmero 6yMary ecTb pa3HOCTb [aojih 
areHTOB, Bbi6paBiHi-ix KaMeHb] - [aojih areHTOB, Bbi6paBiHi-ix hojkhhh,bi]. 
ITpn 3tom c Ka>Kyi,biM areHTOM CBH3aH cboh “nyaccoHOBCKiiii 6yn,HjibHiiK”. 
TaKoii 6yn,HjibHHK 3bohiit nepe3 cjiynaimbie (oAHHaKOBO pacnpe^ejieHHbie) 
npoMe»cyTKH BpeMeHH, Kax^biri npoMencyTOK - He3aBiiciiMaH noKasaTejib- 
Ha h cjiynaimaH BejiHHHHa. IlapaMeTp stoii cjiynaHHOH BejiHHHHbi iia3bi- 
BaeTCH napaMeTpoM 6yAHjibHiiKa. OaKTiiHecKii mbi y»ce CTajiKi-iBajnicb c 
nyaccoHOBCKHM 6yn,HjibHHKOM, HanpiiMep, b 3a^,ane “napa^OKC 9peHc|)e- 
ctob” h b ee pacnpeAejiemiOM BapnaHTe. Bee 6yn,HjibHiiKii HMeiOT oah- 
HaKOBbiii napaMeTp. Kor^a Sy^iuibHiiK 3bohiit, areHT Bbi6npaeT iicxoah 
H3 TeKyipeii CHTyapiiii KaMeHb, hokhhuh iijih 6yMary, HTo6bi nojiymiTb 
MaKCHMajibHbift BbiurpbiiH (best response protocol; flHHaMHKa HaHjiynninx 
otbctob). OnHHiHTe, hto npoii30HAeT c areHTaMii no npomecTBiiii po- 
CTaTOHHO 6ojibinoro BpeMeHH. IIocTapaHTecb nojiymiTb KOJiimecTBeHHbie 
OH,eHKH. 

3aMenaHHe. Jlpsi pemeHiiH 3 toi“i ii cjieAyromeii salami peKOMeHAyeTCH 
nocMOTpeTb MOHorpacJniio [34]. IlHTepecHO OTMeTiiTb, hto b stom npi-i- 
Mepe ecTb nyBCTBiiTejibHOCTb k Bbi6opy “pa3yMHOi"i” flHHaMHKH. 9to b 
H eKOTopoM CMbicjie HeTiinHHHO, ecjiii pens n^eT o cxoahmoctii k e^,iiH- 
CTBeririOMy paBHOBecnio, KaK b ^aHHoii 3a^,ane. CnaiKeM, pjis nonyjiHp- 
hoh b nonyjraii,HOHHOH Teopiiii iirp /pmaMiiKH penjniKaTopoB b npe^ejie 
N —> oo (stot npe^eji HynceH, hto6h mojkho 6bijio CMOTpeTb Ha CTOxacTii- 
necKyio ^iiHaMiiKy, KaK Ha ^eTepMiiHiipoBaHHyio) KOHH,eHTpan,HH areHTOB, 
ncnojib3yiOHi,Hx pa3Hbie CTpaTernn, 6ynyT K0Jie6aTbCH BOKpyr paBHOBeciin 
(1/3,1/3,1/3), h jiiiHib b ne3apoBCKOM CMbicjie 6ynyT cxoahtbch k 3T0My 
paBHOBeciiio. 

15. (Mo^ejib paBHOBecHoro pacnpeAeJieHHH TpaHcnopTHbix noTOKOB.) 

OpiieHTiipoBaHHbiH rpac]) T = (V, E ) - TpaHcnopTHaa ceTb ropo^a 

(V - y3Jibi ceTii (BepiHiiHbi), E C V x V - Ay™ ceTii (pe6pa rpacjia)). 
IlycTb W = {w = (i,/) : i,j (z V} - mhojkoctbo nap hctohhhk-ctok; 
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p = {i>i, V 2 , v m } nym H3 Bepmirabi v\ b v m , ecjin (vk,Vk+i) € E, 
k = — 1; P w - MHOxecTBO nyTeft, OTBenaromiix xoppecnoH- 

Aempni w = ( i,j ) £ W (T.e. MHO>xecTBO nyTeft, naniiHaiomiixcH b b 
Bepmime i h 3axaHHHBaioiii,HxcH b Bepmime j); P = \ J wGW P w ~ co- 
BOKynHOCTb Bcex nyreii b cem F; x p - Bejn-iHima nomxa no nym p, 
x = {x p : p € P}; y e ~ BejinniiHa nomxa no Ayre e: y e = ^Z S ep x p , 

p&p 

{ 1 €■ £ T) 

Q e (£p {y = ®x, Q = { S ep} eeEtPe p); T e (y e ) - yn,ejn>- 

Hbie 3aTpaTbi na npoe3A no Ayre e (rjiaAxne Hey6biBaK>m,ne <J)yHxn,nn); 
G p {x) G p ( x ) = ZZ r e (Ve) $ep ~ yAenbHbie 3aTpaTbi Ha npoe3A no nym 

e£E 

p, G ( x ) = {G p (a;) : p £ P} (G (x) = 0 T r (y)). IlycTb H3Becma MaTpnpa 
xoppecnoHAeHn,HH {d w } w£W (dkj ~ cxojibxo areHTOB nepeMeipaeTCH H3 
BepmiiHbi i b Bepnii-ray j). TorAa BexTop x, xapaxTepirayiomHH pacnpe- 
Aejienne noTOxoB no nymM, AOJnxeH jiejxam b AonycTHMOM MHO>xecTBe: 

X = <£>0: JZ x p = d w , w £ W > . PaccMOTpiiM nrpy, b xoTopoii 

( p&p w ) 

xancAOMy ajieMeHTy w £ W cooTBeTCTByeT cboh, AOCTaTonHO 6ojibmoii 
(d w 1), Ha6op OAHOTnnHbix areHTOB (“chahiahx Ha xoppecnoHAeHn,ini 
w v ). MHoaxecTBOM hiictbix CTpaTernii xajxAoro Taxoro arema HBjineTCH 
P w , a Bbinrpbim (noTepn co 3HaxoM Mirayc) ot ncnojib30BaHHH CTpaTernn 
p £ P w onpeAeJineTcn cjaopMyjion — G p ( x ). riepeonpeAejiiiM napaMeTpbi 

MOAejin 


d w = d w M (M > 1), x = x/M, y = y/M , T e ( y e ) = r e (y e /M). 


a)* IIoxaaxHTe, hto npn M —» oo AimaMiixa Hanjiynmnx otbctob 
h 3 npeAHAyn^eii 3aAann “npiiBOAHT” x paBHOBeci-no x* Hama-BapApona, 
xoTopoe ajih AanHon nrpbi 3arpy30x (a CTajio 6biTb, noTeHn,najibHoii nrpbi) 
cboahtch x 3aAane Bbinyxjioii onTHMH3an,HH (noTeHpnajia): 


Ve G) 


v ( y 0 )) = Y 


: {z) dz ■ 


e£E 


mm. 

xGX 


6) (9HTpom-iHHaH peryjiHpn3an,HH.)** Jlerxo npoBepiim, hto ecjin 
T e (') > 0, e £ E, to paBHOBecHoe pacnpeAeJiemie noTOxoB no pe6paM 
y * eAHHCTBeHHO (cm. n. a)). Ho sto em,e He rapaHTnpyeT eAHHCTBermocTn 
x* (HanoMHHM cbh3b: y {x) = Qx). KorAa paBHOBecHbix pacnpeAenemin 
noTOxoB no nymM MoaxeT 6bim mhoto, to HyaxHO noHHTb, a xaxoe H3 
3thx paBHOBecnii Bce-Taxn peajni3yeTCH Ha npaxmxe (ecjin peajin3yeTCH, 


173 



Be^b mcmkbt 6biTb, HanpiiMep, hii k neMy rie cxo^snueeca 6jiy:ayii,aHHe no 
paBHOBecHOMy MHOxecTBy). IIpeflnojionaiM, hto KajK^bift areHT He3aBiicii- 
mo npiiHHMaeT pememra na ocHOBe TeKymeii 3amyMjieHHoii nH<J)opMannn 
arg max {— G p ( x ) + £ p }, iyje £ p nesaBiiciiMbie o^imaKOBO pacnpe,n,ejieH- 

P&Pw 

Hbie cjiynaiiHbie BejniHiiHbi c HyjieBbiM MaTeMaTiinecKiiM o>kh/[, a h h e m h 
orpaHHHeHHoii ^ncnepcneii. Byn,eM cmiTaTb, hto £ p HMeiOT pacnpe,n,ejie- 
Hne TyM6ejiH (cm. 3a^,any 25 pa3^ejia 3): P (£ p < £) = exp {— 

E « 0.5772 - KOHCTaHTa 3iuiepa, a = a 2 it 2 /d>. IIoKanaiTe, hto npn 
M —> oo Taxan /pmaMiiKa (ee Ha3biBaiOT HMHTapHOHHaa j i o r h T-/t h h a m h Ka) 
npiiBO^HT k CTOxacTiinecKOMy paBHOBecmo, KOTopoe onpe^ejiaeTCH kslk 
e^iiHCTBeHHoe pemem-ie ciijibho BbinyKjioii (b 1-HopMe) 3a,n,aHii onraMH- 
3an,HH: 

^ (y ( x )) + a V' V' x p In (x p /d w ) -4 min . 

ZZ ' x£X 

wgw P eP w 

Ecjih a —y 0+, to pemeHne otoh salami cxo^htch k 


x 


* 


arg 


min 

x£X: Qx—y 


E E x p In ( x v ld w ), 

w£W p€.P w 


r^e y* = arg min 'P (y). 

y—Qx, xEX 

3aMenaHHe. Pacnpe^enemie noTOKOB no nyTHM x = {x p } £ X 
Ha3biBaeTcn paBHOBecneM (Hsma-Bap^pona) b nonyjiHn,HOHHoii nrpe 
{{xp\ £ X, {G p (x)}), ecjin H3 x p > 0 (p £ P w ) cjie^yeT G p (x) = 
= min G q (x). Hjih, hto to »ce caMoe: 


rjir jik>6bix w £ W, p £ P w BbinojiHaeTCH 
x p ■ ^G p (x) — min G q ( x = 0. 

B 3Toii 3a^aHe HMeeTCH pjm momchtob, KOTopbie CBH3aHbi c bo3mo>k- 
HOCTbio ocym,ecTBjieHHH npe^ejiBHoro nepexo^a no nncjiy areHTOB, CTpe- 
mhiuhxch k 6ecKOHeHHOCTii, n Tpe6yK>T HexoTopbix flonojiHHTejiBHbix oro- 
BopoK. ^eTajm hmciotch, nanpiiMep, b ynce ynoMHHaBmeiicH KHiire [34] 
(b oco6ennocTH ctoht o6paTHTb BHi-iMaHi-ie Ha TeopeMy 11.5.12). 9Ta 3a- 
^,ana MoaceT 6biTb o6o6m,eHa Ha MHorocTa^niiHbie TpaHcnopTHbie MO^ejin, 
KOTopbie ceftnac nonyjinpHbi Ha npaKTHKe: 

racmiKOB A.B. 3(J>4)eKTHBHbie HiicjieHHbie mcto^bi noncxa paBHOBecnii 
b 6ojibmnx TpaHC-nopTHbix cerax. ^nccepTapna Ha coiiCKamie CTenemi 
^.cJd.-m.h. no cnepiiajiBHOCTH 05.13.18 - MaTeMaTimecKoe MO^ejiiipoBamie, 
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HiicjieHHbie MeTopni, KOMnjieKCBi nporpaMM. M.: MOTH, 2016. - 487 c. 
http: // arxiv.org / find /all/1 / all: +gasnikov/0/l/0/all/0/l 

Om-icaHHaH b stoh sapane 3amyMjieHHaH pimaMiiKa Haiuiynmiix OTBe- 
tob iirpaeT Banmyio pojin npii onncaHHH noBepemra orpaHiineHHO paupo- 
HajiBHBix areHTOB: Andersen S.P., de Palma A., Thisse J.-F. Discrete choice 
theory of product differentiation. Cambridge: MIT Press, 1992, a TaK»ce 
[34]. 

16.* (9bojhoh,iih PHK no B.P PepBKO.) /Jjih npocTOTBi paccyscpemiH 
npe^CTaBHM MOJieKyjiy PHK S b Biipe nocjiepoBaTejiBHOCTii 6 iitob pjihhbi 
N 1. B CHCTeMe HMeeTCH n ( N < n C 2 s ) MOJieKyji PHK. B nanajiB- 
HBiii MOMeHT Bee MOJieKyjiBi iiHiin,iiajiH3iipoBaHBi He3aBiiciiMO h cjiynarmo 
(h3 paBHOMepHoro pacnpepejiemiH). BypeM cmiTaTB, hto caMan npucno- 
co6jieHHaa MOJieKyjia So - sto MOJieKyjia, cocTOHipaH H3 o^hiix HyjieBBix 
6 i-itob. Ee npncnoco6jieHHOCTB / (So) = 1. npi-icnoco6jieHHOCTB MOJieKyjiBi 
S ecTB / (S) = exp (—p (S, So)), rpe p - paccToamie XsMMirara. /^iraaMiiKa 
ciiCTeMBi MOJieKyji b priCKpeTHOM BpeMemi 3aKjiK>naeTCH b cjiepyiomeM. 
OTbnpaiOTCH n oco6efi b HOByio nonyjijnpiio, nocpepcTBOM n iie3aBiicii- 
mbix reHepapnii H3 pncKpeTHoro pacnpepejiemiH c BeponTHOCTHMi-i iicxopoB 
~ {/ (S fc )}fc =1 (ecTecTBeHHBin ot6op). /Hajiee b nojiymiBmeiicH nonyjijnpiH 
Kancpniii 6 iit Kaxpoii MOJieKyjiBi He3aBiiciiMO nopBepraeTcn cjiynanHon My- 
Tan,HH. BepoHTHOCTB MyTapHH P ~ 1/iV. noKanciiTe, hto nocjie T = O (N) 
maroB 6yn,eT hbhbim poMiiHiipoBaHiie Han6ojiee npiicnoco6jienHoro Biipa. 
/Ipyi’HMH cjiOBaMii, c 6ojiBmoii BeponTHOCTBio 6ojiBmaa nacTB MOJieKyji 
6ypeT HMe'i’h nonra Bee cboi-i 6iitbi HyjieBBiMH. nojiymiTe KOJinnecTBermBie 
opeHKii k nocnepHeMy yTBepncpemno. 

3aMeHaHHe. no noBopy nocTaHOBKii 3apann h ee OKpecTHOCTeii cm. 
PepBKO B.r. 9bojiioh,hh, HefipoHHBie ceTH, HHTejijieKT: Mopejin h koh- 
nennHH 3 bojiioii,hohhoh KnSepHeTHKH. M.: YPCC, 2013, a TaKnce 9iireH 
M., IHycTep n. rmiepuHKji. npimpimBi caMOopraHiraapiiH MaKpoMOjieKyji. 
M.: Mnp, 1982; Dyson F. Origins of live. Cambridge University Press, 
2004; Pe3ep(J)opp A. Bnorpacjmn >kh3hh. Ot nepBoii rjictkii po reHHoii 
HH>K6HepHH. M.: Biiiiom, 2016 n nonyjmpHBie khhi h ii BBiCTynjiemiH A.B. 
MapKOBa (p.6.H., MTY) Ha TeMy nponcxoncpeHiiH >kh3hh h 3bojhoh,hh. 
JXjisl opeHKii CKopocTii cxopHMOCTH (mixing time) b stoh h ppyrnx 3apanax 
peKOMeHpyeTcn ncnojiB30BaTB MOHorpacJniio [36]. 

Ecjih (JjyHKpiiii npncnoco6jieiiHOCTH MHorosKCTpeMajiBHan, a Tpe6y- 
eTcn HaftTH rjio6ajiBHBiii MaKCiiMyM, to omicaHHyio b 3apane pi-maMi-i- 
Ky mo>kho noHHMarh kslk opim H3 BapnaHTOB reHeTiinecKoro ajiropiiT- 
Ma, cnoco6Horo Haft™ rjio6ajiBHBiii MaKCiiMyM. npn stom b reHeTiine- 
CKi-ix ajiropiiTMax CTaparoTCH BBibupaTB n Ha rpaHi-ipe ycnoBiin N <C n, 
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BnjiOTb ,zi,o n ~ N. Xoth reHeTiiHecxne ajiropiiTMbi BecbMa nonyjnipHbi 
b 3a,n,aHax rjio6ajiBHOi"i onTHMH3an,HH (cm., Hanpi-mep, Zhigljavsky A., 
Zilinskas A. Stochastic global optimization. Springer Optimization and Its 
Applications, 2008), o,n,Haxo 06 hx cxo^hmocth (TOHHee 06 opeHxax cxopo- 
cth cxo^hmoctii) i-i3BecTHO He Tax MHoro. Bee >xe, HexoTopbie pe3yjibTaTbi 
ecTb, cm., HanpiiMep, CTaTbio Cerf R. Asymptotic convergence of genetic 
algorithms // Adv. Appl. Prob. 1998. V. 30, N 2. P. 521-550. 

17. (9bojiioh,iih PHK c peKOMbi-iiiapi-iHMH, ho 6e3 OT6opa.) a)* ^jih npo- 
CTOTbi paccyHc^eHHH paccMOTpiiM MOJiexyjiy PHK S xax penonxy 6iitob 
^jniHbi N. B CHCTeMe iiMeeTCH n 2 N MOJieKyji PHK. B HaHajibHbiii 
MOMeHT Bee MOJieKyjibi iiHim,HajiH3HpoBaHbi He3aBiiciiMO h cjiynaimo (h3 
paBHOMepHoro pacnpe^eneHiiii). C HHTeHCiiBHOCTbio A KajK^biii 0 6iit 
xanynpii MOJieKyjibi He3aBiiCHMO ot ocTajibHbix npeBpamaeTCH b 1 6iit, 
a c HHTeHCiiBHOCTbio /.i Hao6opoT. Mohcho ce6e npe^CTaBiiTb, hto c 
xanynpii MOJieKyjioii mohcct nponcxo^iiTb 2 N pa3jiiiHHbix TimoB peaxipm, b 
pe3yjibTaTe peaxipm mchhctch o^iih 113 6htob (cooTBeTCTByiomeii ^aHHoii 
peaxnnn). Kajx^oii MOJiexyjie h xanygOMy Timy peaxpiiii cooTBeTCTByeT 
cboh nyaccoHOBCxiiii by^ruibHiix. Kor^a 6ya,HjibHHx 3bohht, nponcxo^iiT 
cooTBeTCTByiomaH peaxpira. CniiTaeM Taxnce, hto xanynpii nape MOJiexyji 
x h y cooTBeTCTByeT 2 N o^HOTimHbix peaxpuii (pexoM6iraapHii). Peax- 
h,hji 3axjiiOHaeTCH b tom, hto xaxoii-TO (JiparMeHT xi (penoHxa 6htob, 
He o6n3aTejibHO H/tymiix no.npjm) o^hoii MOJiexyjibi xomipyeTCH h 3a- 
MeHneT cooTBeTCTByiomiiii ynacTOx yi b ^pyroii MOJiexyjie. HHTeHCiiB- 
HOCTb TaxHx peaxpiiii iiojio>xhm ii3BecTHoii 0 < </>(a ~ i , yi ) < 1, npnneM 
4> (xj, yj) = (f> ( yi , x{). 06o3HaHiiM nepe3 Hk (t) - aojiio MOJiexyji c hhcjiom 
e^HHHHHbix 6htob paBHbiM k. OmimiiTe noBe^einie cucTeMbi MOJiexyji b 
TepMHHax /ifc (t) Ha 6ojibmnx BpeMeHax. Otmcthm, hto noBe^emie cucTe- 
Mbi He 3aBiiciiT ot Bii^a cjryHxpHH (f>(xi,yi). PaccMOTpiiTe cjiynaii, xor^a 
A = 1, n = 2. nocTapaiiTecb nojiyniiTb xojiiiHecTBeHHbie on,eHxn. 

6)** npe,n,.jio:>xHTe Taxoe o6o6m,eHiie MO^ejin H3 n. a), b xotopom 
6bi y HiiTbiBajicn ecTecTBeHHbiii ot6op (hjih Taxoe o6o6m,eHiie MO^ejin H3 
npe^bi^ymeii 3a^aHH, b xotopom yniiTbiBajiacb 6bi pexo m 6n h an h h ) h xo- 
Topoe no3BOjuieT aHajiHTHHecxn uccjie^OBaTb noBe^emie na 6ojibmnx Bpe¬ 
MeHax. 

3aMenaHHe. ^I,jih jiynmero iiohhm aH hm nocTaHOBxn stoii 3a^,aHii npo- 
CMOTpiiTe h,hxji He^aBHiix pa6oT S.A. Pirogov, A.N. Rybko h ,np. na 
arxiv.org. Jlna pemeHiia .gaHHOii salami nojie3HO BbimicaTb c noMom,bio 
TeopeMbi T. KypTpa (BnponeM, 3Ta TeopeMa nojie3Ha npaxTHHeexn bo Bcex 
“3BOJiioii,HOHHbix” sa^anax) CHCTeMy 2 N HejiHHeftHbix ^,iKj3c]3epeHii,HajibHbix 
ypaBHeHiiH Ha ji^ (i), rpp (t) — ^ojih MOJiexyji c Ha6opoM 6htob x. 
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0Ta ciiCTeMa nojiynaeTca npii npe^ejitHOM nepexo,n,e n — > oo b npe,a,- 
nojioJKeHHH, hto b HanajitHbiii momcht cyipecTByiOT cooTBeTCTByromiie 
npe,n,ejiBHBie nponoppiiii ji x l (0). ^eTajni cm. b [33]. 

18.* (IlyaccoHOBCKaH ninoTe3a.) IlMeeTca N 3aaBOK h M cepBepoB c 
npope^ypoii o6cjiy»aiBaHiiH FIFO. Ilocjie o6cjiy»aiBaHiiH Ka»pi,aa 3aaBKa 
c paBHoii BepoHTHOCTBio OTnpaBjiaeTCH na pnym H3 cepBepoB. BpeMeHa 
o6cjiy>KiiBaHiiH 3aaBOK — He3aBiiciiMBie o^,iiHaKOBO pacnpe^ejieHHBie c.b. 

OO 

c 4 j-P- F ( x ), H = f xdF(x). IIpeAnojio>Ki'iM, hto N —>■ oo, M/N —>• A. 
o 

IIccjie^yiiTe noBe^eHiie ciiCTeMBi Ha 6 ojibihi-ix BpeMeHax. 


3aMeHaHHe. ,ZI,aHHaa 3a^,ana aBjiaeTca nacTHBiM cjiynaeM 6ojiee o6m,ero 
Kjiacca 3a^aH, b kotopbix ii3yHaiOTca ceTii (MaccoBoro o6cjiy}KHBaHHa) 
,H,>KeKCOHa (h hx o6o6m,eHHa) npn TepMO^HHaMiinecKOM npe^ejiBHOM ne- 
pexo^e, cm., HanpHMep, h,hkji pa6oT A. Rybko, S. Shlosman Ha arxiv.org. 
Otmcthm b stoh cbh3h HHTepecHBie iiccjie^OBaHHH (J)a30Boro nepexo^a b 
TaKHx ceTHx (cm. npHjiojKeHHe A.A. 3aMaTima, B.A. MajiBimeBa b KHiire 
BBe^eHiie b MaTeMaTiinecKoe MO^ejiiipoBaHiie TpaHcnopTHBix noTOKOB. M.: 
MIJHMO, 2013). O/praKO y npHBe^eHHOH 3a^aHH ecTB oco6emiocTB - 
BpeMH o6cjiy>KHBaHHH, BOo6m,e roBopa, He npe^nojiaraeTca SKcnoHeHipi- 
ajiBHBiM. Boo6ru,e 3Ta 3a^aHa oneHB noKa3aTejiBHa bo MHomx OTHOineHiiax 
(cm. CTaTBio A.H. Pbi6ko b 4-m HOMepe ‘Tjio6yc”). 


19. (TeopeMa rop^OHa-HBKOjuia h PageRank.) a) IlMeeTca N 1 
nojiB30BaTejieii, KOTopnie cjiyHaimo (He3aBiiciiMo) 6jiy3K,n,aiOT b HenpepniB- 
hom BpeMemi no opiieHTiipoBaHHOMy rpacjay c spro^imecKOH HH(J)HHHTe3H- 
MajiBHoii MaTpHH,efi A. HaaoBeM BeKTop p (h3 e^iiHiiHHoro ci-iMnjieKca) 
PageRank, ecjin A p = 0. 06o3Ham-iM nepe3 n, ( t ) hiicjio nojiB30BaTejiei"i Ha 
i- ft CTpaHiipe b MOMeHT BpeMeHii t > 0. noKaacriTe , hto n ( t ) aci-iMnTOTi-i- 
necKH HMeeT MyjiBTHHOMi-iajiBHoe pacnpe^eneHiie c BeKTopoM napaMeTpoB 
PageRank p, T.e. 


lim P (n ( t ) 

t—>o O 


= n ) ~ n 

i 


( P *r 

nil 


Cae^OBaTejiBHO (HepaBeHCTBO XecJypiHra b riuiB6epTOBOM npocTpaHCTBe, 
cm. HacTB 2), 


lim P 

£—>•00 


n(t) 

N 


-P 


> 


2y / 2 + 4 v / ln(g- 1 )' 
y/N 


< a. 


6) IIojiyHHTe tot *e pe3yjiBTaT, hto Bn. a), paccMOTpeB cooTBeTCTByro- 
ruyio CHCTeMy yHapHBix xiiMiinecKiix peaKipift. Ilepexo^i, o^Horo H3 nojiB30- 
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BaTejieii H3 BepmiiHBi i b Bepinimy j 03HanaeT npeBpamemie o,h,hoh MOJie- 
KyjiBi BeipecTBa i b o,a,Hy MOJieKyjiy BeipecTBa j , n.j ( t ) - hiicjio MOjieKyji i-ro 
Tima b MOMeHT BpeMemi t. Kaaynpe pe6po rpacjja cooTBeTCTByeT onpe,n,e- 
jieHHoii peaKpHH (npeBpamemno). IlHTeHCiiBHOCTB peaKipiii onpe^ejiaeTCH 
MaTpHn,eft A h hhcjiom MOjieKyji, BCTynaiomiix b peaKipno (3aKOH p,ei"iCTBy- 
K>Ln,nx Macc). IIoKa>KiiTe, hto ycjiOBiie A p = 0b tohhoctii cooTBeTCTByeT 
ycjiOBiiio ym-iTapHOCTiT b CTOxacTiiHecKoii xiiMmiecKOii KimeTi-iKe (o6o6m,e- 
hiik) ycjiOBiia ,a,eTajiBHoro 6ajiaHca, npep,jio:>KeHHoro b 2000 r. BaTiimeBOH- 
BefleHsmiiHbiM h He3aBiiciiMO MajiBimeBBiM-IIiiporoBBiM-PBi6KO b 2004 r.). 

3aMenaHHe. rio n. a) nojie3HO nocMOTpeTB MOHorpacjDino Serfozo R. 
Introduction to stochastic networks. Springer, 1999, a no n. 6) CTaTBio 
FacHi-iKOB A.B., r acmiKOBa E.B. 06 3HTpomn“iHO-no,n,o6HBix (JjyHKpnoHa- 
jiax ... // MaTeMaTH'iecKue 3aMeTKii. 2013. T. 94, A 2 6. C. 816-824 
h piiTiipoBaHHyio TaM jniTepaTypy. C npi-iMepoM 6ojiee o6hi,hx peaKipiii 
mohcho no3HaKOMHTBCH, nanpiiMep, no 3ap,ane “Ki-meTi-iKa copnajiBHoro 
HepaBeHCTBa”, b KOTopoii peaKipm 6iiHapHBie. Otmctiim, hto ecjni boc- 
nojiB30BaTBca TeopeMoii CaHOBa o 6 ojibiiii-ix yKjiOHemiax (cm. 3a^auy 58 
pa3^ejia 5) p,jia MyjiBTiiHOMHajiBHoro pacnpe^,ejiemiH, to nojiyniiM 

+ > 

r,ne Vi = rii/N, \R\ < y (In AT + 1). 0^,HaKO nocjie^yrorpee npiiMeHemie 
HepaBeHCTBa IlHHCKepa (cm. HacTB 2) He ,n,aeT HaM paBHOMepHoii no m 
on,eHKH b 1-HopMe. Kan h ojKH^ajiocB, BBim-icaHHaa b 3a^3,ane opeHKa b 
2-HopMe (npaBaa uacTB HepaBeHCTBa no,n, BepoaTHOCTBio) h tslk nojiyneH- 
Haa opeHKa b 1-HopMe, 6yayT OTjnmaTBca no nopa,n,Ky npii6jiH3HTejiBHO 
b yfrn pa3, hto cooTBeTCTByeT TiiniiHHOMy cooTHomeHiiio Meacpy 1- h 
2-HopMaMH (cm. 3ap,any Ha TeopeMy B.C. Kamiraa o nonepenHi-iKax b 
H acTi-i 2). Cjiobo “tiihhhho” 3,n,ecB OTBenaeT, rpy6o roBopa, cn r ryannn, 
Kor^,a KOMnoHeHTBi BeKTopa o^Horo nopa^Ka. /I,Jia mhoi hx npujiOKCHHu, 
r^e B03Hi-iKaiOT npe^ejiBHBie kohc})hi ypart hh (KpiiBBie), onHCBiBaromiieca 
BeKTOpOM C OrpOMHBIM HHCJIOM KOMnOHCHT, IIMeeT MeCTO 6BICTpBlii 3a- 

koh y6niBaHHa stiix komhohcht. Hanpi-mep, ,zyia HeKOToporo o6o6m,e- 
Hiia (cm. PaiiropoflCKHH A.M. Mo^ejin IlHTepHeTa. flojironpyn.HBiii: Hap,. 
,Z(om “HHTejuieKT”, 2013) MO^ejin Bapa6amir-AjiB6epT cjiynaiiHoro pocTa 
rpacjra IlHTepHeTa BeKTop PageRank c xopomeii tohhoctbio h c bbicokoh 
B epoaTHOCTBio HMeeT KOMnoHeHTBi, y6niBaiOHi,He no CTeneHHOMy 3aKOHy. 
Ecjiii b 3thx npnjiojKeHHax B03Hi-iKaeT MyjiBTiiHOMiiaaBHoe pacnpe^enemie 
c TaKi-iM BeKTopoM, to npn H3y'ieHHH KOHii,eHTpaii,HH 3Toro pacnpe^ejieHiia 


N\ 


n i! 


- n ni 

\Pi 


. , 

= exp | -N 2_^ Vi In (z^/p*) 
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npe,n,noHTHTejibHee CTaHOBiiTca no^xo^i, c 1-HopMoft (cm., nanpiiMep, 3a^a- 
ny 4 “KimeTHKa copnajiBHoro nepaBeHCTBa”). 

K n. 6) mojkho npHBecTH cjie^yromee o6o6meiine. rtpe,n,nojic»Ki-iM, hto 
HexoTopaa MaxpocucTeMa mojkct Haxo^iiTBca b pa3JiiiHHBix cocToamiax, 
xapaKTepii3yeMBix BexTopoM n c HeoTpim.aTejiBHBiMii H,ejiOHiicjieHHBiMii 
KOMnoHeHTaMH. ByzjeM cniiTaTB, hto b ci-iCTeMe npoiicxo^piT cjiynaimBie 
npeBpameHiia (xHMHHecxne peaxpini). 

IlycTB n —> n — a + /3, (a, (3) £ J - Bee B03MO>xHBie ti-iiibi peaxpiiii, r^e 
a h /3 - BexTopa c HeoTpim,aTejiBHBiMii H,ejiOHiicjieHHBiMii xoMnoHeHTaMii. 
BBe^eM HHTeHCiiBHOCTB peaxpHH: 

A(a,/ 3 ) (n) = \( a ,p) (n-> n - a + /3) = 

= N ? 'K% m ■ ... ■ (rii - an + 1), 

i: a*>0 

r,n,e Kp > 0 xoHCTaHTa peaxpiin; npii stom YYhLi n i (t) = N 1. ^pyrn- 
mh cjiOBaMii, \( a ,0) ( n ) - BeposiTHOCTB ocymecTBjieHiia b eflHHHpy BpeMemi 
nepexo^a n —> n — a + /3. 3,n,ecB He npe,n,no.iiaraeTca, hto hiicjio coctohhiih 
to = dim n h hiicjio peaxpiiii \J\ He 3aBiicaT ot Hiicjia areHTOB N. TeM 
He MeHee ecjin minero He H3BecTHO npo paBHOBecHyio xoHcjDiirypapiiio c* 
(Tima 6biCTporo y6BiBaHiia xoMnoHeHT stoto BexTopa), to ^.onojiHiiTejiBHO 
npe^nojiaraeTca, hto m -C N - sto HyixHO .zpia o6ocHOBaHiia bo3mojxho- 
cth npiiMeHeHHH cjjopMyjiBi CTHpjiHHra npii nojiyneHHH BapiiapnoiiHoro 
npimpima (MaxciiMyMa shtpoiihh) ,n,jia oiiHcaHHir paBHOBecua Maxpocn- 
CTeMBi c* (b xoHii,eHTpaii,iiOHHoii (JiopMe). O^Haxo nacTO anpuopHO mojxho 
npe^nojiaraTB (anocTepnopHO npoBepim), hto xoMnoHeHTBi BexTopa c* 
y6biBaiOT dxiCTpo, Tor^a sto ycjiOBiie mojxho ot6pociitb. Tax, HanpiiMep, 
o6ctoiit ^.ejio c “Khhcthxoh copiianBHoro nepaBeHCTBa”. 

Bo3HHxaiOHi,HH MapxoBCXHft npopecc cniiTaeTca Hepa3Jio>xiiMBiM. fla- 
jiee npiiBO^iiTca TeopeMa (bo mhotom ycTaHOBjieHHaa b 1999-2005 rr. 
b pa6oTax 51.T. BaTiimeBoii, B.B. Be^eiianima, B.A. MajiBimeBa, C.A. Ilii- 
poroBa, A.H. Pbi6xo). 

а) (/x, n (t)) = (/i, n (0)) (inv) -4=> /i opToroHajieH xa>xyi,OMy BexTopy 
ceMeiicTBa {a — P}( a p\ e j ■ 

б) (T. KypTii,.) Ecjih cyipecTByeT 

lim n(0)/N = c (0), 

N—>o o 

r,n,e Kp := Kp ( n/N ) , a m h \J\ He 3aBiicaT ot N, to ^pia jno6oro t > 0 c 
BepoaTHOCTBio 1 cyipecTByeT 

lim n(t)/N = c(t), 

TV—5oo 
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r^e c(t) - He cjiyHaimaH BexTop-cJjyHxpHH, y^OBjieTBopsnomaa CO,Zl,y 

r yjib^6epra-B aare: 

5 = e ( rB ) 

(a,/3)eJ j 

rimepnjiocKOCTB (inv) (c OHeBi-mHOil 3aMeHOi“i n Ha c) iiHBapnaHTHa 
OTHOCHTejiBHO 3TOH flHHaMHKH. Bojiee Toro, cjiyHaHHBiii npopecc n(t)/N 
cjia6o cxo,h,htch npn N —> oo k c (t) Ha jik> 6 om kohchhom OTpe3Ke BpeMemi. 

OTMeTIIM, HTO B KaKOM-TO CMBICJie JXII3HB HejIHHeilHOH ^HHaMine- 
ckoh cncTeMBi onpe^ejiaeTCH j t h h e h h bimh 3axoHaMH coxpaHeHira, yHacjie- 
^OBaHHBiMH eio npn CKeiuiiiHre (xaHOHiinecxoM). 9 tot Te3iic HMeeT, no- 
BHflHMOMy, 6ojiee mnpoxoe npiiMeHemie (cm. pa6oTBi BefleHsmim B.B.). 

b) IlycTB BbinojiHHeTCH ycjiOBiie ymiTapHOCTH (oneBii^HO, hto £, yn,o- 
BJieTB0pHK>HI,HH yCJIOBIIIO (U), IienpUBI-IyKHaH TOHKa B (rB)): 

3 £ > o : V (3 =» E K % n = E K a n • (U) 

a: 3 a: (a,/3)SJ 3 

Toiyja HeoTpiipaTejiBHbiH opTaHT K™ paccjiaiiBaeTca ri-inepnjiocKOCTH- 
mh (inv), Tax hto b xaHynpii runepnjiocxocTH (inv) ypaBHemie (U) (no- 
jiTOKHTejiBHo) pa3pemiiMO npiiTOM e f n,HHCTBeHHBiM o6pa30M. CTajio 6 bitb, 
cymecTByeT, npiiTOM e^HHCTBeHHaa, Heno^BHyKHaa Tonxa c* G (inv) y ch- 
CTeMBi (rB), HBjijnom,aHCH npn stom rjio6ajiBHBiM aTTpaxTopoM. CucTeMa 
(rB) HMeeT cjjyHxpiiK) JlanyHOBa 

m 

KL (c, g) = E °i ln ( c i/Ci)- 

i —1 

CTapnoHapHoe (i-iHBapiiaHTHoe) pacnpe^eneHiie omicaHHoro MapxoB- 
cxoro npopecca HMeeT HOCHTejieM MHOixecTBO (inv) h (c tohhoctbio ,n,o 
HopMiipyK3m,ero MHOHaiTejia) HMeeT bh^ 

, N ' -y (Cl)” 1 • • • • • (Cm)”"* ~ exp (-N ■ KL (c, 0), 

£ - npoii3BOJiBHoe pememie (U), ne BaixHO xaxoe hmchho (ot stoto, xo- 
HeHHO, 6yn,eT 3aBiiceTB HopMupyromiiii mh o>k h tc j t b , ho sto iih Ha neM He 
cxa3BiBaeTca). IIpH stom ycjiOBiie ymiTapHOCTH (U) HBjiaeTCH o6o6m,eHiieM 
ycjiOBHH ^.eTajiBHoro paBHOBeciia (6ajiaHca): 

3 C > 0 : V (a,/3)€J=i>K$]J (&)*'= Kg Ufa)*, 

3 3 
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npimi-iMaiomero TaKoft Bim jsjisl MyjibTHHOMHajibHOH CTapiiOHapHOH 

Mepbi. 

Hcnojib3ya HepaBeHCTBO Hurepa [20] (^jih opeHKii mixing time) h 
H epaBeHCTBO Xecjypmra b nijib6epTOBOM npocTpaHCTBe (cm. HacTb 2), ot- 
cro^a mojkho nojiymiTb (3aBiiciiMOCTb a (m, c (0)) bo MHomx npi-uio:>KeHi-iHx 
MO»ceT 6biTb paBHOMepHO orpamiHeHa): 

3 a = a (m, c (0)) : V a > 0, t > aN In N, 


'■(t) 


N 


^ 2V2 + 4^/H^)\ ^ 

> - 7 = - < cr, 

Vn ) 


iyje (npHHii^m MaxcnMyMa 3HTponnn Bojibii;MaHa-^I,»:enHca): 


c = arg max 

cG(inv) 


- Y] d In (ci/6) = arg min KL (c, £), 

Vi J ce(inv) 


£ - npoii3BOJibHoe pememie (U), npimeM c* onpe^ejmeTcn e^gi-iHCTBeH- 
hhm o6pa30M, T.e. ne 3aBHCHT ot Bbi6opa £. reoMeTpimecKii c* - sto 
KL- npoeKpiin npoii3BOJibHoro £, yupBjieTBopjnomero (U), Ha ri-mepnjioc- 
koctb (inv), cooTBeTCTByiomyio HanajibHbiM ^aHHbiM c (0). He3aBi-ici-iMOCTb 
3TOi"i npoeKpini ot Bbi6opa £ H3 (U) npocTO 03HanaeT, hto KpiiBaa (U) 
npoxo^HT KL-nepneH^iiKyjmpHO nepe3 mho>kbctbo (inv). 

3 aMeHaHHe. B TepMimax ycjiOBiin salami ycjiomie ymiTapHOCTH npo- 
cto 03 HanaeT, hto b paBHOBecim pjisi jno 6 oii BepmiiHbi HMeeT MecTO 6 ajiaHC 
HHCJia nojib 30 BaTejieii, Bxo^,Hm,nx b e^HHHuy BpeMemi b 3 Ty Bepim-my c 
hhcjiom nojib 30 BaTejieii, Bbixo^,Hm,nx b e^i-mimy BpeMemi H 3 stoh Bepmi-i- 
Hbi. B to BpeMH Kax ycjiOBiie ,geTajibHoro paBHOBeciin (cm. TaK»ce 3 a^a- 
ny 17 pa 3 ^ejia 7) 03 HaHaeT, hto b paBHOBecim pjm jik> 6 oi"i napbi Bepmim 
hhcjio nojib 30 BaTejieii, nepexo^ 3 ,Hm,iix b e^i-mimy BpeMemi H 3 o^hoii Bep- 
im-my b ^.pyryio, paBHO Hiicjiy nojib 30 BaTejiei"i, nepexo^,Hin,Hx b o 6 paTHOM 
HanpaBjieHini. IIohhtho, hto BTopoe ycjiOBiie HBjmeTcn nacTHbiM cjiynaeM 
nepBoro. 

Mhoto HHTepecHbix npiiMepoB MaKpoci-iCTeM, b kotophx Kp = 
= Kp ( n/N ) h HMeeT MecTO ^eTajibHbiii 6ajiaHC, co6paHO b KHiire Baii- 
fljmx B. Con h o;t hh a mh Ka: CHCTeMHbiii no^xo^i, k MaTeMaTimecKOMy MOfle- 
jinpoBaHHio b copnajibHbix Haynax. M.: YPCC, 2010. Bbime (sa^ana 15) 
HaMii 6 biji paccMOTpeH npiiMep Ha 3Ty TeMy H3 khhth [34]. Kax npaBii- 
jio, TaKiie nocTaHOBKii npiiBO^HT k (Idyhkhhhm JIjinyHOBa-CaHOBa Bii^a 
(c) + aKL (c, £), a > 0. rtpimeM bo Bcex stiix npiuiOHceHiisix ycjiOBi-ie 
^.eTajibHoro 6ajiaHca BbinojmjieTCJi tohho. Otmcthm, hto c HeKOTopbiMH 
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flonojiHi-iTejibHbiMi-i oroBopKaMii mojkho ponycKaTB h npii6jni>KeHiioe bbi- 
nojiHeHiie ycjiOBiiii peTajiBHoro 6ajiaHca (c tohhoctbio O (TV -1 )). 

r) (E.B. FacHiiKOBa.) BepHO h o6paTHoe yTBepjKpemie, to ecTB ycjiOBiie 
(U) He tojibko ^,ocTaTOHHoe rjih toto, hto6bi paBHOBecne naxopiuiocB H3 
npiiBe^eHHOH BBime sapann SHTporaiiiHO-jiiiHeiiHoro nporpaMMiipoBaHiia, 
ho h, c He6ojiBHiOH oroBopKoii (pjiH iio'ith Bcex c (0)), Heo6xo^HMoe. TaK»ce 
BepHO h 6 ojiee o6m,ee yTBepjKpemie, CBH3BiBaiomee nom-iMam-ie 3HTpomni 
b CMBicjie BojiBpMaHa (cJjyHKpiiH JlanyHOBa nponiKajiiipoBaHHOH KiiHe- 
FH'iecKOH flHHaMHKi) h CaHOBa ((JjyHKpHOHaji peiicTBHH b HepaBeHCTBax 
6ojibhihx yKjiOHeHiiii pjiH riHBapnaHTHOH Mepni): ecjin CTapiiOHapHaa Me- 
pa acriMnTOTHHecKH npepcTaBHMa b Biipe ~ exp (—TV • V (c)) (BMecTe c 
npOH3BO^HBIMH ,0,0 BTOpOTO nOpH^Ka BKJHOHHTejIBHo), TO V (c) - (J)yHKH,HH 

JIjmyHOBa (rB). 

K n. r) mojkho cpejiaTB cjiepyiomee noHCHemie. 06o3HaniiM nepe3 h (c) 
BeKTop-4)yHKH,nio, CTonmyio b npaBoii nacTii COfly (rB). Torpa (cm., 
HanpiiMep, KHiiry K.B. rapzpmepa [32]) npn TV ~^> 1 no TeopeMe T. KypT- 
pa n(t)/N 6ypeT Ka k O ^logTV/-\/TV^-6jiH3KO (b stom MecTe Tpe6yiOTCH 
oroBopKH, hto6bi 6jih30Ctb 6bijia paBHOMepHa no BpeMemi) k x t = x (t) 
- pemeHino CTOxacTiinecKOH CHCTeMBi pH(J>4)epeHpHajiBHBix ypaBHemiH (c 
HanajiBHBiM ycjiOBiieM xq = c(0)): 

dx t = h (x t ) dt + \j 9 ^ dW t , 

rpe (JjyHKpiiH g (Xt ) > 0 paccmiTBiBaeTCH no Ha6opy peaKpHH h KOHCTaH- 
TaM peaKpHH (KOTopnie MoryT 6bitb He hoctohhhbi ii 3aBiiceTB ot KOHpeH- 
Tpapnii). HHBapiiaHTHaH (cTapiiOHapHaa) Mepa m ( x ) stoto opHopopHoro 
MapKOBCKoro npopecca ypoBjieTBopaeT ypaBHemno (cm. Tannce 3apany 21 
paspena 7): 

^V 2 {g(x)m(x)) - div ( h (x) m{x)) = 0, 

nocKOJiBKy njiOTHOCTB pacnpepejieHHH p (t, x) npopecca x t nopniiHaeTCH 
ypaBHeHiiio KojiMoropoBa-OoKKepa-IIjiaHKa: 

dP g^ = -di v(h(x)p(t,x)) + ^V 2 ( 5 (x)p(t,x)). 

Ecjih H3BecTHO, hto m ( x ) ~ const • exp (—TV • V (a;)) (h aHajioniHHO pjiH 
npoii3Bop,HBix po BToporo nopppKa BRjiromiTejiBHo), to 113 ypaBHemiH pjin 
m (x) riMeeM npn TV —> 00 

( h , W) = -\g • (W) 2 + O ^ -\g ■ (W) 2 < 0. 
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0 Ta BbiKjia,n,Ka noncHsieT (ho He ,n,OKa 3 biBaeT, ,zi,jih ^,OKa 3 aTejiBCTBa Tpe 6 y- 
iotch 6 ojiee aKKypaTHBie paccyjK^eHHH), noneMy (JjyHKpiiH V (c) momt 
6 bitb <J)yHKH,Heft JlnnyHOBa cncTeMbi (rB) dc/dt = h(c). Bojiee Toro, mo- 
,n,ejiB CTOxacTHHecKOH xhmh'I 6 Ckoh khh 6 thkh 3 ^ecB MoaceT 6 bitb 3 aMeHeHa 
h 6 ojiee o 6 hj,hmh i t i xa j i h py 10 mu m hch MapKOBCKHMH MO^ejuiMH. 

20.* (TeopeMa Pop,n,OHa-Hbio 3 jijia; JIT. AcjmHacbeBa.) PaccMaTpiiBaeT- 
ch TpaHcnopTHaa ceTB, b KOTopoii Mempy N CTampniMH KypcnpyiOT M 
TaKCH. KjineHTBi npe 6 biBaiOT b i - ft y 3 eji b cooTBeTCTBini c nyaccoHOBCKiiM 
noTOKOM c napaMeTpoM Aj > 0 (i = 1 , N). Ecjih b momcht npndbiTHJi 

b i-Pi y 3 eji TaM ecTB TaKCH, KjineHT 3a6npae r r ero h c BeposiTHOCTbio pij > 0 
HanpaBjiaeTCH b j- ft y 3 eji, no npnObiTHH b KOTopbiii noKi-maeT ceTb. TaKCH 
ocTaeTCH 3 K,n,aTb b y 3 Jie npn 6 hiTHH noBoro KjineHTa. BpeMeHa nepeMeipe- 
hhh H 3 y 3 Jia b y 3 eji - ne 3 aBHCHMbie cjiynaftHbie BejiHHHHbi, HMefomne 
noKa 3 aTejiBHoe pacnpe^ejiemie c napaMeTpoM u,j > 0 pnsi napbi y 3 JiOB 
(i,j). Ecjih b momcht npiixo,n,a KjineHTa b y 3 eji TaM HeT TaKCH, KjineHT 
cpa 3 y noKii^aeT y 3 eji. CmiTaH pij = N -1 , Aj = A, Vij = u, nonanci-iTe, hto 
B eposiTHOCTb toto, hto KjnieHT, nocTynuBmeii b y 3 eji (b ycTaHOBHBHieMCH 
(cTapiiOHapHOM) pejKHMe pa 6 oTbi ceTii), nojiymiT OTKa 3 , paBHa 


M M — k 

^N-2+kP 


Potk (-/V, M) = 


k—0 


(. M-k)\ 


E 

k—0 


J-l+kV 


p = N\/v. 


(. M-k)\ 


MeTO,n,OM nepeBajia iiOKa>KH r re cnpaBefljiHBOCTB cjie,n,yioni,eft acHMnTOTHKH 
npn N —> oo: 


Potk (N, rN) = 1 - 


2 r 


\/v + r + 1 + \J (X/v + r + l) 2 — 4A rjv ^ 


1 


3aMenaHHe. MeTO^a, nepeBajia - oneHb nojie3Hbii“i HHCTpyMeHT nccjie^o- 
BaHiiH acHMnTOTHK HHTerpajiOB no napaMeTpy. Ero no,npo6Hoe nsjiOHceriiie 
HMeeTCH, HanpiiMep, 3,n,ecb: Oe,n,opiOK M.B. MeTOA nepeBajia. M.: YPCC, 
2010. 


21.** (Mean field games; Lasry-Lions.) IlycTb ^imaMUKa areHTa (nrpona) 
3a^,aeTCH c r roxac r r h ' rec k h m / ; h (]:> c j:> e p e h n h a j i b h m m ypaBHeinieM 

dX t = —atdt + adWt, Xq = xq, 
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r^e Wt - BHHepoBCKHii npopecc, a at - crpaTerm-r (ynpaBjiemie), at, 
X t £ K 6 *, OyHKpuoHaji noTepB 3a,n,aeTCH cjjopMyjioii 


J ( x 0 ,a ) 


lim —E 

T->oo T 


- rp 

j (L (at) + F (X t )) dt 

.0 


r^e L(a)/\a\ — > oo npn |a| — ► oo. CniiTaeM, hto (JjyHKpiiH F(x) 
l-nepno/piHecKaH no KaoKflon KOMnoHeHTe BeKTopa x. Tam-iM o6pa- 
30m, mo>kho orpam-iHi-iTBCH paccMOTpemieM CTOxacTiinecKon /piHaiviH- 
kh na T d - eflKHHiHOM Tope b BBe^eM raMiumTOHiiaH H ( p ) = 
= sup {(p, a) — L (a)} n u = a 2 j 2. 

a6R d 

a) (Fleming-Soner; Bardi-Capuzzo-Dolcetta.) IIoKanaiTe, hto ecjin 
ypaBHemie raMiuiBTOHa-5lKo6i'i-BejijiMaHa, 


-vAV + H (XV) + A = F (x), 

iiMeeT pememie (napa A, V ( •)), to onTHMajiBHoe 3HaHem-ie (JjyHKpHOHajia 
inf J (xo, a) = J (xo,a) = X n onTHMajiBHoe ynpaBjiemie (b cjjopMe ciiHTe- 

a 

3a) a (x) = VH (VV (x)). KpoMe toto, m ap kobckhh (^H^^ysnoHHBin) 
npopecc 

dX t = —a t ( X t ) dt + adW t 

HMeeT riHBapnaHTHyio Mepy m ( x) dx, HBjiHioiryiocH pememieM ypaBHemiH 
KojiMoropoBa-OoKKepa-IIjiaHKa: 


uAm + div (XH (XV) m) = 0, J m(x)dx = l, m(x)> 0. 

T d ~[o,l] d 

BBimy spro,n,HHHOCTH X t , m (x) - acriMnTOTrmecKoe pacnpe^ejiemie Bepo- 
HTHOCTen nojionceHiin areHTa, Be,n,ym,ero ce6n onTHManBHBiM o6pa30M. 

6) (A. Friedman; Bensoussan-Frehse.) npe,n,nojio>KHM Tenepn, hto HMe- 
eTCH TV > 1 nrpoKOB, n y Ka>Kyi,oro cboh /pmaMHKa: 

dX l t = - a\ dt + dW t , X l 0 = x\, 

n cboh cjDyHKpnH noTepn: 


J 1 ({^o} , {«}) 


lim —E 

T—>oo T 
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AHajion-iHHO BH,n,OH3MeHsnoTCH onpe,n,ejieHiiH H' ( p ) h v l . PaBHOBecne 
Hama {a} b TaKOi"i iirpe onpe^ejiaeTCH H3 ycjiOBira (.zpra jiio6oro 
* = 1, N) 

J l ({x 0 } , {a}) = min J 1 ({xq} , a 1 ,a 1-1 , a 1 , a t+1 ,a N ) . 


Mckkho noKa3aTB, hto cucTeMa ypaBHemni (i = 1, N) 

-SAVi + H l (VVj) + A t = f (x; m u m N ), 

+ div (VF (WO ra*) = 0, 

J rrii ( x ) dx = 1, m* (x) >0, J Vi ( x ) dx = 0, 


r^e 


f l (x;mi, ...,m N ) = J F l (x 1 , ...,x* 1 ,x,a:’ +1 ,JJdmj (x- 7 ), 

rpdt^N- 1 ) 

HMeeT pememie Aj, 14 (•), nii (-),* = 1, iV. noKanciiTe, hto ^jih jnodoro 
TaKoro pememiH d 1 (x) = ViP (W, (x)) - paBHOBecne Hsma h Ai = 
= J* ({xo} , {d}) - cooTBeTCTByKnpee 3Ha'ieHiie iirpBi. 

b) nycTB rjisi Bcex iirpoKOB u l = u, H l = H, a F l 3aBiiciiT tojibko ot 
X 1 h 9m11h p h ' iec koh njiOTHOCTi-i pacnpe^ejieHira /jpyrux iirpoKOB, T.e. 


F l (x\...,x N ) = $ 


1 


N- 1 




(^) ’ 


r^e 


$ : |pacnpe,n,ejieHiiH BepoHTHOCTeii Ha T d | 

—> |jninmiiH,eBBi cjayHKipni Ha T d | 
HenpepBiBHbiii HHTerpajiBHBiH cjxyHKuyiOHan 


$ [m] (x) = G x, / k (x, y) dm (y) 


Mojkho noKasaTB, hto nocjie^OBaTejiBHOCTB A^\ (•), (•), 

(./V —x oo ) OTHOCHTejiBHO KOMnaKTHa b Kx C 2 (T d ) x W l,p { T d ) (,zyia jno6oro 
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1 < p < oo). CjiepoBaTejiBHO, mohcho BBidpaTB cxopHipyiocH nopnocjiepo- 
BaTejiBHOCTB. 3a(])iiKCnpyeM i. noxa>xHTe, hto npn TV —► oo npepeji jik>6oi"i 
T aKoii cxopHipeiicH nopnocjiepoBaTejiBHOCTii hbjihctch pememieM ciiCTeMBi 
(x G T d ): 

-vAV + H (W) + A = $ [to] { x ) , 
vA to + div (Vi? (VV) to) = 0, 


/ m(x)<iI = 1> ”‘ (I)>0 ’ / v(x)<ix = 0 - 


Mojxho noKa3aTB, hto pernem-ie stoii CiiCTeMBi cyrpecTByeT. Ecjiii 
d> [to] (x) = G(m(x)), G - B03pacTaiom,aH cjiyHxpHH, a H - chjibho bbi- 
nyxjiaH cJjyHKpiiH, to mohcho rapaHTiipoBaTB h epiiHCTBeHHOCTB. 


3aMenaHHe. Hrpbi cpepHero nojin - OTHOCiiTejiBHO HOBaa h CTpeMiiTejiB- 
ho pa3Bi-iBaiomaHCH o6jiacTB uccjiepoBaHiiH (ee B03pacT okojio 10 jie r r). 
B 3 tom HanpaBjieHiiii BepyT iiccjiepoBaHHH He6ojiBimie rpynnBi b ExaTe- 
piiH6ypre (IO.B. ABep6yx) h b Mockbc (B.H. Kojioxojibu,ob), a Tax>xe 
(jjpaHi ty 3C k h m h h aMepHxaHCKHMH MaTeMaTHKaMH: P.L. Lions, J.M. Lasry, 
O. Gueant, M. Bardi, A. Bensoussan, J. Frehse, D. Lacker h pp. 


22. (KpyroBaa Mopejm M. Kapa.) Ha oxpyxoiocTH OTMeneHO n paBHO- 
OTCTOHipnx Tonex, to h3 xotopbix cocTaBjiHiOT MHO>xecTBO Q. B xajxpoii 
Tonxe noMeipeH 6ejiBii"i (6) hjih HepHBiii (h) map. B epumipy BpeMemi 
xaxcpBiii map nepexopiiT npoTim nacoBofi CTpejixi-i b cocepHioio Tonxy, 
npn'ieM, ecjni map bbixopht h3 tohxh, npimapjie>xam,eii Q , oh mchhct 
cboii n,BeT. nycTB p = m/n < 1/2. 06o3Ham-iM nepe3 Nq (t) hhcjio 6ejmix 
mapoB b MOMeHT BpeMemi t, N H (t) - hhcjio nepHBix mapoB b momcht 
B peMeHii t. 

a) noxaxa-iTe, hto pimaMuxa o6paTHMa h 2n-nepiiopnHHa. Ecjiii npep- 
nojiOHciiTB, hto MHOxecTBO Q BBidiipaeTCH cjiynaiiHO, to odpaTiiMOCTB 
TepHeTCH. OrpaHiiHiiMCH Taxxce paccMOTpemieM t <C n. noxaxaiTe, hto 
npii 3THX npepnojioxeHimx 

Eg [N 6 ( t ) - N h (t)] = (1 - 2p) 4 Eg [ N 6 (0) - N h (0)]. 


6)* BBepeM b pimaMiixy n. a) cjiynaimocTB. JXjisl stoto onpepejniM nocjie- 
poBaTejiBHOCTB c.b., He3aBHCiiMyio ot cjiyHaimocTH npii BBi6ope MHOixe- 
CTBa Q (p < 1/2): 


x(t) 


1 C BepOHTHOCTBIO p , 

— 1 C BepOHTHOCTBIO 1 — p. 
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IIpoHyMepyeM nocjiepoBaTejiBHOCTb Tonex Ha OKpyatHOCTH h conocTaBHM 
6ejiOMy n,BeTy hiicjio +1, nepHOMy —1. BBepeM TaKate cJjyHKpiiio (cjiynaH- 
Hyro, nocKOJiBKy Q cjiyHalmo) 


r _ f — 1 k G Q, 
k \ +1 kiQ. 

IlycTb Ck (t) o6o3HanaeT pBeT rnapa b TOHKe k b momcht BpeMemi t. 
B TaKiix o6o3HaHeHHHx HOBaa flHHaMHKa 6ypeT hmctb Blip 

Ck (t + 1) = x {t + 1) ^k.C’k ( t ), 

T.e. c BepoHTHOCTbio p map eipe MoaceT (cjiyHaimo) H3MeHHTb h,bgt (Bee 
3 th o6o3HaHeHiia BBepeHbi pjia ypo6cTBa poKa3aTejiBCTBa). fl/isi npocTOTbi 
6ypeM CHHTaTb, hto b HaHajiBHbiii momcht Bee mapbi 6ejibie. IIoKajKHTe, 
hto npn i«n 


E« 5 .- 


n 6 (t) - jv„ (t) 


n 


(1 - 2p) 4 (1 - 2 pf , 




N 6 ( t ) - (i) 


n 


~ (1 - 2p) 2< (1 - 2 p) 2t . 

n 


IIoKaaaiTe TaK»ce, hto ecjm mhohccctbo Q 3a(J)iiKCHpoBaHO (He cjiynanHo), 
to coMHOJKHTejib co CTeneHbio (1 — 2p) Hcne3aeT BMecTe c orpaHHHemieM 
t <C n. 


3aMenaHHe. Bojiee noppo 6 HO 06 stoh Mopejni HamicaHO b CTapnix, ho 
, 11,0 chx nop aKTyajiBHbix h nonyjiapHbix KHiirax M. Kapa, nepeBepeHHbix 
Ha pyccKHH h 3 bik (cm., Hanpi-iMep, [24]), a TaKace b MOHorpacjmn Onoii- 
peB B.H. HejiiiHeimaa CHCTeMOCTaTiiKa. M.: Hayna, 1986. Otmcthm, hto 
ecjm npn 3apaHriri MHoacecTBa Q nepeftTH no npimpimy cjiyHafraoro bbi- 
6 opa to no3HpHft k cjiynaftHOMy pa3birpbiBaHino Kaacpoli no3Hpini: c Bepo- 
hthoctbk) p Kaacpaa tohkh (He3aBricriMO ot ocTajiBHbix) npiiHapjieaaiT Q, 
a c BepoHTHOCTbio 1—p He npiiHapjieaaiT, to nojiyneHiie cJmKTopa (1 — 2p ) 4 
cym,ecTBeHHO ynpoipaeTca. B CTaTiiCTiiHecKoii (.[jhshkc TaKofi nepexop h 
ero pa3jiiiHHbie o 6 o 6 ipeHiia HaabiBaiOT MemodoM 6o.at>uiozo k anoHunecKOZO 
ancaMS.asi. Xoth caMa no ce 6 e Mopejro Kapa b KaKOM-TO CMbicjie aBjiaeT- 
ca “KapiiKaTypHoii” Mopejibio CTaTi-iCTHHecKOH <J>h 3 hkh, OHa no-npeameMy 
Bbi3biBaeT riHTepec Bepympx cnepiiajiHCTOB b stoh o 6 jiacTH h CMeambix 
o 6 jiacTHx (cm., Hanpi-iMep, pa 6 oTbi B.B. Ko 3 JiOBa, C.3. ApaciieBa-B.B. Be- 
peHamma). Hmchho tslk , no-BiipiiMOMy, h 3apyMbiBajiocb M. KapeM, koto- 
pbii"i nbiTaaca o 6 o 6 npiTb Mopejm H3 napapoKca 3peHc[)ecT0B, cm. 3apany 1. 
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TeM He MeHee, 9Ta MOflejiB 0Ka3ajiacB oneHB BaHtHoii CTapTOBoii njiom,a,a,- 
koh flflu MHornx uccjieflOBaHiiii BBH,ny CBoeii npocTOTBi c o,h,hoh ctopohbi 
h bo3mc»khoctbio npo/jeMOHCTpupoBaTB pa3HOo6pa3HBie aCneKTBI CTaTI-I- 
C'l’H'iecKOH <})H3hkh c ^ipyroii: napa,a,OKC o6paTHMOCTH, napa,a,OKC BpeMemi 
B03Bpan],eHiiH. 
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7. MeTOfl MoHTe-Kapjio 


1. Ha njiocKOCTi-i ,a,aHO orpaHiineHiioe H3MepnMoe no JIe6ery MHO*e- 
ctbo S. Tpe6yeTCH Hafira njioma,n,B (Mepy JIe6era) 3Toro MHOxcecTBa 
c 3a,a,aHHoii TonHOCTBio e. 

nocKOJiBKy no ycjiOBino MHOxtecTBO orpaHnneHO, to Boxpyr Hero mojk- 
ho onncaTB xBa,npaT co CTopoHoii a. Bni 6 epeM 7 ,exapTOBy cncTeMy xoop- 
,a,HHaT b o,ii,hoh H3 Bepmnn xBa,npaTa c ochmii, napajuiejiBHBiMii CTopoHaM 
KBa,a,paTa. PaccMOTpi-iM n ne3aBHCHMBix c.b. { X k }^ =1 , HMerorpiix o^ima- 
KOBoe paBHOMepHoe pacnpe^enemie b stom xBa/jpaTe, T.e. X k £ i?([0,a] 2 ). 
BBe^,eM c.b. 

Y k = I(X k €S) = 

Tor,n,a {Yfc }^ =1 - ne 3 aBHCHMBie o^imaxoBO pacnpe^ejieHHBie c.b.. Hcho, 
hto Y k e B e(p(S)). Cjie^OBaTejiBHOj no Y3BH 


G 

x k i s. 


Y\ + ... + Y n 


->E(Y 1 )=p(S) = 


m(S) 


n cr 

OpemiTe CBepxy cjie^yromyio BepoHTHOCTB: 

Yi + • • • + Y n n(S) 
n a 2 


npn n —> oo. 


>*)■ 


¥Ka3aHHe. Cm. pa3^eji 5, a Tax>xe HacTB 2. 

2. (BBiHi-icjieHi-ie 3 HaneHHH HHTerpajia.) a) Tpe 6 yeTcn bbihhcjiiitb c 3a- 
,a,aHHoii tohhoctbio e n c 3a,n,aHHOH ^OBepnTejiBHoii BepoHTHOCTBio 7 a 6 co- 
jiiotho cxot,hiu,hhch HHTerpaji 


J = f f (x) dx. 

J[o, 1 r 

C'lHTairre, hto V x £ [0, l] m BBinojmeHO |/ (x)| < 1. 

3aMeaaHHe. BBe,n,eM cjiynairaBiii m-BexTop X £ 1?([0, 1 ]) n c.b. 
£ = f {X). Tor,n,a E£ = Jj Q 1 j m f(x)dx = J. nosTOMy nojiynaeM on,eH- 

xy HHTerpajia J„ = ^Et=i/(^')> r fl e X k , k = 1 ,...,n noBTopHaa 

BBi6opKa 3HaneHHii cjiynaimoro BexTopa X (T.e. Bee x k , k = l,n, He3a- 
bhchmbi h o/pmaxoBO pacnpe,n,e.JieHBi: Tax >xe, xax h BexTop X). B 3 a- 
.jjane Tpe6yeTCH opemiTB CBepxy hiicjio n (n m), HaniiHaa c xoToporo 

P (| J - J n | < £■) > 7- 
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6 ) PemiiTe 3a^aHy H3 n. a) npii .npnojimiTejiBHOM npe^nojioJKeHini 
jiHnmHpeBOCTH (|’)yhkhhh / (x), pa36iiB e^HHH'iHbiH Ky6 Ha n = N m 
OfliiHaKOBBix Ky 6 iiKOB co CTopoHoii 1/N h ncnojiB3yH opeHKy J n = 
= ^ ~ HMeeT paBHOMepHoe pacnpe^ejieHiie b k -m 

Ky 6 iiKe. 

b) (Meix)^, BKjnoHeHiiH oco 6 eHHOCTii b njiOTHOCTB.) PemiiTe 3a,n,aHy 
n. a), He npe^nojiaraa, hto / (a;) - orpaHiiHennaa c[)yHKH,HH Ha e,n,HHHHHOM 
Ky 6 e. ripe^jiOHaiTe cnoco 6 bi yMeHBmeHira ^ncnepcHH nojiyHeimoii opeHKii 
HHTerpajia. Kax mojkho i-icnojiB30BaTB HH<J)opMau,Hio 06 oco 6 eHHOCTax 
(.JjyHKHHH / (*)? 

¥Ka 3 aHHe. Cm. xmiry Co 6 ojib Ii.M. HiicjieHHBiH MeTO,n, MoHTe-Kapjio. 
M.: Hayxa, 1973, a Taxaxe [35]. 

3. CTaH^apTHBiii cnoco 6 MO^ejnipoBaHiiH c.b. - Memod o6pamHou cpyHK- 
yuu. IloKaaKHTe, hto ecjni c.b. 77 paBHOMepHO pacnpe^ejieHa na OTpe3Ke 
[0,1], to c.b. £ = F~ x (77) HMeeT (jjyHKnino pacnpe^ejieHHH F(x). llpe^i,- 
nojiaraeTCH, hto F ( x ) nenpepbiBHa h CTporo MOHOTOHHa. Kax BBirjismiiT 
(JjopMyjia pjisi MO^ejiiipoBaHiia c.b. h3 noxa3aTejn>Horo pacnpe^ejieHiia c 
(jjyHKHHeH pacnpe^ejiCHiiH F (x) = (l — e ~ Xx ) I [x > 0)? 

3aMenaHHe. Cm. Taxaxe 3 a^aHy 90 paa^ejia 2. 


4. IlycTB c.b. 771, 772 ne3aBHCHMBi h iimciot paBHOMepHoe pacnpe^enenne 
HaOTpe3Ke [0,1]. floxajxiiTe, hto c.b. X h Y, r,n,e X = ^/^2hlrjl cos (27r?72), 
Y = 1 /— 2 In r]i sin (27r?72 ) - He3aBiici-iMBie h o^imaxoBO pacnpe^ejieHHBie: 
CTaH^apTHO HopMajiBHO A f (0,1). 


YKa3aHHe. IIoxaiKHTe, hto 


fxv(x,y ) = 


1 


1 


2 1 2,2 

4 1 _ x +y 

2 — - p 2 

2tt 


= e 2 = 


■y/2w \Z2 tt 

nepeii^HTe k nojuipHBiM xoopnymaTaM, ne 3a6i>iB o Hxo6naHe 3aMeHBi 
nepeMeHHBix. 


5. Ecjih X - c.b., HMeiomaa CTaH/japTHoe HopMajiBHoe pacnpe^ejieHiie, 
to X~ 2 HMeeT ycTOHHHByio hjiothoctb (cm. 3aMeHaHiie k 3a^aHe 38 pa3- 
^ejia 5): 

1 _ X- — 3 

-e z *x 2 , x > 0. 

IicnojiB3yH 3 to, noxajxiiTe, hto ecjni Xu Y - HesaBHCH m f>i e HopMajiBHO 
pacnpe^ejieHHBie c.b. c HyjieBBiM MaTeMaTiinecxiiM o>k h h e m ii ,n,Hcnep- 
chhmh a 1 n (J 2 , to BejiHHHHa Z — y/x 2 -\- Y 2 HO P MajIbHO pacnpe^ejieHa 
c ^Hcnepcneii (To, Taxon, hto \ \ + Ay. 

° <J 3 a l a 2 
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6. (TeopeMa BepuniTefraa [9], [12] T. 2.) a) C noMOipbio HepaBeHCTBa 
He6BimeBa ycTaHOBHTe cjie,a,yioiii,HH pe3yjn>TaT H3 aHajiii3a: 

V / e C [0, 1] => || fn — /Ilc[0,l] ^ n *■ 00 

fn 0) = f (~) C n X>! l 1 - X T~ k ■ 
k =0 ' ' 

6) HcxcyjH H3 salami 9 h n. a) npe,n,jio>KiiTe cnoco6 reHepiipoBaHiia pac- 
npe^ejieHiia c.b. £, nMeromeH iuiothoctb fc (x) c cJhihhthbim HOCHTejieM. 
llycTB, flflu onpe^ejieHHOCTii, HOCHTejieM 6ya,eT 0Tpe30K [0,1], 

7. (MeTO,a, c(>oh HeiiMaHa.) IlycTB c.b. £ pacnpe^ejieHa na OTpe3Ke [a, 6], 

npimeM ee njiOTHOCTB pacnpe^ejiemiH orpam-raeHa: max f^(x) < C. 

#£ [«. ,6] 

IlycTB c.b. 77i, 772, ... ne3aBi-ici-iMBi h paBHOMepHO pacnpe^ejieHBi na 
[0,1], Xi = a + (6-0)772,-1, 1) = (^772,, i = 1,2,..., T.e. na- 
pBi (Xi, Y-i) h 63a bh c hm hr h paBHOMepHO pacnpe^ejieHBi b npaMoyrojiB- 
HHKe [a, 6] x [0,(7]. 06o3HaHHM nepe3 v HOMep nepBoii tohkii c ko- 
op,a,HHaTaMH (Xi,Yi), nonaBHieii no,n, rpacjxiK hjiothocth f^(x), T.e. 
v = min{z : Yj < /c(Xj)}. IIojiojkhm X v = X n I (v = n). 

a) IloKa>KHTe, hto c.b. X v pacnpe^ejieHa Tax »ce, Kax £. 

6) Ckojibko b cpe^HeM Tonex (X), Y t ) noTpe6yeTCH «b6pociitb» b npa- 
MoyrojiBHiiK [a, 6] x [0, C] pjm nojiyHemiH o^hoto 3HaHeHira £? 

b) IIpe^jiOHaiTe m 0 /^hc|dhK ar7 hto paccMOTpemioro MeTO^a ,zi,jih re- 
HepapHH ,H,HCKpeTHOH cjiynaHHOH BejiHHHHbi, npHHHMaioipeH 3HaHeHHH 
{1,2, ...,k} C O^I'IHaKOBOH BepOHTHOCTBIO, HM6H B paCnOpHHCeHIIII MOHeTy 
(reHepaTop 6HHapHofi cjiynaHHOH BejiiiHHHBi). 

8. Kax c noMom,Bio c.b. £, paBHOMepHO pacnpe^ejieHHoii Ha OTpe3Ke [0,1] 
(£ € i? [0, 1[), H CHMMeTpi-IHHOH MOHCTKI-I nOCTpOIITB C.B. X, HMdOIUyiO 

njiOTHOCTB pacnpeflejieHHH fx(x) = | x € (0,1)? 

9. IlycTB £ pacnpe^ejieHa Ha [0,1] c hjiothoctbio f^(x), npe^CTaBHMoii b 
BH^e CTeneHHoro pH/ja Yi / k = o akxk c a,t > 0. IIojiohchm p = a , k/{k + 1). 
Toiyja f$(x) = Yi'kLoPk' (k + l)x k . IIpHMeHHTe Memod cynepno3uyuu pjisi 

MO^ejII-ipOBaHHH C.B. £. 

¥Ka3aHHe. Memod cynepno3uv,uu: 

a) Pa3BirpBiBaeTCH 3HaHemie ,n,HCKpeTHOH c.b., upHHHMatoiueH 3Hane- 
HIIH k = 0, 1, 2, ... C BepOHTHOCTHMH Pfc, k = 0, 1, 2 . . . . 
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6) JJjisi Kaamoro k MO^ejiiipyeTCH c.b. c <J>yHKii,Heft pacnpe,n,ejieHiiH 
Fr(x) = x k+1 , x £ [0,1] (imnpi-iMep, MeTO,a,OM o6paTHoft cjjyHKip-n-i). 

10. B cjiynae o6m,ero nojioJKeHiia neB03MO>KHO nocTpoiiTB reHepaTop 
,3,1'iCKpeTHoii c.b., npHHHMaioiii,eft n 3Ha'ieHHH, 6biCTpee neM 3a 0(n). Oyi,- 
HaKO, cyipecTByiOT npope^ypBi nocTpoeHiia reHepaTopa Tam-ie, hto mojk- 
ho, Ha'iHHaM co BToporo pasa, reHepiipoBaTB pacnpe^ejiemie stoii c.b. 3a 
O(logn). Bojiee Toro, ecjin noTpe6yeTca creHepiipoBaTB pacnpe^ejieHiie 
HeMHoro otjihhhoii c.b. (HanpiiMep, b KOTopoii noMeHajiocB hcckojibko 
B epoHTHOCTeii iicxo^ob h, KaK cjie^CTBiie, HopMiipoBOHHBift mhoxi-itcjib 
B cero pacnpe^eneHiia), to sto TaK*e mojkho c^ejiaTB 3a O(logn). IIo- 
Ka>KH r re, hto ecjin cjiynaftHaa BejiHHHHa npimiiMaeT pasHBie 3HaHeHiia c 
O^IIHaKOBBIMI-I BepOHTHOCTHMII, TO nOCTpOIITB TCHepaTOp TaKOII C.B. MOiKHO 

h 3a O(logn). 

11. (AjiropiiTM KHyTa Ho.) C noMornpio 6pocaHiift chmmcfph'ihoh mo- 
HeTKri Tpe6yeTCH creHepiipoBaTB pacnpe^ejieHiie 3a,n,aHHoft mrcKpeTHoft 
c.b., npiiHHMaiomeii KOHenHoe hiicjio 3HaHeHiift. 06o6in,HTe omicaHHyio 
HiiJKe cxeMy Ha o6m,iift cjiynaft. IIpemiojioacHM, hto HaM Hyxmo creHe¬ 
piipoBaTB pacnpe^ejieHi-ie c.b., npHHHMaioipeH rpn 3HaHeHiia 1, 2, 3 c paB- 
hbimh BeposiTHOCTHMii 1/3. ^eftcTByeM TaKHM o6pasoM. Jiaa, pa3a Ki-maeM 
MOHeTKy: ecjin BBinajio 00, to cni-iTaeM, hto BBinajio 3HaHemie 1, ecjin 
01, to 2, ecjin 11, to 3. Ecjih 10, to em,e ,n,Ba pasa Ki-maeM MOHeTKy 
ii noBTopaeM paccyayzyeHiia. rioKaacHTe, hto b cpe^HeM c noMompio ire 
6ojiee neM log 2 (n— l) + 2 no,n,6pacBiBaHHft chmm6tphhhoh mohctkii moxcho 
creHepiipoBaTB pacnpe^,ejieHiie ^HCKpeTHoii c.b., npHHHMaiomeft, BOo6m,e 
roBopa, c pa3HBiMii BepoaTHOCTaMii n 3HaHeHiift. 

3aMenaHHe. Cm. EpMaKOB C.M. MeTO^ MoHTe-Kapjio b BBiHiicjiiiTejiB- 
hoh MaTeMaTiiKe. M.: Biiiiom, 2009. 

12. (MeTO^i, YoKepa.) IlycTB c.b. £ npHHHMaeT 3HaHeHiia 1,..., n c Bepo- 
aTHOCTaMi-i pi,... ,p n . /JpKaaaiTe, hto c.b. £ moskho creHepiipoBaTB iipn 
noMom,ii CMecu ^.iiCKpeTHBix pacnpe^ejieHiiii c ^ByMa ncxo^aMH h c.b. 
npHHHMaiomeft 3HaHeHiia 1,..., n c ommaKOBBiMii BepoaTHOCTaMii . 

YKa3amie. a) noKaaciiTe, hto 3 i,j : pi < 1/n, pi + pj > 1/n. 

6) 3a4»iKCiipyeM napy i, j c yKa3aHHBiM cboiictbom h onpe^ejniM c.b. 
c flByMa ncxo^aMH: 

P(? 7 (1) = i) = q^ = npi, P(ry (1) = j) = = 1 - npi, = 0. 

rioKaaaiTe, hto £ MoaceT 6 bitb npe^CTaBjieHa b Bime CMecu h cjiynaft- 
Hoft Bejii-iHHHBi npHHHMaiomeft 3HaHeHiia H3 MHoacecTBa {1,..., n}\i. 
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13. (TeopeMa riafiKa.) IlycTB X k , k = 1 , ...,n - He3aBiiciiMbie paBHO- 
MepHO pacnpe,n,ejieHHBie Ha OTpe3Ke [0,1] c.b. YnopjmoHHM sth c.b., BBe,a,H 
0603 Ha T re h h m 


min X, k) = X (1) < ... < X, n) = max X, k y 

IlycTB 7/fc, k = 1, ..., n + 1 - H63aBricriMBie noKa3aTejiBHO pacnpe,a,ejieHHBie 
c.b.: 

P (% > t) = e - *, i > 0. 

rioKanciiTe, hto 


( X (i)> X (2)>-> ^(n)) 


( m m + riz ELi Vk \ 
\Efe=i Vk E/j=i Vk L^k—i^J 


3aMeHaHHe. Cm. JlaryTi-m M.B. HarjismHaa MaTeMaTHnecKaa CTaTHCTH- 
Ka. M.: Biihom, 2009 h KeH^axui M., MopaH II. reoMeTpi-mecKiie BepoHT- 
hocth. M.: Hayna, 1972. 


14. (TeHepapi-iH ToneK H3 paBHOMepHoro pacnpe^ejieHiia.) a) IlycTB X - 

n-MepHBii“i BeKTop c h e 3 a bh c hm b[ m h o/p-maKOBO pacnpe^ejieHHBiMii kom- 
noHeHTaMi-i c pacnpe^ejieHiieM A/”(0,1). IIoKa>KHTe, hto £ = HMeeT 

paBHOMepHoe pacnpe^ejiemie Ha e^HHHHHoii ccjjepe b IR". 

6) IlycTB X - BeKTop c h ea eb h c hmbimh KOMnoHeHTaMH, Kansan c 
pacnpe^,ejiemieM .JIanjiaca (T.e. c hjiothoctbio p(x) = | exp(—|x|)). Kanoe 
pacnpe^ejieHiie HMeeT BeKTop £ = p^-? 

15. * (C^Bi-ir BepHyjuiH.) PaccMOTpiiM .nymaMiiHecKyio cucTeMy (/IC): 
x —> {2x} ({•} ^po6Haa nacTB Hiicjia), npeo6pa30BaHHH OTpe3Ka X = 
= [0,1] b ce6a. IIoKa>KHTe, hto .zyia noHTH Bcex (no paBHOMepHoii Mepe 
JIe6era Ha OTpe3Ke X) ToneK CTapTa nojiyHemiaa c noMompio ,ZJC nocjie- 
^.OBaTejiBHOCTB ToneK 6yn,eT “KBa3iicjiyHaHHoii” (cxonceii c nocjie^OBaTejiB- 
hoctbk) He3aBricriMBix o^imaKOBO pacnpe,n,e.jieHHBix na OTpe3Ke X c.b.), to 
ecTB pjisl Hee, nanpiiMep, cnpaBe^jiiiBBi 3BH h U,IIT. 
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YKa3amie. Pokhodzei B.B. Niederreiter H. Random number generation 
and quasi-Monte Carlo methods / / CBMS-NSF regional conference series 
in applied mathematics, V. 63. Philadelphia, Penn.: SIAM, 1992. 

3aMeuaHHe. B KOHTeKCTe stoii 3apauii peKOMeHpyeTca 03HaKOMHTBca 
TaK»ce c noHHTHSMii HenpepcKaayeMoii nocjiepoBaTejiBHOCTH, thhh'ihoh 
nocjiepoBaTejiBHOCTH, cjiyuai"moii (cjioxchoh) no KojiMoropoBy nocjiepo- 
BaTejiBHOCTi-i, HanpnMep, no KHiire Bepeiparim H.K., YcneHCKHii B.A., 
IIIeHB A. KojiMoropoBCKaa cjiojkhoctb h ajiropiiTMiiuecKaa cjiyuaimocTB. 
M.: MLplMO, 2013. 3apaua OTpantaeT to o6cTOHTejiBCTBO, uto cjiyuaii- 
hoctb “nepeHOCi-iTCu” H3 HauajiBHBix paHHBix (pance npocTBiM b cmbic- 
jie KojiMoropoBa ajiropiiTMOM). PaccMaTpiiBaeMaa pimaMiiuecKaji chctc- 
Ma nocnepoBaTejiBHO cuiiTBiBaeT uncjia nocjie 3ansiTOH b pbohhhoh 3a- 
11 h c h nauajiBHoii toukii. IIouth Bee uncjia H3 OTpe3Ka [0,1] cjioikhbi 
(H eoKHMaeMbi) b CMBicne KojiMoropoBa, npaBpa pjia nopaBjisnorpero 6 ojib- 
miiHCTBa KOHKpeTHBix uiiceji 3 to yTBepxpeiine He MonceT 6 bitb pona- 
3aHO. CTyn,eHTBi OYI1M iiMeiOT bo3mo>khoctb no3HaKOMHTBCH c koji- 
MoropoBCKoii cjioikhoctbio ii ajiropiiTMi-iuecKiiMi-i BonpocaMH Teopini Be- 
poHTHOCTeii no Kypcy (KHiire) Bwoniri B.B. KojiMoropoBCKaa cjiojk- 
hoctb h ajiropiiTMiinecKaH cjiynailHOCTB. M.: MOTH, 2012. B uacTHO- 
cth, peKOMeHpyeTca 03HaK0MiiTBCH co cjiojkhocthbim poKa3aTejn>CTBOM 
3aKOHa noBTopHoro jiorapiicjDMa n spropiiuecKoii TeopeMBi BupKrocJm 
(-Xi-mui-ma), a TaKxce c BonpocaMH scJxjDeKTiiBHOCTii spropnuecKOii Teo¬ 
peMBi. 

^Hpyraa npiimiHa noHBjieHiisi cjiyuaimocTii - sto noBepemie pi-maMi-ine- 
cki-ix ciiCTeM (HanpnMep, paccMOTpeimoii) b ycjiOBiuix HebojiBiuiix BHern- 
hhx B03MymeHiiH. Ho paHHoii TeMaTHKe ctoiit otmcthtb KHiiry Onoii- 
n,eBa B.H. HejnmeimaH ciiCTeMOCTaTiiKa. M.: Hayxa, 1986 h b piiKjie 
HepaBHiix padoT B.A. MajiBimeBa n A.A. JlniKOBa. Boobipe Mencpy pima- 
MIineCKHMII CHCTeMaMH H CJiyuaHHBIMH (MapKOBCKHMH) npOpeCCaMH IIM6- 
eTCH rjiy6oKaa B3aiiMOo6oram,aioin,a5i cbh3b. Cm., HanpnMep, KOHCTpyKpino 
YnaMa b KHiire BjiaHK M.JI. Yctohhiiboctb h jiOKaiiH3aii,iiJi b xaoTHuecKofi 
puHaMHKe. M.: MIJHMO, 2001 h CiiHaii 3J. Kan MaTeMaTiiKii H3yuaiOT 
xaoc // MaTeMaTiiuecKoe npocBeipeHiie. 2001. Bbhi. 5. C. 32-46. Hme- 
pecHBie B3rjiHpBi Ha 3Ty Hayxy Taunce iiMeiOTCJi b KHiirax BeHTpejm A.R., 
OpeiipjniH M.H. OjiyKTyapiiH b piiHaMiiuecKiix ciiCTeMax nop B03peiiCTBii- 
eM MajiBix cjiynaihiBix B03Mym,eHiiii. M.: Hayna, 1979, [32], [33]. 

Hy a caMoe rjiaBHoe, uto b npiuiOKeHiuix HaM Hynma He “npn- 
popHaa cjiyuaiiHOCTB”. HaM Hyaoio jiumn BBinojiHemie pjia nojiyneH- 
hoh KBa3HCjiynaHHOH nocjiepoBaTejiBHOCTH HeKiix TecTOB Tima 3BH, 
H,nT C TaKHMH nee OpeHKaMII CKOpOCTII CXOpHMOCTH (l-IJII-1 lie CIIJIB- 
ho xypmHMii). OpHaKO OKa3BiBaeTca, uto nceBpocjiyHaimaa nocaepoBa- 
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TGjibHOCTb MO»ceT ,n,a>Ke yBejmuHTb CKopocTb cxo,h,hmocth no cpaBHemno 
c nacTOHm,nMn cjiyuaimbiMH .gaHHbiMti. 06Hapy»ceHO 3 to 6bijio 6ojiee 
40 jieT Ha3a,a, (cio,zi,a mo*ho OTHecTii MeTO,n, Bbi6opa y3JiOB XojiTOHa- 
Co6ojih, o6o6m,aiom,Hii imeio salami 2 n. 6) HacTOHin,ero pa3,n,ejia), no 
no-npe>KHeMy aKTi-iBHO ncnojib3yeTCH na npaKTHKe (cm. Co6ojib H.M. 
HncjieHHbie mcto^bi MoHTe-Kapjio. M.: Hayxa, 1973) h no3BOjiaeT BMe- 
cto 1 j\Jn nojiynaTb TonHOCTb n 6 ^ 1 co ckojib yro^HO MajibiM e > 
0, cm. TaioKe blogs.princeton.edu/imabandit/2014/12/22/guest-post-by- 
sasho-nikolov-beating-monte-carlo. 

B 3aKjiK>ueHiie xoueTCsi OTMeTiiTb, uto b nocjie^Hiie ^ecuTi-uieTi-iH oneHb 
6ypHO pa3BiiBaeTCH o6jiacTb Theoretical Computer Science, CBH3aHHaH c 
usyueHneM reHepaTopoB nceB^i,ocjiyuai"mbix unceji (b tom uncjie b cbh3ii c 
npo6jieMoii P ^ NP), cm. Pa36opoB A.A. Theoretical Computer Science: 
B3rjnm MaTeMaTHKa. 2013. 

http://www.people.cs.uchicago.edu/razborov/files/computerra.pdf 

16. (PageRank.) OpiieHTiipoBaHHbiii rpacjr G = (V,E) cera HmepHeT 
npe^CTaBjineTCH b Bi-me Habopa web-CTpaHiiu, V h ccbijiok Mexc^y humii: 
saiiHCb (i,j) € E 03HauaeT, uto Ha i-i\ CTpaHiipe iiMeeTCH ccnuiKa Ha j-K> 
CTpaHiipy. 

а) no web-rpacjry cjiyuaiiHO 6jiyjK^aeT nojib30BaTejib. 3a o^iih TaxT 

BpeMeHii nojib30BaTejib, iiaxo^,Hiu,HiicH Ha web-CTpaHi-m,e c HOMepoM i, c 
BepoHTHOCTbio pij nepexo^HT no ccbuiKe na web-CTpam-my j. nycTb H3 
jnoboii web-CTpaHiin,bi mohcho no ccnuiKaM nepeftTH Ha jiK>6yio ^pyryro 
web-CTpamiiiy (ycjiOBiie HepasjiouaiMOCTii) rpacjra G. npoBepbTe, uto npn 
6ecKOHeuHO .gojiroM 6jiy»c^aHHH ^ojih BpeMeHii, KOTopyio nojib30BaTejib 
npoBe^eT Ha web-CTpaHiipe c HOMepoM k, ecTb pk, r^e p = (p±, ...,p n ) T , 
p T = p T P, P = \\pij ll/jl-i - CTOxacTHuecKau MaTpupa, = 1 (perne- 

Hiie e^HHCTBeiiHO BBimy Hepa3Jio»niMOCTH P). ObpaTiiM BHHMaHue, uto 
OTBeT He 3aBiiCHT ot Toro, c KaKofi BepmiiHbi CTapTyeT nojib30BaTejib. 

б) B ycjiOBHHx npe^bi^ymero nyHKTa nycTiiM He3aBi-ici-iMO bjiyac^aTB 

no web-rpacjry N nojib30BaTejiei"i (N |V| 1). nycTb rii ( t ) - ui-icjio no- 

ceTHTejieii web-CTpaHim,bi i b momcht BpeMemi t. CuiiTau CTOxacTiiuecKyio 
MaTpupy P Hepa3Jio>KHMOH h anepiio^HuecKoii, noKauciiTe, uto 


3 A 0.99 > 0, T g > 0 : Vt>T G , 


P 


f n k (t) 

V N 



< 


^ 0.99 

Vn 


> 0.99, 


pge p T = p T P (pemem-ie e^HHCTBemro). Kax h Bn. a), h 3 ^ecb OTBeT He 
3 aBHCHT OT TOTO, C KaKHX BepmHH CTapTyiOT nOJIB 30 BaTejIH. 
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3aMeHamie. Ecjih opraHH30BaTB cjiynaiiHBie 6 jiy»cpaii, cjiepyn n. 6 ) 
(oTMeTHM, hto 3Ti-i 6jiy»cpaHH5i xopomo pacnapajijiejiiiBaiOTCH no micjiy 
6 jiy»cpaioiii,Hx nojiB30BaTejieii), to npn onpepejieHHBix ycjiOBinix mohcho 
nojiyniiTB pememie 3apanH p T = p T P 3HamiTejiBHO 6 biCTpee, neM, cxa- 
»ceM, O (n 2 ). Taxoii cnoco 6 nucjieHHoro noncxa BexTopa p ocHOBaH na 
MeTope Markov chain Monte Carlo. fleTajm n ccbijikh cm., HanpiiMep, b 
pa 6 oTe FacHiiKOB A.B., ^MHTpneB fl.IO. 06 s^cjreKTiiBHBix paHpoMH3ii- 
poBaHHBix ajiropi-iTMax noncxa BexTopa PageRank // >KBMhM®. 2015. 
T. 55:3. C. 355-371. arXiv:1410.3120 n ee pasBiiTiie arXiv:1701.02595. 
YnoMHHeM Taxnce HepaBHioio pa 6 oTy Belloni A., Chernozhukov V. On the 
Computational Complexity of MCMC-based Estimators in Large Samples 
// arXiv:0704.2167 (2012), copepxaipyio CTporae pe 3 yjiBTaTBi 06 scjDcjrex- 
Ti-iBHOH BBiniicjiiiMOCTH 6 ai"iecoBCxiix opeHOx. Ecjiii ncnojiB30BaTB Hepa- 
BeHCTBa xoHpeHTpapiin Mepni n i-imctb opeHxn Ha cnexTpajiBHyio ipejiB 
MaTpupBi P (cm. [20, 36]), to npiiBepeHHBiii b n. 6 ) pe3yjiBTaT mojkho 
Tax>xe cpejiaTB 6 ojiee ctpoi hm, a hmchho TOHHee opeHiiBaTB cxopocTB 
cxopiiMOCTii H njiOTHOCTB xoHpeHTpapnn (cm. 3apany 19 pa3pejia 6 ). 

17.** (Markov Chain Monte Carlo Revolution h coctoht6jibhoctb opeHOx 
MaxciiMajiBHoro npaBponopo6ii5i; P. Diaconis.) B pyxn ohbithbix xpunTO- 
rpacjiOB nonajiocB 3axopnpoBaHHoe miCBMO (10 000 chmbojiob). Hto6bi sto 
m-iCBMO npoHHTaTB, HyncHO ero pexopupoBaTB. JlflR 3Toro 6epeTCH CTOxa- 
CTiiHecxasi MaTpupa nepexopHBix BeponTHOCTeii P = \\pij\\ (jiiiHeimBiii pa3- 
Mep xoTopoii onpepejineTCJi hhcjiom bo3mo>xhbix chmbojiob (6yxB, 3HaxoB 
npeniinaHHH h T.n.) b H3Bixe, Ha xotopom po mucjipoBaHHH 6bijio HanucaHO 
miCBMO, - 3tot h3bix H3BecTeH h pajiee 6ypeT iiasBiBaTBCn 6a30BBiM), b 
XOTOpOII Pij - 3TO BepOHTHOCTB nOHBJieHIDI CI'IMBOJia C HOMepOM j cpa3y 
nocjie ciiMBOJia nop HOMepOM i . Taxaa MaTpupa mohcct 6bitb upeHTiicjOT- 
pupoBaHa c noMOipbio CTaTHCTiinecxoro aHajni3 xaxoro-Hii6ypB 6ojn>moro 
TexcTa, cxa*eM, “Boiihbi h Mi-ipa” JI.H. TojiCToro. 

IlycxaH cnoco6 (pe)mn4)poBaHH5i (nopcTaHOBOHHBiii mncjjp) onpepejra- 
eTCH HexoTopoii Heii3BecTHOii pemixfipyiomeH <J)yHXH,Hefi / - npeo6pa30- 
Bamie (nepecTaHOBxa) MHO>xecTBa xopoBBix 6yxB bo mhohccctbo chmbojiob 
6a30Boro H3Bixa. 

B xanecTBe “HanajiBHoro npii6jiH>xeHH5i” BBi6iipaeTCH xaxaa-TO cj3y HK_ 
pusi /, HanpiiMep, nojiyneHHaji iicxopn H3 jierxo ocyipecTBHMoro nacTOTHO- 
ro aHajiii3a. /I,ajiee paccmiTBiBaeTCJi BepOHTHOCTB BBinapeHim nojiyneHHO- 
ro 3axopnpoBaHHoro TexcTa x, creHepupoBaHHoro npn 3apaHHoii (JjyHxpHH 
/ (cjDyHxpiiH npaBponopo6nji): 

L (%', f) = WPf(x k ),f{x k+ 1 )- 

k 
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CjiynaftHO BBi6npaiOTCJi ppa, apryMeHTa y c^ymapiii / h 3HaHeHiisi 
cJjyHKHHH npn 3thx apryMeHTax MeHsnoTCH MecTaMH. Ecjiii b pe3yjiBTa- 
Te nojiynujiacB Taxaa /*, hto L (x; /*) > L(x;f), to / := /*, iraa- 
ne ne3aBiiciiMO 6pocaeTCH MOHeTKa c BeposiTHOCTBio BBina^emiH opjia 
p = L (x; f*)/L {x\ /), h ecjiii BBina,n,aeT open, to /:=/*, imane / := /. 
flanee npopepypa noBTopaeTCH (b KanecTBe / BBibiipaeTca cjryHKuyni, no- 
jiyHennaH Ha npe^Bi.n.ymeM mare). 

06T>HCHHTe, noneMy npep,jiO}KeHHBift anropiiTM nocne HeKOToporo hiic- 
jia iiTepapiiii c 6ojibihoh BeposiTHOCTBio h c xopomeii tohhoctbio BOCCTa- 
HaBjii-iBaeT ^emucjjpyiomyio cJryHKiijiio /? IIoHeMy cxo^hmoctb OKa3BiBa- 
eTCH TaKoii 6bictpoi“i (0.01 c iia coBpeMermoM PC)? 

¥Ka3aHHe. OmicaHHBift b 3a,n,aHe npiiMep b3ht 113 o63opa Diaconis P. 
The Markov chain Monte Carlo revolution // Bulletin (New Series) of the 
AMS. 2009. V. 49:2. P. 179-205. ^eTam-i Toro, hto 6yn,eT HamicaHO .gajiee, 
mojkho HaftTH b pa6oTax Jerrum M., Sinclair A. The Markov chain Monte 
Carlo method: an approach to approximate counting and integration 
// Approximation Algorithms for NP-hard Problems / D.S. Hochbaum 
ed. Boston: PWS Publishing, 1996. P. 482-520; Lezaud P. Chernoff-type 
bound for finite Markov chain // Annals of Applied Probability. 1998. V. 
8. P. 849-867; Joulin A., Ollivier Y. Curvature, concentration and error 
estimates for Markov chain Monte Carlo // Ann. Prob. 2010. V. 38:6. 
P. 2418-2442; Paulin D. Concentration inequalities for Markov chains by 
Marton couplings. 2013. arXiv:1212.2015v2. Cm. Taione [20], [36]. 

^jih Toro hto6bi nocTpoiiTB o^Hopo/pmiii .gucKpeTHBift m ap kob c :kh h 
npopecc c kohchhbim hhcjiom coctohhiih, HMeioiipift Hanepep, 3a^aHHyio 
HHBapiiaHTHyio (cTapiiOHapHyio) Mepy 7r, nepexo^HBie BeposiTHOCTii HinyT- 
ch b cjieAyrom,eM Bime: p tj = p^bij, i ± j; Pii = 1 - ]T Pij> r A e Pij ~ 

3- 3+i 

HeKOTopaa “3aTpaBOHHaa” MaTpupa, KOTopyro 6yp,eM .gajiee npe^nojiaraTB 
CHMMeTpHHHoft. JlerKO npoBepiiTB, hto Ma r rpnna p tl HMeeT HHBapiiaHTHyio 
(cTapiiOHapHyio) Mepy 7r, ecjin npn p)? > 0 

b j j T? Pj 7 TTj 

bji 77,p''j 7Tj ' 

Hto6bi HaflTH bij, p,ocTaTOHHO HaftTH 4>yHKH,Hio F : —> [0,1] Taxyio, 

HTO 


F(l/z) 


H 
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rioxajiyil, caMHH H3BecTHbiii npiiMep (iimchho oh ii ncnojib30Bajicji 
b 3apane) TaKoii <J>yHKpHH F (z) = min{z, 1} - ajiropiiTM XacTimrca- 
MeTponojiiica. 3aMeTHM, hto pjia jiio6oh TaKoii (JiyHKpHH F (z) HMeeM 
F (z) < F ( z ). /Ipyroii npiiMep paeT <J>yHKpHJi F (z) = z/(l + z). 3aMeTi-iM 
TaK»ce, hto o6biHHO Bbi6npaeTCH paBHbiM pl t = 1/Mi, gge Mi - hiicjio 
“cocepHHx” coctohhiih y i, hjih 

P% = 1/(2M), i 7 ^ j; p° u = 1/2, i ± j. 

ITpn 6ojibmnx 3HaHeHiiHx BpeMeHii t, corjiacHO apropiiHecKoii TeopeMe, 
HMeeM, hto pacnpepenemie BeposiTHOCTeii 6jih3ko k CTapiiOHapHOMy n . 
/],eiicTBHTejibHO, npn oraicaHHbix Bbime ycjiOBiisix HMeeT MecTO ycjiOBiie 
peTajibHoro 6ajiaHca (MapKOBCKiie pemi, pjui KOTopbix sto ycjiOBiie bh- 
nojiHHeTCH, imorpa na3biBaiOT o6paTHMbiMii): 

TtiPij 1 TtjPjii / j ~ 1 ? “‘,71, 

H3 KOToporo cpa3y cjiepyeT HHBapiiaHTHOCTb Mepbi n, T.e. 

EW = ^ ^ '‘ Pji = Am J = “-iTl- 

i i 

OcHOBHoe npi-iMeHem-ie 3aMeHeHnoro cjaaKTa coctoiit b Ha6jnopeHHH, hto 
BpeMH Bbixopa MapKOBCKoro npopecca Ha CTapnoHapHyio Mepy (mixing 
time) bo mhothx cjiynaax OKa3biBaeTCH ypiiBiiTejibHO MajibiM. IIphtom hto 
BbinojiHeHiie opHoro mara no BpeMeHii cjiynaiiHoro 6jiy:»cpaHHJi no rpacjjy, 
OTBenaiomeMy paccMaTpiiBaeMoii MapKOBCKoft pemi, k&k cjiepyeT H3 ajiro- 
piiTMa KHyTa Ho (cm. 3apany 11), Tannce MonceT 6biTb 6biCTpo cpenaHO. 
TaKHM o6pa30M, pobojibho nacTO mohcho nojiynaTb scjacjaeKTHBHbiii cnoco6 
reHepupoBaHHH pacnpepejieHiisi pucKpeTHOii cjiynaftHOH BejiHHHHbi c pac- 
npepejieinieM BeposiTHOCTeii 7r 3a BpeMH, nojniHOMiiajibHoe ot jiorapncj:)Ma 
Hiicjia KOMnoHeHT BeKTopa n. 

/Jjih jiynmero hohhm am-in npoiicxopsiipero b ycjiOBinix 3apanH OTMe- 
thm, hto opmiM H3 caMbix yHHBepcajibHbix cnoco6oB nojiyHemiH aci-iMnTO- 
THHecKH HaHjiynmHx opeHOK Heii3BecTHbix napaMeTpoB no Bbi6opKe hbjih- 
eTCH MeTop Han6ojibmero npaBponopo6nsi (H.A. H6paniMOB - P.3. Xacn- 
mhhckhh, B.r. CnoKOHHbiii). HanoMHiiM BKpaTpe, b neM oh 3aKjnoHaeTCH. 
IlycTb HMeeTCH Bbi6opKa H3 pacnpepejieHini, 3aBiicjnpero ot Hei-i3BecTHoro 
napaMeTpa - b nameM cjiynae Bbi6opKOi"i x H3 10 000 ajieMeHTOB 6ypeT 
micbMO, a Hei-i3BecTHbiM “napaMeTpoM” 6ypeT cjayHKpusi /. /Jajiee cm-iTa- 
eTCH BeposiTHOCTb (hjih njiOTHOCTb BepoHTHOCTii b cjiynae HenpepbiBHbix 
pacnpepejieHiii"i) L (a;; /) toto, hto BbinapeT paHHbiii x iipn ycjiOBHH, hto 
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3HaHem-ie napaMeTpa /. Ecjiii nocMOTpeTb Ha L ( x ; /) KaK Ha pacnpe^e- 
jiemie b npocTpaHCTBe napaMeTpoB (x sacjniKCHpoBaH), to npn 6 ojibhiom 
o6T>eMe BBi6opKii (pa3MepHOCTii x) npn ecTecTBeHHbix ycjiOBHHx sto pac- 
npe^ejiemie KOHpeHTpupyeTCH b Majiofi OKpecTHOCTH Han6ojiee BepoaTHoro 
3Ha'ieHH>i 

f(x) = arg max L (a;; /), 

KOTopoe “acHMnTOTHHecKii” coBna^aeT c Heii3BecTHbiM iicthhhbim 3Hane- 
HiieM /. 

3aMeHaHHe. J\jisi opeHKii mixing time Hynmo opemiTb cneKTpajiBHyio 
Hj,ejiB CTOxacTHHecKOH MaTpupbi nepexo,n,Hbix BepoaTHOCTeii, 3a,gaiom,eH 
HCCJie,n,yeMyK> MapKOBCKyro ^HHaMiiKy, to ecTb Hynaio opemiTb paccTO- 
HHiie ot MaKCHMajibHoro co6cTBeriHoro 3HaneHHH 3toi"i MaTpupbi, paBHoro 
e,n,HHHH,e (TeopeMa Opo6eHiiyca-IIeppoHa), ,n,o cjie^,yK)m,ero no BejiiiHime 
MO,n,yjiH. IIMe hho sto hiicjio onpe^ejiaeT ocHOBamie reoMeTpiraecKOH npo- 
rpeccHH, Ma>KopnpyK>m,eii HCCJie^yeMyro nocjie,n,OBaTejibHOCTb HopM pa3- 
HOCTeii paccTOHHiiii Menc^iy pacnpe^ejieHiieM b ,a,aHHbiH momcht BpeMemi h 
CTapiiOHapHbiM (4)iiHajibHbiM) pacnpe,n,ejieHHeM. opeHKii cneKTpajib- 

hoh m,ejiii pa3pa6oTaHO ^obojibho mhoto MeTO,n,OB, 113 KOTopnix Mbi yno- 
MHHeM jinmb HeKOTopbie: HepaBeHCTBO IlyaHKape (KaHOH hhcckhk nyTb), 
H3onepriMeTpHHecKoe HepaBeHCTBO Hiirepa (npoBO,n,HMOCTb), c noMOipbio 
TexHHKH KanjiHHra (nojiynaiOTCH npocTbie, ho, KaK npaBi-uio, ^OBOJibHO 
rpy6bie ohphkh), c noMom,bio Kanjii-mra MepTOHa, c noMOipbio .gHCKpeTHoii 
KpiiBH3Hbi Piihhh h TeopeM o KOHpeHTpapini Mepbi (MujibMaHa-rpoMOBa). 
npiiBe^eM HeKOTopbie npiiMepbi npiiMeHemiH MCMC: TacoBaHHe n KapT 
pa36neHHeM npn6jiH3HTejibHO Ha ,n,Be paBHbie Kynn h nepeMemiiBaHiieM 
3thx Kyn (mixing time~ log 2 n); 2 Hit and Run (mixing time ~ n 3 ); 
MO^ejib Il3HHra - n cmraoB na OTpe3Ke, CTauyiOHapHoe pacnpe^,ejieHiie = 
pacnpe^ejieHKj rii66ca, rjiay6epoBa flHHaMHKa (mixing time ~ n 2l ° g2<5 / T , 
0 < T <C 1 (cm. 3a^,any 18)); npo6jieMa noiiCKa KpaT'iainriHx raMiuib- 
TOHOBbix nyTeii; HMHTauHa OT»aira (cm. sa^any 20) pjm pememiH 3aflaH 
KOM6iiHaTopHoii onTHMH3an,HH, MCMC ^jih pememiH 3a^,an nepenucjiH- 
TejibHoii KOMdiiHaTopiiKH. Ho, nojKajiyii, caMbiM H3BecTHbiM npiiMepoM 

2 3/tec 1 , KOHTpacT npoaBjiaeTca, noacajiyfi, Han6ojiee apico. CicaaceM, /t/ia ko.;io/u,i h3 
52 KapT npocTpaHCTBO coctohhhh MapKOBCKOH u;enH 6yn;eT hmgtb molu,hoctb 52! (ecjin 
cjiohkhtb BpeMeHa ^KH3HeH b HaHOceKyH,zj;ax Ka^K^oro nejiOBeKa, Kor^a jih6o HtHBinero 
Ha 3eMjie, to sto hhcjio Ha mhoto nopn^KOB MeHBrne 52!). B to BpeMH KaK TaKoe 
TacoBaHHe: b3htb CBepxy kojio^bi KapTy h cjiynaimo noMecTHTB ee bo BHyTpB kojio^bi, 
OTBenaiOH^ee onpe^ejieHHOMy cjiynaftHOMy 6jiy:>K,zj;aHHio, c oneHb xopomefi tohhoctbio 
B biH^eT Ha paBHOMepHyio Mepy, OTBenaioiii;yio nepeMemaHHOH Kojio^e, nepe3 KaKHx-TO 
200—300 rnaroB. Ecjih 6paTB TacoBaHHe pasOneHHeM Ha KynKH, to h toto MeHBrne — 3a 
8-10 maroB. 9 to oOHapyncHji P. Diaconis. 
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(Dyer-Frieze-Kannan) aBjiaeTca nojiiiHOMiiajibHbiii BepoaTHOCTHbiii ajiro- 
piiTM (padoTaioipiiH 6biCTpee ii3BecTHbix “sKcnoHeHpuajibHbix” peTepMH- 
HiipoBaHHBix) npii6jin>KeHHoro noi-icxa pempa thjkbcth BbinyKjioro mho- 
»cecTBa h BBiHi-icjiemia ero o6T>eMa. OpHa H3 pa6oT b stom HanpaBjiemni 
6bijia ynpcToeHa npeMHH OajiKepcoHa - aHajiora Ho6ejieBCKOi“i npeMHH b 
o6jiacTi-i Computer Science. BjiH3Kiie ripen ncnojib3yiOTCH h npii npiiMeHe- 
hhh SKcnaHpepoB b Computer Science. B 2010 ropy npeMiia HeBaHjuiHHbi 
6bijia BpyueHa CnmiMaHy, b uacTHOCTH, 3a cy6jii'iHei"moe (no uncjiy 
3jieMeHTOB Marpunw, OTjuiuHbix ot Hyjia) pememie cucTeMbi jumeiiHbix 
ypaBHeHHH h 3({>({>eKTHBHoe iicnojib30Bamie sxcnaHpepoB (cm. HacTb 2). 

18. (OpHOMepHaa Mopejm Ifei-mra [20], [36].) PaccMOTpiiM KOHeuHbiii 

0Tpe30K o^HOMepHoii pejiOHiicjieHHOH pemeTKi-i {0,1,...,n}, b Kaacpoi! 
Bepmime k KOTopoii HaxopiiTca ciihh, npiiHiiMaioiu,iiii pBa 3HaueHiia a (fc) = 
±1. IIpi'i 3tom ciHTaeM, hto <t(0) = <j{n) = 1. OnpepejiHM raMua btohh aH 
cucTeMbi ff(er) = — cr(k)a(k + l))/2. OnpepejiHM paccToamie 

Bojibn,MaHa-rii66ca no ({jopMyjie 7r(cr) = Z~ x exp(— f3H(a)), f3 = T _1 > 
0 - BejiHHHHa, o6paTHaa «TeMnepaType», a Z - HopMiipyiomHH MHoaaiTejib 
(cTaTcyMMa). OpmiM h 3 cnoco6oB nocTpoemia opHopopHoii pucKpeTHoii 
MapKOBCKoir pemi c 3apaHHbiM CTapiiOHapHbiM pacnpepeaemieM n(a) bb- 
jiaeTca ncnojib30BaHiie pacnpepeaemie Taay6epa: 

а) Bbi6i-ipaeM k G {1, ... ,n — 1} coraacHO paBHOMepHOMy pacnpepeae- 

HIIIO. 

б) C BepoaTHOCTbio 

P = exp(PH(a k ,+i))/ (exp(/3H(cr ky+1 )) + exp(/3H(a k _i))) 

hobbim cocToamieM 6ypeT cr kt + 1 , a c BepoaTHOCTbio 1—p cocToamie a k .-i, 
rpe 

&k ,-\-1 — /c, <J k ^~ j-i — 1, 

i = ^ &k,—i = 1- 

IloKa>KHTe, hto xapaKTepHoe BpeMa Bbixopa Ha CTapiiOHapHoe pacnpe- 
pejienne (mixing time) stoh MapKOBCKoir pemi opemiBaeTca CBepxy Rax 
n 2 iog 2 (/ 3 exp(i)) B npepnoaojKemni /? 1 . 

19. * (Hit and Run.) Pap 3apau, b KOTopbix Hcnojib3yeTca Merop MoHTe- 
Kapjio, npepnoaaraeT B03MO>xHOCTb cjiyuaiiHO paBHOMepHO nadpacbiBaTb 
tohkh b nexoTopoe Hanepep 3apaHHoe MHoatecTBO (He o6a3aTejibHO bm- 
nyxjioe h CBa3Hoe). Hanpi-iMep, npn BMHHcaeHHH HHTerpajia c noMorpbio 
MeTopa MoHTe-Kapao hjih npn HHCJiemiOM pemeHini 3apau onTi-iMH3a- 
H.HH, B KOTOpbIX HyjKHO yMeTb npH6jIH}ReHHO HaXOpiITb H,eHTp THJKeCTII 
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MHOxecTBa. Hcxo^h h 3 MCMC no,ipco^i,a (cm. [36]) o6ocHyi"iTe, aKKypaTHO 
oroBopiiB /tei’ajiH, cjie,n,yiom,HH cnoco6 reHepaumi Tonex. 

BepeM jiK>6yio Touxy BHyTpn MHOxecTBa h npoBO^HM cjiyuaimo Ha- 
npaBjieHiie uepe3 9Ty Touxy, ^ajiee c noMom,bio rpamiHHoro opaKyjia cjiy- 
naimo reHepiipyeM (c noMOipbio paBHOMepHoro pacnpe^ejieHiiH) na stom 
H anpaBjieHiin BHyTpeHHioio Touxy paccMaTpimaeMoro MHOxecTBa. Hepe3 
9Ty Touxy CHOBa npoBO^,iiM cjiyuaimoe iianpaBjieHiie h t.^,. Xopomo jih 
6y^eT pa6oTaTb Hit and Run ,n,jra BbiTjmyTbix MHOJxecTB hjih .zpra mho- 
>xecTB, HMeioiipix .npcTaTomio ocTpbie yrjibi? npe,n,jio:>xHTe MO,n,Hc|Hixaij,Hio 
(HanpiiMep, c noMom,bio ajumncoi-moB ,11,1-iKi-iHa) ajiropiiTMa Hit and Run 
rjih TaKHx “njioxnx” mhokcctb. npe^jio>KiiTe .npyrne cnoco6bi cjiynaimo 
paBHOMepHO Ha6pacbiBaTb tohxh b HeKOTopoe Hanepe^i, 3a^,aHHoe MHOJxe- 
ctbo (HanpiiMep, Shake and Bake). Xopomo jih 6yn,eT pa6oTaTb MeTO^i, 
Shake and Bake pjin mho^kbctb b npocTpaHCTBax 6ojibmoi“i pa3MepHOCTii? 
Kan cjie^yeT ^.eiicTBOBaTb, ecjm paccMaTpimaeMoe MHontecTBO HMeeT npo- 
CTyio CTpyKTypy: n-MepHbiii xy6, n-MepHbii"i map, n-MepHbiii ci-iMnjieKC, 
MHororpaHHiiK? 

3aMenaHHe. Cm. Bimeo BbiCTynjiemisi B.T. nojinxa “B oxpecTHOCTux 
MoHTe-Kapjio” na mathnet.ru h opiirimajibHyio CTaTbio Lovasz L. and 
Vempala S. Hit-and-run from a corner // SIAM Journal on Computing. 
2006. V. 35, N 4. P. 985-1005. 

20.** (Ijio6ajibHaji onTHMH3aii,HJi n mohotohhbih CHMMeTpiiHHbni Map- 
xobcxhh noncK; HexpyTxmi-TuxoMHpoB.) PaccMaTpiiBaeTCH 3a^,ana rjio- 
6ajibHOi"i onTHMH3an,HH / ( x ) min. Cm-iTaeM, hto rjio6ajibHbii“i miihii- 

MyM ^ocTiiraeTCH b e^iiHCTBeHHoii Tonxe x* (npiineM ^jih jno6bix e > 0 
BbinojiHHeTCH ycjiOBiie 3 inf {/ (x) : xG B^(x*)} > f (x*)), r,n,e f (x) - 
HenpepbiBHaa (.[jyHKHHH, ^BajK^bi rjia^Ka b Tonne x* , npiineM MaTpiipa 
recce G cjryHKHyn-i / ( x ) b stoii Tonxe nojioxaiTejibHO onpe^ejieHa. OminieM 
ajiropiiTM (c TOHHOCTbio ,n,o Bbi6opa c[)yHKii,nn njiOTHOCTii pacnpe^,ejieHiiH 
g{r), r G [0,oo)): 

а) (HanajibHbiii mar) BbidiipaeM Touxy CTapTa Xq = x; 

б) (mar k < N) He3aBnciiMO reHepiipyeM c.b. ^ H3 peHTpajibHO chm- 
MeTpiiHHoro pacnpe^ejieHHH c 3a^,aHHOii hjiothoctbio g (r). Ecjiii 

• / ( x k + £ k ) < f ( x k ) , to x k+ i =x k + 4, 

• HHane Xk+i = Xk ; 

3 B£ ( x ) - ^onojiHetme rnapa B £ (x) pa,u,Hyca e c u;eHTpoM b TOHKe x. 
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BBepeM o6o3HaHeHira 


M r = {a; G B r {x*) : / (x) < f (y) /yin Bcex i/eB' (a;*)} , 
r e = min {n £ N : x n £ M e } , S ( x ) = inf {r > 0 : x £ M r } , 




i—1 


Xi 


1/2 


rpe Xi - co6cTBeHHBie nncjia G. IIoKa>KiiTe, hto, nan 6bi mbi He bbi6h- 
pajiH cjiyHKi/Hio njiOTHOCTi-i g (r), Bcerpa npn e < p(x,x*) i-meeT MecTO 
cjie^yfomaH opeHKa cmi3y: 

E [r e | Xo = x] > In (p ( x , x*)/e) + 2. 

IToKanaiTe, hto MeTop c njiOTHOCTBio (ecTb mhoto ppyrux BapnaHTOB) 

q (r) = v (r) r~ d , v (r) = -~-, 

(e + n |lnr*|) In 2 (e + n |lnr|) 

rpe c HaxopHTCH H3 ycjiOBiin HopMiipoBKii, paeT opeHKy (e < 5 ( x )/ 2 ): 


E [r e | Xo = a;] < b n T In 2 (e) In 2 (In (e)) |ln(<5 (x))|, (1) 

rpe b £ (2,3) (/yin npocTOTBi Bocnpiismisi mbi npiiBejiii 3 ,n,ecB orpy6jieHHBii“i 
BapnaHT). 

3aMenaHHe. Ecjih OTKa3aTBcn ot rjiapKOCTH ii(hjih) nojioJKHTejiBHoii 
onpe/],ejieHHOCTi'i MaTpupBi G, to bmccto F, KOTopoe b thhiihhbix ciiTy- 
apiiHx pacTeT c pa3MepHOCTBio npocTpaHCTBa SKcnoHeHipiajiBHO 6 bictpo, 
B (*) MOJKHO I-ICn0JIB30BaTB F~ x , rpe 

F e , x = inf {vol (M r )/vol (B r (a;*))} . 

e<r<8(x) 

OTMeTiiM, hto Bee npiiBepemiBie pe3yjiBTaTBi coxpaHHiOTCH c He6ojiBiniiMH 
nonpaBKaMii h /yra opeHOK BeposiTHOCTeii 6 ojibihhx yKjiOHemiH, T.e. /yra 

n (x, £, 7) = min {n : P (x n £ M e |xo = x ) > 7} = 

= min {n : P (r e < n |xo = x ) > 7} . 

,HeTajiH i-iMeiOTcn b pa6oTax A.C. Ti-ixoMi-ipoBa, ony6jniKOBaHHBix 3a no- 
cjiepHiie 20 jieT b >KBM h MO. 

Il3Jio>KeHHBie b 3Toii 3apaHe pe3yjiBTaTBi MoryT BBi3BaTB Ha nepBBix 
nopax ypHBjiemie. H, peiiCTBiiTejiBHO, kslk Tanoe bo3mojkho, hto6bi b 3apa- 
nax rjio6anBHoii onTHMH3an,HH 3aBiiCHMOCTB micjia HTepapnii ot tohhocth 
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6bijia jiorapiicjDMHHecKaH, b to BpeMH KaK H3BecTHBi hh>khh6 ouchkh, b 
KOTOpBIX 3Ta TOHHOCTB BXO,Z3,HT b CTenemi pa3MepHOCTI-I npocTpaHCTBa 
(b cjiynae paBHOMepHOti rjia^KOCTi-i bbicokoto nopa/pca CTeneHB mohcho 
noHri^KaTb) b 3HaMeHaTejie, cm., Hanpi-iMep, Zhigljavsky A., Zilinskas A. 
Stochastic global optimization // Optimization and Its Applications. 
Springer, 2008. V. 9. P. 262. TyT ctoiit otmcthtb, hto, BO-nepBBix, hidk- 
Hne opeHKii nojiynaiOTCH ^jih ^eTepMiiHiipoBaHHBix mcto^ob, Hy h caMoe 
rjiaBHoe, hto “npoKjiHTiie pa3MepHOCTii” 3,n,ecB Taxxe miKy^a He ^.ejiocB 
(cm., HanpHMep, He^aBHioio pa6oTy B.T. IIojiHKa h II. C. I0,ep6aKOBa Ha 
3Ty TeMy arXiv: 1603.00311). ^ance npn caMOM 6jiaronpiiHTHOM pacKjia^e 
b opeHKy (1) bxo^ht (JjaxTop 2", SKcnoHeHHjiajiBHO pacTymnii c poctom 
pa3MepHOCTi-i npocTpaHCTBa. B otjihhhc ot rjio6ajiBHoii onTHMH3an,HH, b 
BBinyKjioii onTHMH3au,iii-i Taxiie npo6jieMBi mohcho peinaTB (cm. nacTB 2). 

21. (rjio6ajiBHaa onTHMH3an,HH h simulated annealing.) rioHcajiyii, caMBiM 
nonyjmpHBiM ceiruac mcto^om rjio6ajiBHOi"i onTHMH3an,HH (npaB^a, c oueHB 
njioxiiMH Ha ^aHHBiii momcht TeopeTHuecKHMH opeHKaMH cxopocTH cxo- 
^hmoctii) HBjuieTCH simulated annealing (uMUTauuu 3aTBep,n,eBaHHH iijih 
OTuaira), npe^,CTaBjunoin,HH co6oi“i ^iicxpeTHoe npubjiiiHceHiie peineHira 
CTOxacTiiuecKoro ^i-icjrcjrepeHpHajiBHoro ypaBHemra 4 

dx t = -V/ ( x t ) dt + \/2T (t)dw t , 

pge wt - BHHepoBCKHH npopecc. rtoKauaiTe, hto npn HeorpaHHHHTejiBHBix 
ycjiOBHHx h T (t) = T TpaeKTopiiH x t HMeeT npn i —> oo CTapiiOHapHoe 
pacnpe^,ejieinie c hjiothoctbio rii66ca: 

exp (~f(x)/T) 
f exp (—/ (z)/T) dz ’ 

SKcnoHeHip-iajiBHO KOHpeHTpupyiomeecH b OKpecTHOCTH e/],HHCTBeHHOH 
tohkh rjio6ajiBHoro MHHHMyMa x* ^Bauc^Bi rjia^Koii <J>yHKu,HH / (x) npn 
T —> 0+. O^HaKO npn T —> 0+ h BpeMH BBixo^a Ha sto CTanyio- 
HapHoe pacnpe^,ejieHiie Heorpam-iHeHHO B03pacTaeT, hto C03^,aeT npo6jie- 
mbi rjisi npaxTHHecKoro npi-iMeHeHiiH. Bojiee npaBiuiBHO 6paTB T ( t ) = 
= c/ In (2 + t), rpfi c - ^ocTaTOHHO 6ojiBmoe hiicjio. IIoKa>KHTe, hto Tor^,a 
rjik jik>6oi"i HanajiBHOH tohkh Xq TpaeKTopiiH npopecca x t HMeeT b npe^ejie 
t —> oo (kotopbih (JjaKTHHecKii c xopomeii tohhoctbk) npoHBjiaeTCH y»ce 
Ha KOHeHHBix BpeMeHax) pacnpe^ejieHiie, cocpe^OTOHemroe b TOHKe x*. 

4 /lerajii.iio Mayiennoio b CTaTbe S. German., C.P. Hwang. Diffusions for global 
optimization // SIAM J. Control and Optimization. 1986. V. 24:5. P. 1031-1043. 
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3aMenaHHe. ^eTajin h cnocobbi flHCKpeTH3an,HH mokho nonepnHyTb, Ha- 
npiiMep, H3 paboTbi Kushner H. Asymptotic global behavior for stochastic 
approximation and diffusion with slowly decreasing noise effects: global 
minimization via Monte Carlo // SIAM J. Appl. Math. 1987. V. 47:1. 
P. 169-183. B CCCP b 3tom HanpaBjiemni paboTan A.,11. OpapKOB. 

22. (Multilevel Monte Carlo; M. Giles.) HeKOTopbiii piKjjcjrysHOHHbin npo- 
pecc omicbiBaeTCH CTOxaer h' rec khm pncjDcjDepeHpiiajibHbiM ypaBHemieM 

dS ( t ) = a ( S(t),t) dt + b ( S(t),t) dW (t) , 0 < t < T, S (0) = So, 

rpe W (t) - BHHepoBCKHft npopecc. 3a,n,aHa jiiininiipeBa cJjyHKnm-r / (S'). 
Tpe6yeTcn npepjionaiTb uHCJieHHbifi cnoco6 opemiBaHiiH 

Y = E[f(S(T))}. 

а) * /(HCKpeTH3npyeM 3apany no cxeMe 3fijiepa: 

S„+i = S n + a (s„,t„) At + b (, S n ,t n ) A W n , At = h. 

B03bMeM N He3aBHCHMbix peajiH3an,Hft ( Sn ' 1 1 n iiojiokhm 

i N 
i =1 

IIoKaxcnTe, hto Haii^yTCH Taicne CijC^ > 0, hto 

MSE = E |"(y — y) 2 j « Cl TV" 1 + c 2 h 2 . 

IloKancHTe, hto ecjm ot opeHKH Tpe6yeTcn tohhoctb £ (\/MSE = 0(e)), 
to onTi-iMajibHO (c touki-i 3pemin Total (s) - obipero niicjia apn<])Me r rH're- 
ckhx onepapnii / reHepiipoBamiH nopMajibHbix c.b. A W n ) Bbi6npaTb 

h= 0(e), N = O (e~ 2 ) , Total (e) = 0 ( e ~ 3 ) . 

б) ** IlpepjioncHM ppyroii (6ojiee scjrcjDeKTHBHbiii) cnoco6 opem-maHi-iii. 
/(jih 3Toro BBepeM KOHCTaHTy M > 1 h hojio>khm 

i N ‘ 

hl = M~ l T, Y l = - y j {f (44) - f (4V,))’ 

i =1 

1 N ° / \ L 

F » = ^E/(4%„). F =E F| 

u i—1 1=0 
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IIoKaxi-iTe, hto 


Bias = |E [Y-Y] \ = 0 (h L ), 


V t = D 




(i) 

T/hi- 


O (hi ), 


OGpaTi-iTe BHHMaHne, hto Vi yMeHBHiaeTCH c poctom ypoBHH l, hto b 
cboio onepe^B coKpaipaeT Tpe6yeMoe hiicjio peajiii3an,iiii cxeMBi c KanyupiM 
hobbim ypoBHeM. Mbi xothm, hto6bi 


VMSE = yj Bias 2 + D [y] < Bias + ^/o"" Y ~ e, 


hto floCTiiraeTCH, ecjm nojiouaiTB 


L L 

L = log (e-^/log M +0(1), B [F] = ^ N^V t ~ ^ ~ £ 2 . 

1=0 1=0 

Yni-iTBiBaH 3 to, noKaxaiTe, hto pemem-ie 3a^aHii 

L 

Total ( £ ) = NihT 1 —> min 

^ 1 {N,}> o 

1=0 

L 

npn orpaHHneHHH = O (s 2 ) HMeeT bh,zi, N[ = 0(e~ 2 Lhi). 

1=0 

TaKHM o6pa30M, Total(e) = O ^ £ _2 (logs) 2 ^. 

3aMenaHHe. OmicaHHBiii b n. 6) MeTO,n, 6 biji npe^,jio»ceH OTHOCiiTejiB- 
HO He,H,aBHO B KOHTeKCTe pa3pa6oTKI-I 3(J)4)eKTIIBHBIX HI-ICJieHHBIX MeTO,H,OB 
opeHKii cjjimaHCOBBix imcTpyMeHTOB Ha pBiHKe (Giles M. Multilevel Monte 
Carlo // Acta Numerica. 2015. V. 24. P. 259-328), nosTOMy oh nonan 
^.ajieKO He bo Bee KjiaccuHecKue MOHorpacJuin Ha 3Ty TeMy: Glasserman P. 
Monte Carlo methods in financial engineering. Springer, 2005; Graham C., 
Talay D. Stochastic simulation and Monte Carlo methods: mathematical 
foundation of stochastic simulation. Series “Stochastic modelling and 
applied probability”. 2013. V. 68 . TeM He MeHee, mbi peKOMeH^yeM sth 
KHH rn pjm norpynceHHH b o6jiacTB HiicjieHHBix mcto^ob cjnmaHCOBOH Ma- 
TeMaTHKH. 

23. (3a^,aHa 06 obHapyjKeHini ciirHajia Ha cjDOHe He cjiyuaiiHBix noMex, 
tDiimep-rpaHHHHH-IIojiHK) HMeeTCH ii3BecTHBiH (Ha 6 jno^,aeMBiii) peHTpn- 
poBaHHBiii cjiyHaHHBiii npopecc (f) n (c koh 6 hhbimh MOMeHTaMii /\o ueT- 
BepToro nopa/pca BKjnoHHTejiBHo). Mbi 3HaeM, hto peajmsauuH <f>i ^ 0. 
IlMeeTCH Hei-i3BecTHoe 3HaueHne HeKOToporo napaMeTpa 8 £ [0,1]. Mbi 
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Ha 6 jiK),n,aeM 3 HaHeHiia cjiyHafraoro npopecca y n = (f> n 9 + £ n , rpe \e n \ < C, 
ho “npupopa” e n HaM Heii 3 BecTHa. Il 3 BecTHO jihihb, hto c.b. {e n } h { 4 > n } 
- He 3 aBITCHMBI B COBOKynHOCTII. IloKa>KriTe, HTO OpeHKa 


S <t>kVk 



n 

Z<I>1 


cocTOHTejiBHa n.n., T.e. 9 n ^4 0. 

3aMenaHHe. ITpiiBe^iiTe y n = 4> n 9 + s n , n = 1,2,.... k Bupy 

^ n i n i n 

-yZ^kVk = -V'^fc^+ n = l,2,. 

n z —' n z —' n z —' 

fc=i fc=i fc=i 

9Ta sapana HBjiaeTca noHcajiyii o^hoh h 3 caMBix npocTBix no TeMe ope- 
HiiBaHi-iH Heii3BecTHBix napaMeTpoB npn nonTi-i npoii3BOJiBHBix noMexax. 
14pea (Bocxopaipaa k P. Qi-imepy) BBepemia ponojiHHTejiBHoii paHpoMH- 
aapHH, KOTopaa 6 bi ycTpaHajia 3a cneT ycpepHemia He3aBiiciiMBie ot stoh 
paHpoMH3api-iH noMexn He cjiynaiiHOH npupopBi, BecBMa njiopoTBopHa bo 
MH onix o 6 jiacTHx, Hanpi-iMep, b 6e3rpapneHTHOH onTHMH3api-n-i (cm., Ha- 
npiiMep, pa 6 oTBi arXiv: 1412.3890, arXiv:1509.01679, arXiv:1701.03821). 
IToppoSHee 06 stom Ham-icaHO b MOHorpa<J)HH FpaHUHUH O.H., IJoahk E. T. 
PaHpoMH3iipoBaHHBie ajiropiiTMBi opeHiiBaHiia h onTHMH3an,HH npn nonTi-i 
npoii3BOJiBHBix noMexax. M.: Hayna, 2003. 
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8. BepoaTHOCTHbiit MeTO/i, b KOMSnHaTopHKe 


1. rioBepxHOCTb iiexoTopoii mapoo6pa3Hoii njiaHeTbi coctoht h 3 OKeaHa 
h cyimi (MHOxecTBO MejiKiix octpobkob). Cyma 3aHiiMaeT 6ojibme nojio- 
biihbi njiorpaflH njiaHeTbi. Taxnce H3BecTHO, hto cyma gctb mhokcctbo, 
npmia,n,jie:>xam,ee 6opejieBCxoii cr-ajire6pe na ccjiepe. Ha njiaHeTy xoneT 
coBepmiiTB noca,n,xy kocmh'igckhh xopa6jn>, cxoHCTpyupoBaHHbiii Tax, hto 
kohu,bi Bcex mecTii ero hojkck jiencaT Ha noBepxHOCTii njiaHeTbi. noca^xa 
oxanceTCH ycneniHoft, ecjm He Memme neTbipex HO>xex 113 mecTii oxa>xyTCH 
Ha cyimi. Bo3MO>xHa jih ycnemHaa noca^xa xopa6jra Ha njiaHeTy? 

¥Ka3aHHe. BBe^eM HH/pixaTopHyio <J>yHXH,Hio .zpra o^hoii noca^xn 


& 


1, i-si iiontxa oxa3ajiacb Ha cyme, 
0 imane. 


6 

Tor^a hhcjio Honcex, oxa3aBimixcji na cyme, ecTb £ = Co noxajxHTe, 

i—1 

hto E£ > 3 (ycpe^Heime 6epeTCH no BceM B03MO>xHbiM noca^xaM). 3HaHiiT, 
cyipecTByeT noca^xa, ^jm xoTopoii £ > 3, to ecTb ycnemnasi. 

2. nycTb n > 2k h ceMeiicTBO F HBjineTCJi nepecexaiom,HMCJi ceMeftcTBOM 
/c-9JieMeHTHbix no^,MHO>xecTB MHoncecTBa {0,..., n — 1}, to ecTb rjik jiio- 
6bix AByx MHoncecTB A, B G F BbinojiHueTca ycjiOBiie AC\B ^ 0. Haft^HTe c 
noMOipbio BeponTHOCTHoro MeTO^a Bepxmoio opeHxy Ha pasMep ceMeiicTBa 
F (a HMeHHO, noxajxHTe, hto \F\ < C^Z i)- noxajxHTe, hto 3Ta opeHxa He 
yjiyHmaeMan. 

¥Ka3aHHe. (TeopeMa 9p^,ema-Ko~PaflO.) CeMeiicTBO F MO>xeT co^ep- 
>xaTb He 6ojiee k MHOJxecTB Bima A s = {s,s + l,...,s + fe — 1} (cyMMa 
6epeTCH no Mo^yjno ri), 0 < s < n — 1. 

nycTb a - cjiynaimaH nepecTaHOBxa Ha MHoncecTBe {0, 1} 

h i - cjiynaiiHoe hhcjio H3 MHoncecTBa {0,...,n— 1}. nycTb A = 
= {a (i), cr(i + 1),..., <j(i + k — 1)} (cyMMa 6epeTCH no MO,n,yjiio n). no- 
xaacHTe, hto, c o^hoii ctopohm (corjiacHO ,n,oxa3aHHOMy Bbime yTBepjx.n.e- 
hhio) , P [A G F] < k/n, c ^.pyroii ctopohh (c yneTOM paBHOBeponTHOCTii 
Bbi6opa A H3 Bcex fc-MHO>xecTB), P [A G F] = \F\/C„. 

3aMenaHHe. K stoii ii nocjieflyiom,HM 3a,n,aHaM ^aHHoro pa3,n,ejia mohcho 
pexoMeH^OBaTb xHiiry [37]. 

3. (3a^aHa PaMcea.) ^oxanaiTe, hto pjisl npoii3BOJibHoro rpacjia G = 
= (V, E) Bcer^a mojxho pacxpaciiTb Bepmirabi b ^Ba upeTa TaxiiM o6pa- 
30 m, HTo6bi He MeHee nojiOBiiHbi pe6ep 6 bijih “pa3HOH,BeTHbiMii”, to ecTb 
coe^HHiuiii BepmiiHbi pa3Horo upeTa. 
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VKa3aHHe. BbiHiicjniTe MaTeMaTiinecKoe oiKH^aHne Hiicjia “pa3Hon,BeT- 
hbix” pe6ep Asm cjiynaftHOH pacKpacKi-i Bepmim rpacjia b ,a,Ba n,BeTa. 

3aMenaHHe. O npiiMeHeHim BepoHTHOCTHoro no,ipto,i3,a k kom6h Ha r ropu kc 
h Teopim rpacjDOB peKOMeH,nyeTCJi nocMOTpeTb TaK»ce cjie,nyioiii,i-ie khhfh: 

AfirHep M., L[iirjiep T. ^OKasaTejitCTBa H3 Khhfh. Jlynimie flOKaaa- 
TejiBCTBa co BpeMeH EBKjin^a ,n,o Hainux .zpreH. M.: Mnp, 2006. 256 c. 

9cce Gowers W.T. The Two Cultures of Mathematics: c6opmiK CTaTeii 
“MaTeMaTHKa: rpaHiiu,Bi h nepcneKTiiBBi” / nep. c aHrji. no,n, pefl. ,ZJ.B. Aho- 
coBa h A.H. napmiraa. M.: Oaaiic, 2005. 606 c. 

4. Ha TypHiip npiiexajiii n urpoKOB. Kanc^a a napa urpoKOB, corjiacHO 
perjiaMeHTy Typmipa, ,n,oji>KHa npoBecTii o^,Hy BCTpeuy (HiiHbiix 6 bitb He 
MO»ceT). nycTB 

C k ■ (1 - 2~ k ) n ~ k < 1. 

,H,OKa>KHTe, hto Tor^a iirpoKii Morjiii cnirpaTb Tax, hto ,h,jih KajK^oro 
MHOxecTBa H3 k urpoKOB Hai"meTCH nrpoK, kotopbih no 6 e»y;aeT hx Bcex. 

YKa3aHHe. BBe^,eM Ak — co 6 BiTi-ie, cocToarpee b tom, hto He cyrpecTByeT 
nrpoKa, no 6 e»c 1 ii,aioiii,ero Bcex urpoKOB H3 MHoacecTBa K. ^UpKanciiTe, hto 

P( U A k ) ^ C k - {l-2~ k ) n ~ k . 

ifC{l,..,r!},|/C|=fc 

5. PaccMOTpi-iM MaTpimy n x n, cocTaBjieHHyio H3 jiaMnoneK, Kaac^aa 
H3 KOTOpbIX JII'l6o BKJIKJHeHa (dij = 1), JII'l6o BbIKJIIOHeHa (a,ij = — 1). 
npe^,nojio>KHM, hto ^jih Kanynpii CTpoKii h Kaac^oro CTOJi6n,a HMeeTca 
nepeKjnoHaTejib, noBopoT KOToporo (Xi = — 1 ,h,jih CTpoKii i h yj = — 1 
^jih CTOJi6n,a j) nepeKjnoHaeT Bee jiaMnoHKii b cooTBeTCTByrorpeii jihhhh: 
c «bkji.» Ha «bbikji. » h c «bbikji. » Ha «bkji.». Tor^a ^jih jno6oii HanajibHOH 
KOHcjuirypapiiH JiaMnoneK moxcho ycTaHOBiiTb Taxoe nojiOHceHiie nepeKjiro- 
naTejieii, hto pasHOCTb Mexc^y hhcjiom BKjnoHeHHbix h BbiKjnoHeHHbix 
jiaMnoneK 6yn,eT He MeHbme {^/2/t: + o(l))n 3 / 2 . 

YKa3aHHe. PaccMOTpiiTe nepeKjnoHaTejib no CTOJi6n,aM KaK c.b., npimi-i- 
Maiomyio c paBHoii BeposiTHOCTbio 3HaHeHiia 1,-1. Kanc^OMy nepeKjiiOHa- 
Tejno no CTOJi6n,aM rieo6xo,n,nMO no^o6paTb nepeKjnoHaTejib no ctpokhm , 
MaKCHMH3Hpyioin,HH pa3HOCTb BKjnoHeHHbix H BbiKjnoHeHHbix jiaMnoneK. 
Pacnpe^,ejieiiiie ^.aHHOii pa3HOCTii moxcho opemiTb iipn noMomii D,nT. 

6. HasoBeM mypmipoM opiieHTiipoBaHHbiH rpacji T = (V, E) TaKoii, 
hto ( x , x) E rjih jiio 6 oh BepmiiHbi x G V, a ^jih jno6bix ,n,Byx pa3- 
jihhhbix Bepmmi x 7 ^ y, x, y G V jih 6 o (x, y) G E, jih 6 o (y, x) G E. 
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MHCxscecTBO BepiiiHH na30BeM nrpoKaMH, Kansan napa nrpoKOB pobho 
0,13,1'iH pa3 BCTpenaeTCH Ha Maine, ecjin nrpoK x BBii-irpniBaeT y nrpoKa 
y, to (x, y) £ E. raMiuiBTOHOBBiM nyTeM rpacjm Ha30BeM nepecTaHOBKy 
BepniHH (xi, X 2 , ■ ■ ■, x n ), hto Aflii Bcex i nrpoK Xi BBiiirpBiBaeT y Xi+\. 
Hecjio>KHO noKasaTB, hto jho6oi"i Typmip co,n,ep>KHT raMiuiBTOHOB nyTB. 
IIoKa>KHTe, hto HaimeTCH TaKoii Typmip Ha n Bepimmax, pjisi KOToporo 
hhcjio raMHjiBTOHOBBix nyTeii He MeHBrne, neM n!/2” _1 . 

¥Ka3aHHe. PaccMOTpiiTe cjiyHaimBiii Typmip (HanpaBjiem-ie Ka»pi,oro 
pe6pa BBi6npaeTCH ne3aBHCHMO ot .npyraix c BeposiTHOCTBio 1/2). IlycTB 
X - hhcjio raMHjiBTOHOBBix nyTeii b cjiynaiiHOM TypHiipe. KajK^oft 

nepecTaHOBKii 7r o6o3HaHiiM nepe3 X n im/piKaTopHyio c.b. co6bitiisi, hto 
raMiuiBTOHOB nyTB, cooTBeTCTByiomiiii stoh nepecTaHOBKe, co^epHciiTCH b 
cjiynaiiHOM TypHiipe. IIpe^CTaBBTe X b Bime cyMMBi Tamix HH^iiKaTopHBix 
c.b. h, BOcnojiB30BaBHincB jiiiHCHHOCTBio MaTCMaTiiHecKoro ona-mamm, no- 
jiyniiTe, hto EX = n!/2" _1 . 

7. /l,aHO k nepecTaHOBOK naTypajiBHBix Hiiceji ot 1 ,n,o n, n > 100. 
OKa3ajiocB, hto stot Ha6op nepecTaHOBOK - MHHHMajiBHBifi (no KOJinne- 
CTBy nepecTaHOBOK), o6jia,n,aioiii,HH cjre/tyioiHHM cbohctbom: ^jih jiio6bix 
^,ecHTii Hiiceji ot 1 flo n jno6yio hx nepecTaHOBKy mohcho nojiymiTB bbi- 
HepKI-IBaHI-ieM OCTajIBHBIX Hiiceji H3 O^HOII H3 flaHHBIX. /n,OKa>KHTe, HTO 

In n < k < 10 100 Inn. 

3aMenaHHe. 9ia 3a^,ana, a TaK»ce nocjie,nyiomHe ^.cbjitb 3a,n,aH naM 
npe^ocTaBiui cPe^op IleTpoB (IlOMH PAH). 

8. /l,OKa>KHTe, HTO HHCJia OT 1 ^O 2" MOHCHO nOKpaCI-ITB B ^Ba H,BeTa TaK, 
hto6bi He 6bijio ap ik]) mcth 'rec ko ii nporpeccmi ^jiiihbi 2 n o^hoto npeTa. 

9. Ha CTOJie jiencaT n mohct opjiaMii BBepx. KaH<yi,yio Mi-myTy Baca paB- 
HOBepoHTHO BBiOnpaeT o^Hy H3 MOHeT h nepeBopaHHBaeT ee. /(oKanciiTe, 
hto BeponTHOCTB Toro, hto Hepe3 k MHHyT Bee MOHeTBi 6yn,yT jiencaTB 
peniKaMH BBepx, He npeBoexo,n,HT 2 1 ~ n . 

10. a) B ajicJmBHTe njieMemi YAYAYA tojibko ,n,Be 6yKBBi, npiraeM hii- 
KaKoe cjiobo hx H3BiKa He HBjuieTCJi HanajiOM ,n,pyroro cjiOBa. /HoKanciiTe, 
hto Ni2~ l < 1, r^e N. t — kojiiihcctbo cjiob ^jiiihbi i b stom H3BiKe. 

6 ) B aji(J)aBHTe njieMeHii OEE tojibko ^Be 6 yKBBi. JIio^h stoto njieMeHii 
3aniiCBiBaiOT npe^jionceHiDi 6e3 npo 6 ejiOB h sto HiiKor^a ne npiiBO^iiT k 
^B yCMBICJieHHOCTH (to eCTB ^JIH JII 06 OH KOHeHHOH nOCJie^OBaTejIBHOCTH 

6yKB ecTB ne 6ojiee o^hoto cnoco6a pa36iiTB hx Ha cjiOBa). /],OKa>KHTe, 
hto ^2 Ei2~ l < 1, r,n,e iV,; - kojiiihcctbo cjiob ^jiiihbi i b stom H3BiKe. 
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11. B Ta6jiiin,e n x n paccTaBjieHbi pasjniHHbie ^eiicTBiiTejibHbie Hiicjia. 
,H,OKa>KiiTe, hto mo*ho TaK nepecTaBHTb ee CTpoKi-i, hto hii b o,h,hom ctoji 6 - 
n,e He 6yn,eT B03pacTaiomeii (cBepxy BH113) nocjie,a,OBaTejibHOCTH /jjniHbi 

> 100y/k. 

12. B o,a,HOKpyroBOM BOJiei"i6ojibHOM Typmipe ynacTBOBajio Tbicana xo- 
MaH,a,. Bceiyja jih mohcho Bbi6paTb 21 xoMaH,ny h npoHyMepoBaTb nx Tax, 
hto 6 h b jik> 6 oi"i nape H 3 sthx xoMaH/i, no6e,a,Hjia Ta, HOMep KOTopoii 6 ojib- 
me? 

13. B .n.BynpjibHOM rpacjje Memnie, neM 2 n Bepmira, h b xaiK^oft iiMeeTCH 
craicoK 113 n pBeTOB. ,H,OKa>KHTe, hto mohcho noxpaciiTb xajxyiyio Bepim-my 
b o,ii,hh 113 pBeTOB ee cmicxa Tax, hto 6 bi CMenmbie BepmiiHbi 6 bijih pa3Hbix 
H,BeTOB. 


14. a) B xoMnaHHH H3 n nejiOBex nexoTopbie napbi /ipyjxaT, a Hexo- 
Topbie .npyrne BpajxyiyiOT, npn stom y xanynpro He 6ojiee njmi BparoB. H 3 - 
BecTHO, hto b jik>6om MHoncecTBe jiro^eii, cpe/pi xoTopnix HeT nap BparoB, 
HMeeTCH He 6ojiee neM k nap /tpyaeft. /JoxanaiTe, hto o6in,ee xojiiiHecTBO 
nap ,n,py3eH He npeBOCxo,a,HT 2 2011 k. 

6) To >xe, ecjin Bpa»c,ii,a (b OTjinnne ot ,n,py>x6bi) He o6a3aTejibHO 
CHMMeTpi-iHHoe OTHOHieHi-ie : xaix^biii nejiOBex HenpmraHeHHO othociitch He 
6ojiee neM x naTepbiM, h b jik>6om MHoncecTBe jiro^eii, cpe/pi xoTopbix 
hiixto hh x xoMy He othochtch HenpiijraHemio, He 6ojiee neM k nap ,zj,py3eH. 

15. Hecxojibxo MajibHiixoB “pacxi-mbiBaiOT Ha Mopcxoro”, xoMy bo^htb 
b iirpe. JXjisl stoto xanynpiii H3 hex o/jHOBpeMeimo c ^pyriiMi-i u Bbi6pa- 
CbiBaeT” na najmpax hiicjio ot 0 ,n,o 5. Hi-icjia cxjia/ipiBaiOTCH h cyMMa 
OTCHHTbiBaeTCH no xpyry Hani-maa c 3apaHee Bbi6paHHoro MajibHiixa (eMy 
cooTBeTCTByeT hojib). Bo^htb 6yn,eT tot, Ha xom ocTaHOBiiTCH cneT. IIpH 
xaxoM Hiicjie MajibHiixoB 3 tot MeTO,n, HBjiaeTCH cnpaBe^jiHBbiM, to ecTb 
BepOHTHOCTb BO,H,HTb 0,H,HHaXOBa y Bcex MajIbHIIXOB? 

16. PaccMaTpi-iBaeTCH cjiyHaiiHbiii rpacjj G{n,p) (MO^ejib 3pn,ema-PeHbH 
cm. 3a,a,aHy 44 pa3,n,e.jia 3). C.b. X paBHa micjiy TpeyrojibHiixoB b rpa<J>e. 
Iloxa>xHTe, hto 

а) ecjin p(n) <C n -1 , to rpacjj G noHTH Bceiyja CBo6o,n,eH ot Tpeyrojib- 
hhxob, to ecTb lim P(X > 0) = 0; 

n—> 00 

б) ecjin p{n) n _1 , to rpacj) G noHTH Bcer^a co,a,ep>xHT TpeyrojibHiix, 
to ecTb lim P(X = 0) = 0. 

n—> 00 
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ToBopHT, hto noporoBaa (JjyHKpiiH CBOHCTBa “rpacjj CBo6o,n,eH ot Tpe- 
yrojiBHHKOB” rpacjja G(n,p) paBHa n _1 . 

¥Ka3aHHe. A™ cjiynaftHoft BejiH'iHHBi X > 0 cnpaBe^,jiiiBBi HepaBeH- 
CTBa: 

а) P(X > 0) < EX, 

б) P(X = 0) < P(|X - EX| > EX). 

BBe^eM co6biTiie B$ - U S HBjiaeTCH TpeyrojiBHHKOM”. Toiyja 

x = E w = E 

|S|=3 15 -3 

r^e Xs = I[B S ], ^Hcnepcino saBHCHMhtx iiH^iiKaTopoB npe^jiaraeTCH on,e- 

HI-IBaTB HepaBeHCTBOM 

DX < EX + E cov(X Sl ,X S2 ). 

3^ecb cyMMnpoBaHne Be/jeTcn no BceM ynopn^oneHHBiM 3aBncnMBiM napaM 
pa3JinnHBix TpexsjieMeHTHBix MHonrecTB: 

E cov , X S2 ) < £ P (B Sl , Bs 2 ) = 

= E ^ ) E P (Bs 2 \B Sl ) = EX £ P(B S2 \B Sl ). 

Si 

17. (riapa^urMa IlyaccoHa.) IlycTB G (n, r^e c - HeKOTopaa koh- 
CTaHTa, - cjiynaiiHBiii rpacjD, nocTpoeHHBifi no MO^ejiB 3p,n,ema-PeHBH (cm. 
3a^any 44 pa3^ejia 3). C noMom,Bio nepaBeHCTBa PlHCOHa (cm. 3aMenaHiie) 
noKanaiTe, hto c.b. X = X(n), paBHaa nncjiy TpeyrojiBHiiKOB b rpacjje, 
HMeeT noHTii nyaccoHOBCKoe pacnpe^eneHiie c napaMeTpoM 

p = lim EX = c 3 /6, 

n—>-oo 

B naCTHOCTH, 

lim P(X = 0) = e _M . 

n—>o o 

3aMenaHHe. CorjiacHO npeABmymeii 3a^ane, noporoBaa cjjyHKpiiH cboii- 
CTBa “rpacjD CBo6o,n,eH ot TpeyrojiBHiiKOB” paBHa nr 1 . C yneTOM o6o3Ha- 
'ichhh, BBe^eHHBix b npeABmymeii 3a^ane, Hepaeencmeo Hncona HMeeT 
bha 

n P(S S )<pf,A B s )<e-^, 
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r«e n= E|S|=3 P ( B s), A = J2\snT\=2 F ( B sB T )- 

3aMeTHM, hto jieBoe HepaBeHCTBO nepexcypiT b paBeHCTBO .zyui B3aiiMHO 
He3aBricriMBix co6bithh Bg. IIpii n —> oo 

|S|=3 V 7 


Ha caMOM ^.ejie co6biti-ih Bg, Bt saBHCHMw, ecjin IS 1 n T\ = 2. Hepa- 
BeHCTBO HHCOHa ,n,aeT nonpaBKy rjisi “noHTii He3aBiiciiMbix” co6bithh nepe3 
A = C^Cf (-) = o(l). TaKHM o6pa30M, c.b. X — cyMMa 6ojitmoro nucjia 
iiH,a,iiKaTopoB “noHTii h esa bh c hmbi” coSbithh, i-meeT noHTH nyaccoHOBCKoe 
pacnpe,a,ejieHiie. 

Bojiee ,a,eTajiBHBiii no,zpco,ii, k napa^urMe nyaccoHa ,n,aeT MeTO,a, “pemeTa 
BpyHa” (cm. [37]): 

k 

lim P(X = k ) = 

n—>-oo kl 

18. noKa»aiTe, hto noporoBaa cjjyHKpiiH co6biti-ih: pa3Mep MaKCHMajib- 

Hoii kjihkh ui(G) b cjiynaimoM rpac|)e G(n,p) (cm. 3a^aHy 44 pa3^ejia 3) 

, _2 

He MeHbme 4 - paBHa n 3. 


¥Ka3aHHe. Cm. uihv 16. 

19. noKaxciiTe, hto pjm xa>Kyi,oro pejioro Hi-icjia n HaimeTCH pacKpacna 
pe6ep nojiHoro rpacjm K n b ^Ba npeTa (chhhh, KpacHbiii), npn KOTopoii 
hiicjio o^,HOD,BeTHbix no^rpacjjOB K 4 He npeBoexo^HT C^2~ 5 . npefljioJKHTe 
^eTepMHHHpoBaHHbiii ajiropiiTM nocTpoemiH TaKoii pacKpacKii 3a nojniHO- 
Mi-iajibHoe ot n BpeMH. 

¥Ka3aHHe. 3a^,a^,iiM BecoByio (J)yHKH,Hio W(K n ) nacTHHHO pacKpameH- 
hoto rpacjm K n kslk W(K n ) = y~) w{K), rpp cyMMupoBaHne Be^eTCH no 
BceM kohhmm K rpacjm K 4 b K n h Bee w(K) no^rpaejm K paBeH Bepo- 
hthocth toto, hto KoniiH K OKaxeTCH 0^,H0H,BeTH0i"i b cjiynae, KOiyja Bee 
6ecu,BeTHbie pe6pa rpacjja K n 6ya,yT cjiynanHO h He3aBi-ici-iMO pacKpameHbi 
b flpa, n,BeTa. 

npoii3BOJibHbiM o6pa30M ynopjmoHHM Bee pe6ep rpacjja K n h co- 
3flaflBM h,hkji hx nepe6opa. L^bct onepe^Horo pe6pa Bbi6npaeTCH Tan, 
HTo6bI MHHHMH3HpOBaTb nOJiyHaiOHI,HHCH BeC, TO eCTb npn W re d < Wblue 
pe6po pacKami-iBaeTCH b KpacHbiii npeT, b npoTHBHOM cjiynae — b chhiih. 
noKanciiTe, hto b TaKoffl npope^ype Bee rpaejm K n c I’eneHneM BpeMemi 
He B03pacTaeT. 
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20. IIoKa>KiiTe, hto mo*ho TaK pacxpaciiTB b pBa upeTa pe6pa nojiHoro 
rpacjm c n BepmiiHaMii (T.e. rpacjja (6e3 neTejix), b kotopom jno6i>ie pBe 
pa3jiiiHHBie BepmiiHBi coepiiHeHBi o^hhm pe6poM), hto jiio6oi“i ero nojiHBiii 
noprpacj) c m BepmiraaMii, rpe 2G™(l/2) c ' m < 1, i-meeT pe6pa pa3Horo 
n,BeTa. 

21. (KoHpeHTpapi-iH xpoMaTiinecxoro Hiicjia.) /Jjia npoii3BOJiBHBix n h 
p £ (0,1) noKa»aiTe, hto pacnpepejieHiie c.b., paBHoii x(G) - xpoMaTiine- 
CKOMy Hi-icjiy rpacjja G(n,p) (cjiyHaiiHBiii rpacjj b Mopejin 3p,a,ema-PeHBii), 
HBjiaeTCH njiOTHO cxoHpeHTpupoBaHHBiM okojio cpepHero SHaneHUH: 

VA > 0 P{|x(G) -E X (G)| > Xy/n^l} < 2e~* + 

3aMenaHHe. XpoMaTiiHecxoe hiicjio x(G) rpacjja G = (V. E ) onpepejm- 
eTCH cjiepyioiipiM o6pa30M: 

N 

X(G) := min{7V : V = (J C z , C n (~l C m = 0, m ^ n; 

i=1 

Ve = (ei, e 2 ) £ E —> 3Gj, Cj, i ^ j : e\ £ Ci , e 2 £ Cj}, 

T.e. 3 to Mi-iHriMajiBHoe hiicjio N, Taxoe, hto mhohccctbo BepiniiH V rpacjja 
G = (V, E) mo*ho pa36iiTB Ha HenepecexaiomnecH KjiaccBi Gi,..., Cn- 

N 

v = IJ Ci, c z n Cj = 0, i ± j , 

i -1 

TaKiix, hto jiio6oe pe6po H3 E coepiiHueT tojibko BepmiiHBi H3 pa3HBix 
KjiaccoB. 

¥Ka3aHHe. Bocnojn>3yiiTecB HepaBeHCTBOM A3yMBi: pjra m apTiiHrajiB- 
hoh nocjie^OBaTejiBHOCTii Xq = X \,..., X m , ypoBjieTBopsnomeii ycjiOBiiio 
— Xj\ < 1 pjra Bcex 0 < i < m, cnpaBepjiiiBO 

P ( X,„ — c\ > \\/m) < 2e~^~. 

B KanecTBe Taxoro MapTiiHrajia mohcho b3htb MapTiiHraji npoHBjieHiisi 
BepiniiH, 3a^aHHBiii cjiepyiomHM oOpaaoM: Xi = E [x(G)|Gi : j], X t - ycjiOB- 
Hoe MaTeMaTiinecKoe oxi-maHne 3HaHeHiisi x(G) npii 3a4»ixciipoBaHHOM 
noprpacjje c BepmiiHaMii 1 ,...,*. 

,I],OKa3aTejiBCTBO He paeT pepenTa bbihiicjichiih caMoro cpepHero. Oxa- 
3BiBaeTCH (B. Bollobas, 1988), ecjin p = 1/2, to noHTii Bcerpa 

n 

2 log 2 n‘ 
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Om-icaHHaa Texm-iKa nonyjiapHa b BepoHTHOCTHOM aHajiii3e paH,n,OMii3ii- 
poBaHHBix ajiropiiTMOB, cm. HacTB 2 h Dubhashi D.P., Panconesi A. 
Concentration of Measure for the Analysis of Randomized Algorithms. 
Cambridge, 2012. 

22. (MaKCiiMajiBHBiii pa3Mep kjihkh.) JIjisi npoii3BOJiBHoro n nonanci-iTe, 
hto pacnpe^,ejiemie c.b., paBHoii w(G) - MaKCi-iMajiBHOMy pa3Mepy kjihkh 
rpacjia G (n, 1/2) (cjiyuaHHBiii rpacji b MO^ejm 9p,n,ema-PeHBH cm. 3a^,auy 
44 pa3^ejia 3), ynpBjieTBopjieT HepaBeHCTBOM 

P(w(G) < k) < e" (c+o(1)) ^, 
r^e c - iieKOTopaH nojiOHa-iTejiBHasi KOHCTaHTa. 

¥Ka3aHHe. BocnojiB3yi"iTecB HepaBeHCTBOM A3yMBi (cm. yKa3aHiie k 3a^a- 
ne 21) pjin MapTimrajia npoHBjieHHH pe6ep X$,... ,X m (3,n,ecB m = C ^), 
3a^aHHoro cjie,n,yioiii,HM o6pa30M: X 0 = E[P(G)], X t - ycjiOBHoe MaTe- 
MaTHuecKoe ona-i/jamie 3HaueHiiH Y{G), npn ycjiOBHH, hto nepBBie i pe- 
6ep/nponycKOB cjuiKCiipoBaHBi, Y{G) - Ma kc h m a j i b h bi h pa3Mep ceMeiicTBa 
HenepeceKaiomiixcH no pe6paM k- kjihk b rpacjie. 

A 0 = E[F(G)]>(9 + O (l))^, 

(w(G) < k} & {F(G) = 0} ^ {X m = 0} . 

/],ajiee ocTajiocn npHMeHHTb HepaBeHCTBO A3yMBi ^jih 

p (X m = 0) < P (X m -X 0 < -Xo) ■ 

23. IlycTB pjm MO^ejm 9p,n,ema-PeHBH cjiyHaimoro rpacjm G(n,p), 
p = n~ a , iyje a - cjuiKCiipoBaHHoe, a > 5/6. Tor^a cyipecTByeT 

u = u(n,p) Tanoe, hto noHTi-i Bcer^a 

u < x(G) < u + 3. 

YKa3aHHe. BocnjiojiB3yiiTecB cjie^yiomeH r rex hh uec koh jicmmoh. 

JleMMa. Ilycmb a, c - puKCupoeannue nucjia, a > 5/6. Ilycrm> p = 
= n~ a . Tozda noumu, Haeepnoe npu n —> oo Kacucdue Cyfn eepuiun zpapa 
G(n,p) Mozym 6umb npaeuAbno pacKpaiuenu e mpu yeema. 

JXji'a ^OKasaTejiBCTBa jicmmbi npe^nojiOHCHM npoTHBHoe. Bo3bmcm cjiy- 
HaiiHBiH rpacji G(n,p), nycTB T - no^MHoncecTBO (Bepimm ncxo^Horo 
rpacjia) MHHHMajiBHoro pa3Mepa, KOTopoe nejiB3H npaBi-uiBHO pacKpaciiTB 
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b Tpn npeTa. ITocKOJitKy pjisi BCHKoro x G T no^rpacj), nopo3K,n,eHHBiH 
MHO»cecTBOM T\{x}, HBjiaeTCH 3-pacKpaimiBaeMBiM, a no^rpacj), nopo»c- 
,n,eHHBiii T, He HBjiaeTCH TaKOBBiM, x iiMeeT no MeHbmeii Mepe Tpex coce^eii 
b no,a,rpa4)e, noponc^eimoM T. To ecTB ecjin |T| = t, to no^rpacj), noponc- 
,n,eHHBiii mhohccctbom T, HMeeT no MeHbmefi Mepe 3t/2 pe6ep. BeponTHOCTB 

cV" 3 1 3t 

toto, hto cymecTByeT Tanoe T c t < Cy/n, He npeBoexo,n,HT ^ C^C^ 2 p^ ■ 

t=4 * 

IIocKOJibKy < (JyY h Cg 2 < (y) 2 , to 




ne i te 
T l ~3 


1 t 




< 

1 _3q 1 ' 

t 

(3a 5V 

c\n 2 t 2 

< 

C 2 U V 2 4 ) 



n BepoHTHOCTB 3a,n,aHHoro co6bitiih ecTB o(l) (hto i-i ,n,OKa3BiBaeT cnpaBe^- 

JIHBOCTB JieMMBl). 

,ZI,ajiee .zpra npoH3BOJiBHoro Manoro e > 0 BBi6epeM u = u(n,p,e ) - 
Hai-iMeHBHiee pejioe hhcjio, ygOBjieTBopsnomee nepaBeHCTBy 

P(x(G) < u) > e. 

^ajiee nonanci-iTe, hto c BeponTHOCTBio He MeHbme 1—s cyipecTByeT w-pac- 
KpacKa Bcex, KpoMe He 6ojiee neM Ci Jn Bepmuii. ,TI,jih stoto BOcnojiB3yiiTecB 
HepaBeHCTBOM A3yMBi ,h,jih MapTimrajia npoHBjieHHH Bepinim c TeopeTHKO- 
rpa(J)OBOH <J)yHKH,Hefi Y(G ), paBHoii Mi-miiMajiBHOMy pasMepy MHoncecTBa 
BepiHIIH S, RJISl KOTOpOTO rpacj), I-IH/jypi-ipOBaHHBIH HCXOflHBIM rpacjDOM G, 
ho 6e3 BepniiiH S, mohcct 6bitb npaBi-uiBHO pacKpameH b u pbctob: 

P (Y < EF — A \Jn — l) < e _ T ; 

P (F > EF + A yjn — l) < e~ 4“, 

A 2 

pge A ynoBjieTBopneT cooTHomeHino < e. H 3 onpe^ejieHira u HMeeM 

P (F = 0) > e. 3HaniiT, EF < A \Jn — 1 i-i P (F > 2A \Jn — l) < e. 

IlHTepecHBie pe3yjiBTaTBi (3aKOH 0 h 1, cm. 3a^,any 6 pa3pje.ua 3) iimciot 
M ecTO ppm cjiynaiiHBix rpac|)OB, nocTpoeHHBix no Moppejiri Bppjeina-PeHBH, 
cp < n~ a hjih p n~ a ppm pauyiOHajiBHBix a: MHorne CBOiiCTBa cjiy- 
naiiHoro rpacjm, BBipasiiMBie Ha H3BiKe jiothkh nepBoro nopjpjKa, b Tamix 
cjiynaax iimciot mccto jih6o c BepoHTHOCTBio CTpeMjnpeHCH k 1, jiii6o k 0. 
Spencer J.H. The Strange Logic of Random Graphs, Algorithms Combin., 
V. 22, Springer-Verlag, Berlin, 2001. 

24. (BajiaHCi-ipoBKa BeKTopoB.) IlycTB B - npoii3BOJiBHoe HopMii- 
poBaHHoe npocTpaHCTBO, vi,...,v n - sjieMeHTBi B, npuneM ||i>i|| 2 < 
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1. IlycTb £i,...,e n - pa,n,eMaxepoBCKiie c.b., to ecTB ne3aBiiciiMBie 
c.b. c pacnpe^ejiemieM P (e» =+1) = P(e* = — 1) = 1/2. nojionaiM 
Y = ||eiUi + ... + £ n v n \\^,. IIoKa>KiiTe cnpaBe^jiiiBOCTB HepaBeHCTBa .zyia 
npoii3BOJiBHoro A > 0: 


P(|F-EF| > Xy/n) < 2e~^. 

yKa3amie. BocnojiB3yiiTecB HepaBOHCTBOM A3yMBi rjisi MapTirarajia, no- 
jiyHeimoro nocjie^OBaTejiBHBiM npoaBjiemieM £{. 

25. (9p,n,em -Kan,) llycTB ui(n) —> oo npoii 3 BOJiBHO Me^jieHHO. rioxanaiTe, 
hto hhcjio Tex x € {1,,n}, rjisi kotopbix 


| v(x) — ln(lnn)| > w(n)\/lii(lnn), 

ecTB o(n). 3^,ecB is(x) - xojniHecTBO npocTBix Hiiceji p, ^ejiHipiix x (6e3 
yneTa KpaTHOCTii). 

3aMeHaHne. Tpy6o 3 to yTBepjx^emie roBopi-iT, hto “iiohth Bee” n i-meiOT 
hiicjio npocTBix ^,ejiiiTejieii (6e3 yneTa KpaTHOCTii) “b HexoTopoM CMBicjie 
6jni3Koe” k ln(ln n). (Cm. Taxnte 3a^,any 54 H3 pa3,n,ejia 3). 

¥Ka3aHHe. IlycTB x cjiynaftHO BBi6iipaeTca H3 MHO>xecTBa {l,...,n}. 
JIjisi npocToro p nojionaiM: 

X _ ( 1, x flejiHTca Ha p, 
p \ 0, x He flejiHTCH Ha p. 

X = ^2 X p , rpp cyMMa Be^eTCH no BceM npocTBiM p < M = n 01 . Tax xax 
Hiixaxoe i < n He MO>xeT iimctb 6ojiee 10 npocTBix flejiHTejieit, 6 ojibhiiix 
M, to v(x) — 10 < X(x) < v(x) (to ecTB rpaHimpi 6 ojibhiiix yxjiOHeHHH 
Asm X nepexo^HT b acHMnTOTHHecxn paBHBie hm rpaHiipBi rjisi v). 

lIoxa>xHTe, hto MaTeMaTiinecxoe ona-mamie h ^iicnepciiH c.b. X paBHBi 
ln(lnn) + O(?i _0 ' 9 ), yHTH cooTHomemie Ylp< x ^IP = Inina;, r^e cyMMa 
6epeTCH no BceM npocTBiM p < x. 

3aMenaHHe. CnpaBe^,jiiiBO Tax>xe cooTHomeHiie 


lim — 

n—>o o Tl 


|fc < n : v ( k ) > ln(lnn) + A\/In (In n) | 


OO 



A 


26. IlycTB M = {Mi,..., M s } coBOxynHOCTB, cocToamaa H3 

pa3jniHHBix fc-coHeTamiii ajieMeHTOB MHoacecTBa {l,...,n}. HaaoBeM 
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Sc {1,... ,n} cucmeMoil o6vu,ux npedcmaeumeAeu (c.o.n.) ,h,jih Ai, ecjin 
S H Mi ^ 0 rjik Bcex i = 1,..., s. IiHTepec npe^CTaBjineT MiiHiiMajiBHaa 
(no moih,hocth) c.o.n., T.e. Ta c.o.n., Ha KOTopoii ^,0CTiiraeTCH mhhhmym: 

r {Ai) = min {(S'! : S’ —c.o.n.}. 

Hcho, hto MHHHMajiBHaH c.o.n. MonceT 6biTb ne e^HHCTBemiOH (T.e. mii- 
Hi-iMyM b npe^BmymeM BBipancemin ^ocTiiraeTCH He Ha e^HHCTBennon S). 
3a<})HKCnpyeM napaMeTpbi n, s, k n BBe^,eM ncxyccTBeHHO paBHOMepHyio 
^ncKpeTHyro BepoHTHOCTHyio Mepy Ha MHontecTBe Bcex coBOKynHOCTeii Ai 
(b cnjiy toto, hto npn cjniKCiipoBaHHbix ?z, s, k hhcjio Taxnx coBOKynHOCTeii 
Ai KOHenHo). 

а) Bbi6epeM corjiacHO BBe,n,eHHOH BepoHTHOCTHoii Mepe cjiynanHyro co- 
BOKynHOCTb Ai, HaimeM Bee B03MO>xHbie MHHHMajibHbie c.o.n. rjik Hee, 
nycTb nx KOjinnecTBO paBHO N(Ai) (sto c.b.). Han/piTe MaTeMaTnnecxoe 
OKunarae N{Ai) npn ycjiOBiin, hto t ( Ai) = l. 

б) ^ajiee 6yn,eM HHTepecoBaTbcn BejiiiHiiHon 


( '(n, s, k) = maxr(Al), 
M 


r^e MaKCHMyM 6epeTcn no coBOxynHOCTHM Ai c cjDiixcHpoBaHHbiMH napa- 
MeTpaMi-i n, s, k. 

JAjisi nojiynemiH hh>khch rpaHiipbi Ha 3HaneHiiH Bejinm-rabi <{{n,s,k) 
mohcho BOcnojib30BaTbcn BeposiTHOCTHbiM MeTO^OM. CorjiacHO BBe^,eHHOMy 
Bbime BepoHTHOCTHOMy npocTpaHCTBy Ha MHontecTBe Bcex coBOKynHOCTeii 
Ai paccMOTpnM cjiynafraoe co6biTiie A = {Ai : r(Ai) < /}. noxajxiiTe, 

HTO 


P(A) < G(n, s, k, l) 


ClC. 


c k — C k 


C: 




Ecjih napaMeTpbi n,s,k,l, TaxoBbi, hto G{n, s,k,l) < 1, to BeposiTHOCTb 
OTpnpaHHH co6biTHH A nojionaiTejibHa, T.e. cyipecTByeT Taxan coBOxyn- 
HOCTb Ai , ajih xoTopoii r( Ai) > l, a 3HaHi-iT, n ({{n, s, k) > l. 

3aMeaaHHe. Ecjih l = l { n , s,k ) « ? In — (b npe^nojio>xeHiiH, hto 
sk > n), to mo)kho noxa3aTb, hto G ( n , s , k , l ) — > 0, n — > oo, a 3HaHHT, 
“noHTH BCHxasi” coBOxynHOCTb o6jia^aeT orpoMHoii no pa3Mepy MiiHHMajib- 
hoh c.o.n. (T.e. c BeposiTHOCTbio, CTpeMjnnencH x e^HHiipe, cjiyHanHan 
coBOxynHOCTb Ai iiMeeT r{Ai) > l « ? In —). Ha caMOM ^ejie nojiyHemiaH 
Bbime HicxHiiH opeHxa na 3HaHeHiiH BejinHimbi £( n , s , k ) acnMnTOTHHecxn 
TOHHa. Hhbimh cjiOBaMii, mojxho ^oxa3aTb cjie^yiomyio TeopeMy (cm. Paii- 
ropo,n,cxHH A.M. CncTeMbi o6in,nx npe^CTaBHTejien b xoM6iiHaTopiixe n nx 
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npiijiCBKeHiiH b reoMeTpHH. M.: MiJHMO, 2009. 132 c.): p,jm jik>6bix n, s, k 

cnpaBe^jiiiBO HepaBeHCTBO 

, . f n n sk 'I n 

C(n, s, k) < max < - In — > + — + 1. 

[k k n ) k 

27. (JIoKajiBHaH jieMMa JIoBaca (JTJTJT).) OprpacJ) 3aBiiciiMOCTeii (V. D) 
.zpiji Ha6opa co6biTin“i A\ 1 ... A t onpe^ejiaeTCH cjie^yromiiM o6pa30M: V = 
= {1,..., t}\ D onpe^ejiaeTCH corjiacHO npaBiuiy: (ii,k),..., ( i s , k) ^ D 
SKBiiBajieHTHO TOMy, hto A k ne 3aBi-iciiT ot rpynnbi co6biTin"i A,, ,..., A,; s . 

IlycTb D - MHO»cecTBO ,n,yr oprpacjm 3aBiiciiMOCTeii Ha6opa co6bi- 
thh A\,...,A n . IlycTb iiamjnicb Taxue x\,...,x n £ (0,1), hto V/c £ 
£ {1, ..., n} BbinojmeHO HepaBeHCTBO 

P{A k )<x k - (1 — Xi). 

i: 

Tor^a 

P [Ax P| • • • P| Ar^j > (1 - xi) •... • (1 - x n ) > 0. 

Ilpi-iMem-iTe JTJTJT ^jih opeHKii ^naroHajibHbix niiceji PaMcea (cm. 3a^,any 3 
3Toro pa3^ejia) R(s, s ) > n, r^e n = [2°' 5s J, to ecTb noKajKiiTe, hto cyipe- 
CTByeT rpacjj Ha n Bepimmax, y KOToporo neT hii kjiiik, hii He3aBiiciiMbix 
MHOxecTB (h.m.) pa3Mepa s. 

¥Ka3aHHe. PaccMOTpiiTe cjiyHaimbiii rpac|) na n Bepmimax c BepojiT- 
HOCTbio npoBe^,eHHH pe6pa 1/2. JJjisi (JaiKCiipoBaHHoro no^MHOxcecTBa s- 
Bepmiin U onpe^ejiiiTe co6biTiie Au — MHOHtecTBO Bepmira U o6pa3y- 
eT jiii6o KjiiiKy, jih6o h.m. /Jjih Bbi6paHHOi"i MO^ejiii cjiynaiiHoro rpacjja 
P(Au) = 2 1 ~ c s. 3aMeTbTe, hto Ha co6bmie Ajj bjihjhot tojibko Te Ajji, 
.zpui KOTopbix |t/p|[/ , | > 2, to ecTb Ha cjjiiKciipoBaHHoe co6bmie Ajj 
bjihjhot MeHee C'/G/Zy co6bithh. 

28. OpeHHTe c noMom,bio HepaBeHCTBa TajiarpaHa (cm. 3aMeHaHiie, yxa- 
3am-ie ii [37]) BepojiTHOCTb toto, hto cjiyHaimbiii rpacj) G (n, 1/2) He i-iMeeT 
kjiiik pa3Mepa k h cpaBHHTe pe3yjibTaT c 3a^aHei"i 22 stoto »ce pa3,n,ejia. 

3aMenaHHe. IlycTb MHOxecTBO sjieMeHTapHbix iicxo^ob PI jiBjuieTCJi npo- 
H3Be^,eiiHeM MHoncecTB Pi = JllLi (BepojiTHOCTHaji Mepa JiBjuieTCJi co- 
OTBecTBeHHO npoii3Be/i,eHHeM Mep). /Jjiji jho6oto MHoncecTBa A C n 11 ,h,jiji 
jno6oro x £ Pi onpe^ejiiiM paccTOjmiie TajiarpaHa KaK “xiiTpo” B3BemeH- 
Hyio MeTpiiKy XsMMi-mra: 

n 

p(x,A) = sup inf 'V' a.il[xi ± y l ] 
<xeRl,\\ah=i yeA ~[ 
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(ctoht OTMeTi-iTb, hto Beca a MoryT 3aBiiceTb ot x). BBe^,eM 1-OKpecTHOCTb 
MHO»cecTBa A C Cl: 


A t = {x £ Cl : p[x, A) < t}. 

HepaBeHCTBO TajiarpaHa (1995): 

P(A)(1 -P(H t )) < e~ t2/4 . 

B cjiynae, Kor,n,a Cl = {0, l} n paccTOHHiie TajiarpaHa p{x, A) coBna,n,aeT c 

eBKJIimOBbIM paCCTOHHIieM OT TOHKII X RO BbinyKJIOH 060 JIOHKII MHOHCeCTBa 

A. 

HepaBeHCTBO TajiarpaHa mohcho npiiMeHiiTbCH k TeopeTiiKO-rpacjiOBbiM 
<J>yHKH,HJiM X(x) x £ Cl, y^,OBjieTBop5HOin,HM cjie,nyiOHj,HM ,n, B y M yc j to bhhm: 

1 ) ,h,jih jnoSbix x ii y, OTjHiHaiomiixcH He 6ojiee neM b o,h,hoh KOop/pmaTe, 
BbinojiHeHO HepaBeHCTBO | (jc) — X(y) | < 1; 

2) X(x) HBjiHeTCH npoBepjieMOH co cjio>KHOCTbio / : N —>■ N, to ecTb 
ecjiii X(x) > s, to HaimeTCH nopMHOHcecTBO impeKCOB / C {l,...,n}, 
MOin,HOCTH He 6ojiee, neM f(s), hto pjra Bcex y £ Cl, coBnapaiomiix cib 
KOop/pmaTax 113 I, BbinojiHeHO HepaBeHCTBO X(y) > s. 

Torpa pjra jno 6 bix b £ N h t £ K + cnpaBepjiiiBO HepaBeHCTBO : 

P(X < b - ty r f{b))P{X >b)< e"‘ 2/4 . 

¥Ka 3 aHHe. B KanecTBe X(x) B03bMiiTe MaKCiiMajibHoe hiicjio nenepece- 
KaiomiixcH no pe 6 paM fc-KjiiiK. npoBepbTe, hto 3Ta TeopeTHKO-rpacjiOBaji 
cJiyHKpiiH X(x) y^OBjieTBopjieT neo 6 xo,n,nMbiM ycjiOBiiHM, npuneM /(s) = 
sCl- B KanecTBe b B03bMiiTe MepnaHy X, a t no,n, 6 epHTe Tan, hto 6 m h3 
HepaBeHCTBa TajiarpaHa mohcho 6 bijio nojiyniiTb opeHKy pjiH 

P (w(G) < k) =¥ (X < 0), 

rpp oj(G) - pa 3 Mep MaKCHMajibHoft kjiiikh b rpacjie G. 

29. (TeopeMa HleHHOHa.) Hcnojib3ysi BepoHTHOCTHbiii MeTop, poKajKiiTe 
TeopeMy HleHHOHa. nycTb E = {0,1} - p,Byx 6 yKBeHHbiii ajicjiaBiiT, p < 1/2, 
e > 0 CKOJib yroppo Majio. CyrpecTByeT cxeMa KO/pipoBaHiiH co CKopocTbio 
nepepaHii paHHbix, npeBOCxopHipeii 1 — H (p) — e, 11 BeponTHOCTbio oihh 6 kii 
npn nepepane MeHbmeii, neM e. 3,n,ecb H(p) - aHTpomisi: 

H{p) = P log 2 p (1 -p)log 2 (l -p). 
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IIoa cxeMoii KO^npoBaHHH no^pasyMeBaiOTca (J>yHKipiH KO^npoBaHna / n 
^eKO^npoBaHHH g : 

/: {0, l} fc {0,1}”; g: {0,1}" {0, l} fe . 

CxopocTB nepe^ann ^aHHbix b Taxon cxeMe onpe^ejiaeTCH OTHomemieM 
k/n. IlycTb e = [e.\ ... e n ) — cjiynaHHbiH myMOBoii BexTop, KOMnoHeHTBi 
KOToporo He3aBHCHMBi h HMeiOT pacnpe,a,ejieHiie BepHyjijin c napaMeTpoM 
p. B npe,a,nojio>KeHiiii, hto cjiynanHoe coo6memie x HMeeT paBHOMepHoe 
Ha {0, l} fc pacnpe,a,ejieHiie (HaiiMeHee 6jiaronpiiHTHoe anpi-iopHoe pacnpe- 
^ejieinie, cm. HacTB 2), onpe^,ejniM BepoHTHOCTB npaBHjiBHoft nepe^ann 
^aHHBix xax P (g (/( x) + e) = x) (3,n,ecB cjiOHcemie 6epeTCH no mod 2). 

¥Ka3aHHe. PexoMeH^yeTCH 03HaxoMHTBCH c xHuraMH [21], [37] ii PoMa- 
meuxo A., PyMHHireB A., IIIeHB A. 3aMeTxn no Teopnn xoniipoBaHiiH. M.: 
MTTHMO, 2011. 80 c. 

6ojiBmnx 3HaneHHii n BBi6epeM 3HaneHne k = \n (1 — H(p) — e)], 
o6ecnennBaK>m,ee nyjxHyio cxopocTB nepe^ann ^aHHBix. 3a^a^HM S > 0 
Taxoe, hto p + 5 < 1/2 ii H(p + S) < H(p) + e/2. Tor^a yTBep>xyi,eHHe 
TeopeMBi ecTB npnMeHenne TeopeMBi BapmaMOBa-PiuiGepTa (cm. HacTB 
2): b npocTpaHCTBe {0, 1}" c MeTpnxoii XsMMi-mra cyipecTByeT n(p + <5)- 
ceTB Mom,nocTH He MeHee neM 2 k . OcHOBBiBancB Ha bcpohthocthom MeTO^e 
^oxancHTe nocjie^Hee. 

OyHxpiiK) xo^ripoBaHHH / : {0, 1}* : —> {0,1}” 3a^a^HM cjiynaftHO, 
BBi6npaH pjisi xan<yi,oro x SHaneHne f(x) corjiacHO paBHOMepHOMy pacnpe- 
^ejieHHK) Ha {0, 1}". OyHxpiiio ^exo^iipoBaHHH onpe^,ejniM cjie^yromHM 
o6pa30M: g(y) = x, ecjm x £ {0,1} A ' — 3to e.H.iiHCTBeHHBiH BexTop Taxon, 
hto f(x) Haxo^iiTCH Ha paccTOHHiiii XaMMHHi a ne 6ojiee neM n(p + S) ot 
B exTopa y £ {0,1}". Ecjih yxa3aHHBix BexTopoB x £ {0, l} fc HeT hjih 
H anpoTHB 6ojiBme o^Horo, to ^,exo^,HpoBaHiie na30BeM HexoppexTHBiM. 
IIoxascHTe, hto BepoaTHOCTB nexoppexTHoro ^exo^iipoBaHHH axcnoHeH- 
pnajiBHO Mana. 

BocnojiB3yiiTecB HepaBeHCTBOM, OH,eHHBaK>m,HM o6T>eM mapa pa^ny- 
ca an, iyje a < 1/2, b npocTpaHCTBe {0,1}" c MeTpnxon XsMMi-mra: 

na 

— 2 n< ' H ( a ' ,+o1 ' 1 ' 1 ' 1 . 9to cjieACTBiie npiiMeHemia nepaBeHCTBa HepHOBa 
»=o 

(cm. HacTB 2 h n. b) 3a,n,aHH 69 pa3^ejia 2) x BeponTHOCTH toto, hto 
diiHOMHajiBHaa c.b. c napaMeTpaMH n, 1/2 npimiiMaeT 3HaHeHiiH, npeBOC- 
xo/priune n — na. 

30. (Hrpa jijxepa.) IlycTB IToji nBiTaeTcn yra^aTB hiicjio x £ {1,..., n} y 
jijkhboh Kspoji, conpoTHBjijnomeiicH 3TOMy. IIoji mojxct 3a,n,aTB q Bonpo- 
cob Bii^a “BepHO jih, hto x £ 57”, rpp S — npoii3BOJiBHoe no^,MHO»cecTBO 
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{1,..., n}. Bonpocbi 3a^aiOTCH nocjie^OBaTejiBHO, i-i i Bonpoc ITojia mojkbt 
3aBiiceTB ot npe^Bmymux otbgtob. Kapoji MoaceT jiraTB, ho OHa He momt 
cojiraTB 6ojiBme k pa3. IIoKaHaiTe c noMOin,Bio BepoHTHOCTHoro no,ipco,na, 
hto npn ycjiOBHii 

2i 

n > — - 

k 

E c\ 

i —0 

cym,ecTByeT BBiurpBiiHHaji CTpaTenia y Kspoji. C noMom,Bio MeTO,n,a ,n,e- 
paH,a,OMH3au,HH (cm. [37]) omimiiTe HBHyio CTpaTeraiio Kspoji. 

¥Ka3aHHe. 3aMeTBTe, hto b cbh3ii c TeM, hto Kspoji conpoTHBjuieT- 
ch npaBi-ijiBHOMy OTra^BiBaHHio nucjia IIojiom, 3,n,ecB mohcho chi-ithtb, 
hto ee BBirirpBiHiHaH CTpaTenia TaKOBa, hto OHa b ^eiiCTBiiTejiBHOCTii 
He 3ara^,BiBaeT hiicjio 3apaHee, a BBi6i-ipaeT otbctbi na KajK/jpni bo- 
npoc ITojia Tax, hto Bee ee otbctbi corjiacyiOTCH c 6ojiee neM o^hhm x 
(c yneTOM imcjDopMapHH o tom, hto OHa MonceT 3a bcio nrpy cojiraTB He 
6ojiee neM k pa3). Tor^a saxjjiiKCHpyeM CTpaTeraiio llojia. IlycTB Kspoji 
nrpaeT cjiynaftHO, to ecTB c BeposiTHOCTBio 1/2 OTBenaeT jiii6o “,n,a”, jiii6o 
“hct” na KaxK^wH Bonpoc riojia. IlycTB I x - i-m/piKaTop toto, hto hiicjio 
x corjiacyeTCH c OTBeTaMii Kapoji. IIoKajKHTe, hto E (I x ) = 2~ q Ei=o E)- 
TaKiiM o6pa30M, b ciuiy jiHHeimocTH m aTeMaTiinecKoro OHa-mamra, cpe,n,- 
Hee 3HaHemie nucjia Tam-ix x, hto corjiacyiOTCH c OTBeTaMii Kspoji, ecTB 
n2~ q Et=o Ep HTO no y CJI °BHio SojiBine 1. 

nepexofl ot BepoHTHOCTHoro ^.OKasaTejiBCTBa cymecTBOBaHiiH (BBinr- 
pBIHIHOH CTpaTHTHH KspOJl) K HBHOMy nOCTpOeHIIIO Ha3BIBaeTCH npope^y- 
poii flepaHflOMH3aH,HH (cm. HacTB 2). BBe^eM Bee iirpoBoii CHTyapHH W, 
paBHBiii MaTeMaTiinecKOMy o^KH^aHHio nucjia Taxiix x, hto corjiacyiOTCH 
c OTBeTaMii Kspoji, npn ycjiOBHH, hto OHa nrpaeT cjiynaiiHO. Tor^a CTpa- 
TeniH Kapoji: Ha KaacflOM mare MaKCiiMH3iipoBaTB Bee mpOBOii ciiTyapiiH. 
Ecjih ^,jih npoii3BOJiBHOH iirpoBoii CHTyapiiii c BecoM W h iieKOTopniM 
xo^om ITojia o6o3HaHHTB 3a W y h W n Beca iirpoBoii CHTyapiiii nocjie 
OTBeTa Kspoji “,n,a”, “hgt” cooTBeTCTBeiiHO, to BBinojiHueTCJi cooTHomemie 
W = ( W v + W n )/2. IlTax, CTpaTeniH Kapoji He ,n,aeT Becy yMeHBHiiiTBCJi. 
Ecjih b Hanajie nrpBi Bee 6 biji 6ojiBme eflHHHHbi, 3HaHiiT, oh 6yn,eT 6ojiBme 
eflHHHH,BI H B KOHH,e HIph[, HTO COOTBeTCTByeT BBiiirpBimy KspOJI. 

31. (Mo^ejiB BaKjiii-OcTryca.) PaccMOTpiiM cjiynaimyio nocjie^OBaTejiB- 
hoctb rpac|)OB {G„} (mo^jib pocTa IfarepHeTa), nojiyHeHHyio cjie^yromiiM 
o6pa30M. 3ac[)HKCHpyeM napaMeTp a > 0. IlycTB Gi - rpacj) c o^hoii 
B epmiiHoii 1 h o^hoii neTjieii (1,1). /Jajiee npe^nojio>KHM, hto rpaeja G„ 
y»ce nocTpoeH. TpaiJ) G n +\ nojiynaeTCii nyTeM ,n,o6aBjieHiDi k rpaejay G„ 
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o,h,hoh BepmiiHbi n + 1 n o,n,Horo pe6pa. C BeponTHOCTbio 

a 

(& ~h 1) Tl -f- 1 

3to pe6po 6yn,eT HanpaBjieHO 113 n + 1 b n + 1, c BeponTHOCTbio 

deg n (i) + a — 1 

(d -j— 1) 77- —(— 1 

6yn,eT ,n,o6aBjieHO pe6po (n+1, *), * = 1, n. 3^ecb deg n {i ) - CTeneHb Bep¬ 
miiHbi i b rpacjie G n . HeTpy^pio BimeTb, hto Bbi6op Toro, Kyn,a npoBO/piTb 
HOBoe pe6po, 3aBiiciiT ot Toro, KaK 6 bijiii npoBe^eHbi Bee npe^Bi^ymne 
pe6epa. IIoKaHaiTe, hto cjiyHaimbiii rpac|) G„ mohcho 3a,n,aTb c noMompio 
n He3aBHCHMbix c.b. 

¥Ka3aHHe. PaccMOTpiiTe nocjie^OBaTejiBHOCTb He3aBiiciiMbix c.b. {£;}: 

p(& = - 1 ) = , . —t 5 j = l,...,i, 

(a + 1) i — 1 

P(& = 2j) = , X . . -j = 1,..., i — 1. 

(o + 1) * — 1 

IlHTepnpeTapiiH cjie^yiomaH: - BTopoii KOHen, pe6pa, Bbixo,n,5im,ero H3 

BepmiiHbi i. Ecjiii G = 2 j — 1, to pe6po imeT npocTO b BepmiiHy j. Ecjiii 
»ce = 2 j, to pe6po H3 BepmiiHbi i i-meT b Ty »ce BepmiiHy, hto ii pe6po 
H3 BepmiiHbi j. 3HaHemie caMO MoaceT 6biTb neTHbiM (j = 21). Tor^a 
CHOBa nepeHanpaBjuieM KOHen, pe6pa, Bbixo,n,5im,ero H3 i corjiacHO £/. 

npe^,CTaBjieinie G n c noMompio Tax BBe^eHHbix He3aBi-ici-iMbix c.b. no3- 
BOJiaeT BOcnojib30BaTbCH HepaBeHCTBOM TajiarpaHa (cm. [37]) .zpra no,n,- 
cneTa pa3JiiiHHbix CTaTHCTHK rpacjrn. B nacTHOCTi-i, iiMeeT mccto cjie^,y- 
iom,ee HepaBeHCTBO KOJinnecTBa Bepmim X n (d) c pa3MepoM BTopoii 
OKpecTHOCTii (BTopaa OKpecTHOCTb 3a^,aHHoii BepmiiHbi cjjopMiipyeTCH H3 
Bcex THKHX BepmilH, OTJIIIHHblX OT Bbl6paHHOII, B KOTOpbie mohcho nonacTb 
H3 Bbi6paHHOi"i, npoimH nyTb, coctojhii,hh pobho H3 AByx pe6ep), paBHbiM 
d = 0(n 1 ^ 4+a ^- s ): 

P(|X„(d) - EX„(d)| > (EX„(d)) 1-e ) 0, n-> oo. 

IIponym,eHHbie 3^ecb ,n,eTa.JiM cm. b KHi-ire KHiire PaftropoflCKHft A.M. Mo- 
flejiH IlHTepHeTa. ^ojironpy^Hbiii: 14 «HHTejuieKT», 2013. 64 c. 

3aMenaHHe. HacTHbiM cjiynaeM npiiBe^eHHoii MO,n,ejiH rpacjm jrajmeTCJi 
MO^ejib Bollobas-Riordan npn a = 1, CBoiicTBa KOTopoii xopomo H3yneHbi. 
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K TaKoro Tima rpacJmM ,u,jih yMeHBHieHiiH pa3pe»ceiiiiocTH npiiMeHHeTCH 
nocTo6pa6oTKa: rpacjj G nm npeo6pa3yeTCH k rpacjry G™ nyTeM “cxjieftxH” 
(o6T>e,n,i'iHeHii5i) paBHBix rpynn H3 in no,apHfl unymiix Bepmmi b o,n,Hy. 

CmiTaeTCH, hto MO^ejiB rpacjra ^ojixHa ynpBjieTBopHTB cjie,nyioiii,HM 
SMimpHHecKH BBiHBjieHHBiM xapaxTepncTHxaM (cm., HanpiiMep, Newman 
M.E.J. Networks: An Introduction. Oxford University Press, 2010): 

a) ui-icjio pe6ep nponoppuoHajiBHO micjiy Bepmim, b to BpeMH xax 
hiicjio TpeyrojiBHiiKOB Ha nopsmox 6ojiBme Hiicjia pe6ep; 

6) o^Ha dojinmaa KOMnoHeHTa cbh3hoctii ne6ojiBmoro (~ 6) fluaMeT- 
pa; 

b) rpacjr ycToftuHB k cjiynaimoMy y^ajieHino Bepmim, b to BpeMH xax 
yuajiemte Bepmim MaxciiMajiBHOii CTenemi npiiBO^iiT x pasdiieHiiK) rpacjra 
Ha xoMnoHeHTBi; 

r) CTeneHii, BTopbie CTeneHii (pasMepbi BTopoii oxpecTHOCTii) h 
PageRank Bepmim no/pn-iHHiOTCH CTeneHHOMy pacnpe^ejieHino; 

,n) xjiacTepHBiii xo3<JxJ)HH,HeHT - BepoHTHOCTB toto, hto coce^n cjiy- 
HaftHofi BepmiiHBi caMii coe,n,imeHBi Mexyny co6oi"i - HMeeT Heii3MeHHoe c 
POCtom micjia BepmiiH 3HaHemie; 

e) cpe^HHH CTeneHB coce,n,eH cjiynaftHOH BepmiiHBi CTeneHii d HMeeT 
pacnpe^eneriiie d s , iyi,e S < 0 xapaxTepHO ^jih Be6-rpacj30B, b to BpeMH 
xax 8 > 0 xapaxTepHO ^jih copiiajiBHBix ceTeii; 

>x) xojiiiHecTBO pe6ep Mexygy BepmimaMH 3a^aHHBix CTeneHeii HMeeT 
cneii,H<J)HHecxHH bh^ pacnpe^ejieHHH; 

3 ) Be6-rpa(J)y cbohctbchho Ham-miie BBipauceHHBix ^,Byn,ojiBHBix no,n,- 
rpacjroB (jno6iiTejm-jno6HMBie caftTBi, noxynaTejm-npo,zi,aBii,Bi ccbijiox). 

OflHHM H3 OCHOBHBIX Iie^OCTaTXOB MO^ejIH G™ HBJIHeTCH HII3XHH XJia- 
CTepHBiii xo9<JxJ)HH,HeHT (y6niBaeT c poctom n) h, xax cjie^CTBiie, He^o- 
CTaTOHHoe hhcjio TpeyrojiBHiixoB. He^aBHO coTpyzpmxaMH 5lH^,exc 6bijia 
npe^jioxceHa MO^ejm, jmmeHHaH nocjie^Hero He^ocTaTxa (Ryabchenko— 
Samosvat-0stroumova, arXiv:1205.3015). 

/(aHHyio 3a^aHy pexoMeH^yeTCH conocTaBHTB c 3a^,aHei"i 52 H3 pa3^ejia 
3 h 3a^,aHeii 4 H3 pa3^ejia 6. 

IlMeiOTCH pa3jiiiHHBie o6o6ni,eHHH MO^,ejieii preferential attachment 
(npe^noHTHTejiBHoro npiicoe^HHeHiiH). HexoTopuie H3 stiix MO^,ejiei"i HMe- 
k>t Hpxyio reoMeTpimecxyio CTpyxTypy; cm. https://blogs.princeton.edu/ 
imabandit /2015/01/30/some-pictures-in-geometric-probability/ 
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